DE23/DC23 MATHEMATICS-1I

TYPICAL QOUESTIONS & ANSWERS

PART -1

OBJECTIVE TYPE QUESTIONS

Each Question carries 2 marks:
Choose the correct or best alternative in the following:

Q.1  The points 2i —j + k, i — 3j — 5k, 3i — 4j — 4k are the vertices of a triangle which is

(A) equilateral. (B) isosceles.
(C) right angled. (D) None of these.
Ans: C

OA=2i-j+k , OB=i-3j-5k , OC=3i-4j-4k
AB = OB - OA =i - 2j— 6k = |AB| =41
BC=0C-0B=2i-j+k=[BC[=6
AC=0C-0A=i-3j-5k =[ad =435

- (AB)’ =BC? + AC?
Thus A is right angled

Q2 If (3 3

48
—+ 17j =32 (x +1y), then ordered pair (x, y) is

(A) (0,2). B) (0, 1.
(© (1,0). D) (1, 1).

Ans: C

48
=3 (x+i
5 2} (X +1y)

- (3)" {£+ 1%} = 3% (x +iy)

- {cos§x48+isin§x48} = X +iy

= {I+ix0}=x +iy
i.e. Pair (x, y) is (1, 0).
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m n

Q3 If 200s9=x+l, 2c:os(1)=y+l then 2+ is
X y yn M
(A) 2sin(m6 +nd). (B) 2sin(m6—ng).
(C) 2cos (m6 +nd). (D) 2cos (mb—nd).

Ans: D

—[: = (cos m0 +1isin mO).(cos n +1sin n(l))_1
=(cosm0O +isin m0O).(cos(—nd) +isin(—ng))

m

i— =cos(mB—nod)+isin(mO—nd) ............oveviiiiiinnn. (D

n
n

Similarly ; =cos(mB—ngd)—isin(mO—nd) ................... 2)

Adding equation (1) and (2) we get
X" + Y 2cos(m6—no)
Y" X"

Q4 A vector of magnitude 2 along a bisector of the angle between the two vectors 2i - 2j + k and i
+2j-2k is

2
A_
ST

2

J26

1

V26

(i—4j+3k). (D) None of these.

(3i—k). (B) (i—4j+3Kk).

©

Ans: A

Let a, and BO be unit vectors along a and b respectively. EO:%(Zi—2j+k),
EO:%(i+2j—2k)

Required vector ¢ = %(Si -k). 4= 73.%

6
}L —
J10
_ 2
Thus ¢ =—(3i—k)
J10
QS5 Let A and B be two matrices such that A # 0 and AB =0. Then we must have
(A) B=0. (B) B to be identity matrix.
(C) B=-A. (D) None of these.
Ans: D
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L sinx 1
V2
1 T
Q.6 If fi(x)=— cosx x|, then f[—j is
(= :
1 1 x?
(A) 0. B) 1.
© 2. (D) 3.
Ans: A
1
— Sinx 1
V2
1
f(x)=—= Cosx X
V2
1 1 x*
1 1
V2 2
f(zj_L 1=
4) W2 2 4
2
oo
1 1 ?

Since ¢; & ¢, are same .. f(zj =0

Q.7 L (inj exists only when n is
S

(A) zero. (B) —ve integer.
(C) +ve integer. (D) —ve rational.
Ans: C

41 ot . o
L — :| 1,n 1S positive integer.
S n—

Q.8 The differential equation of the curve y =acos(x —b), where a and b are constants, is

2 2
a7y d7y dy
® = ® 2 a0
d2y dy d2y
©) —2+d——y:0. (D) —2+y=0.
dx X dx
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Ans: D
Since y = a cos(x — b)

dy . y

s.—=-asin(x—b), —==-acos(x—b)=-a

i ( ) v ( ) y
2

d’y
=—+y=0
dx? y

e - o) (- -
Q9 [If a,b,c,d arevectorsthen | ax b |-| cx d |is equal to
e e
(A) a-c—bd

- 5 5 o

B) axc—bxd

© [ZZJ[ZEHZ.ZIZ?J

(D) none of above.
Ans: C

(axb)(c xﬁ)

- @elbad)-bela

c

)

a.c

Sy S

Ql

&1

Q.10 If A, B are square matrices of the same size then

(A) (AB)' =A'B' (B) (AB)' =B'A"
(C) (AB)'=AB (D) (AB)'=BA
Ans: B
By definition
(AB) =B' A’

Q.11 If z; and z, are two complex numbers then |Zl + 22| is

(A) =21 +|zo| (B) <|z|+|z,|
(C) <|z1]~|z,] (D) 2|z +|z,|
Ans: B

4 2| = “~1 2
|Z +Z |<|Z|+|Z|
(Triangle inequality)
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Xx+a x X
Q.12 The value of |x Xx+a X is equal to
X X X +a
(A) 3a’x B) a’ (3x -a)
(C) a*(3x +a) (D) 3ax®
Ans: C
x+a x X 3x+a 3x+a 3x+a
x xta x| R—->R+R,+R,=| x xta x
X X x+a X X x+a
1 1 1

= (Bx+a)=|x x+a x

X X x+a
c,—>C,—-C, C,—>C,-C

1 00
=Q@Bx+a)=|x a 0=a’Bx+a)

x 0 a

Q.13  If [+A+A%+...+A®=0, then A" is equal to

(A) A® (B) A*!
(C) A®! (D) +A
Ans: A
If1+A+A*+......... + A" =0 (Characteristic equation of Matrix)
S A FT+HAFA +. + A% =0 (Divided by A)
SATHI+HA+A + . +AYD AN = A
=A"+0=A"
A = A"

Q.14 If A is any real square matrix then A+A'is

(A) Hermitian. (B) Skew-hermition.
(C) Symmetric. (D) Skew-symmetric.
Ans: C

(A+A)Y =A"+(A") =A"+A

Q.15 The Laplace transform L(t") is

! n!
Aa) = . (B)

Sn Sn+1
© L D) >

S n!
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Ans: B
2 !
L{t"}z J'e‘”..t"dt = 'Zl
0 s
) . . ) dzy dy )
Q.16  The solution of differential equation 204 +9y=0is
dx X

(A) y=(c; +cox)e”

B) y=(c; +cox)e?*.
(©) y = (c +cyx)e*.

D) (cq +cpx)e™*
Ans: C
AE m*-6m+9=0=(m—-3)>=0 m=33 Roots are real and equal.

sc.f =(C +xC,)e* and P.I=0
Y =(C, +C,x)e™

. . . a
Q.17  The value of a, in the Fourier series f(x)= 70 +a;cosX +apCcos2x +...a, cosnx +

...1s given
by
1 ¢2n 1 ¢(2n
(4) jo f(x )dx ®) jo f(x )dx
1 ¢m
(©) — | F(x)x (D) 0
770
Ans: A
1 2z
a, =— j f(x)dx By definition
T 0
Q.18 The inverse Laplace transform L_l( 42] is
S_
t
(A) ¢ B) 2¢>
(C) 4e° (D) 4e*
Ans: C
L' (ij =4 L {l} =4e” . 1=4¢"
0-2 s
. et z1=2-5i;zp =—1+4i; z3 =6+1 and z4 =3-7i. Express in the form
Q.19 Letz, =2-5i;z) =—1+4i;z3 =6+i and z4 =3—7i. Exp (Z1+Z2)Z3'hf
Z4
a +bi,a,bekR.
(A) %4_21 (B) ﬁ_ﬂi
29 29 29 29

6
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27. 27.

—+—i ———i
()209 29 ()209 29
Ans: B
Q.20 The complex numbers z;, z, and zj satisfying B - 1—;/5 are vertices of the a
Zy — 13

triangle which is
(A) acute-angled and isosceles (B) right-angled and isosceles
(C) obtuse-angled and isosceles (D) equilateral

Ans: D
Q.21 A unit vector parallel to 3i+4j-5k is
3 4 1 4 2
A) ——i——=j+—=k ——i—-——j——k
sf 5\/_ V2 5\/_ 5\/_ f
2
© ——1+— —k D) —i——j+—k
2 sk R 520 527 2
Ans: A
- - - - -
Q.22 Let a =(1,2,0), b =(-3,2,0), ¢ =(2,3,4). Then a-(bxXx c) equals
(A) 33 (B) 30
(C) 31 D) 32
Ans: D

o 0
Q.23 If ® is complex cube root of unity, and A = (0 j, then A0 s equal to
®

(A) 0 (B) -A
©) A (D) none of these
Ans: C
Q.24 If A and B are symmetric matrices, then AB + BA is a
(A) diagonal matrix (B) null matrix
(C) symmetric matrix (D) Skew-symmetric matrix
Ans: C
Q.25 The function x> sinx is
(A) odd (B) even
(C) neither (D) none of these
Ans: B

Q.26 The function cos X + sin X + tan X + cot X + SecC X + COSecXx is
(A) both periodic and odd (B) both periodic and even

7



DE23/DC23

MATHEMATICS-1I

Q.27

Q.28

Q.29

Q.30

Q.31

Q.32

(C) periodic but neither even nor
odd

Ans: C

The Laplace Transform for sin at is

(D) not periodic

S a
(A) (B)
s?—a? s? +a’
S a
© D)
s? +a’ s?—a?
Ans: B
s+9 .
The Inverse Laplace Transform for 5 1s
s +6s+13

(A) et (cos(2t) + 3sin(2t))
© e (cos(2t)—3sin(2t))

Ans: A

B) e 3t (cos(2t) + 3sin(2t))
D) e 3t (cos(2t)—3sin(2t))

1+1

n
The smallest positive integer n for which (—j =11is

(A) 8
(©) 16

Ans: D
A square root of 3 + 41 is

(A) V3 +i
(C) 2+i

Ans: C

Any vector a is equal to
(A) (a-fﬁ+(a-m+(a-f<)f<
() (a-lzﬁ+(a-fﬁ+(a-j)lz

Ans: A

1-i
B) 12
(D) None of these

B) 2-i
(D) None of these

®) fa-3f+a-Rf+(a- Tk

A

D) (a-a)(l +j+12)

If a and b are two unit vectors inclined at an angle 0 and are such that a + b

then 0 1is equal to
(A) /4
(C) m/2

Ans: D

(B) m/3
(D) 27/3

1S a unit vector,
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1 o o
Q.33  The value of the determinant o 1 ot , where @ is an imaginary cube root of unity is
5 4
o o 1
A)(1- o) (B) 3
(€ -3 (D) 4
Ans: B
-1 1 1
Q.34 The value of the determine |1 —1 1| isequal to
I 1 -1
(A) -4 B) 0
©) 1 (D) 4
Ans: D
Q.35 The inverse of a diagonal matrix is
(A) not defined (B) a skew-symmetric matrix
(C) adiagonal matrix (D) a unit matrix
Ans: C

Q.36  The period of function sin 2x + cot 3x + sec 5x is

A= (B) 2w
(C) m/2 (D) /3
Ans: B

Q.37 The Laplace transform of sin” t is

2 1
(A) ®)
sls? +4 sls? + 4
2 1
_— D
© 79622 D Gra6-2)
Ans: A

Q.38 The solution of the differential equation (D2 + 4)y =e” is

X X

(A) cjcos2x—cy sin2x+eT (B) cjcos2x+cy sin2x+eT
e® e®

(C) ¢y cos 2x + ¢y sin 2x +? (D) c; cos 4x —c, sin 4x +?

Ans: C
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Q39 Modules of (47)is

() ¢ ®) ¢ 4
(B) e_%ﬁ (D) e%ﬁ
Ans: A

Let x+iy= (\/;)”
log(x+iy) = \/;log\/;

= log(x+iy) =%x/;logi
= log(x+iy) = %\/;Llogi +itan™ ooJ
= log(x+iy) = %x/;(i tan ™" co)

= log(x+iy) =%\/§(igj

3

= log(x+iy)=i"Z

. Z
= (x+iy)=e

Modulus of (\/;)[l =e

EA4
4

SN

Q40 If tan% = tanh% then the value of cosx cos hy is

(A) -1 B)O0
©) 12 D) 1
Ans: D

Q.41 The two non-zero vectors A and B are parallel if

(A) AxB=0 (B) ‘Xxﬁ‘ -1
(C) A-B=0 (D) \X\ :\E\
Ans: A

Two non-zero vector A and B are parallel if AXB =0 (sin6=0)

Q.42 The volume of the parallelopipid with sides A = 61 — 23, B= j+ 2k, C=i+ 3 +kAis

(A) 5 cubic units (B) 10 cubic units
(C) 15 cubic units (D) 20 cubic units
Ans: B

10
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Volume of parallelepiped with sides (6f - 2}), (} + Zk), (zA +j+ k)
6 -2 0

0 1 2|/=10cubic units
1 1 1

1 2 3

Q43 If|0 2 5| theneigen value of A are
0 0 3

IR 7S A (B) 1,2,3
(€) 0,1,2 D) 0,1, 1

Ans: A
1 2 3
LetA=|0 2 5
0 0 3
Eigen values of A are 1, 2, 3

. eigen values of A™' are 1,

b

W | =

1
2
= /1:1,1,l

23

1

1] are
2

(B) Sum=7, Product=15
(D) Sum =7, Product=7

2
Q.44 The sum and product of the eigen values of | 1
1

[\SRERVSEE O]

(A) Sum =5, Product=7
(C) Sum =5, Product=5

Ans: B
2-4 2 1
|[A-Al|=0=| 1 3-2 1 |=0
12 2-2
= (A-DA-1)(A-5)=0
=A=115

Sum of Eigen value = 07
Product of Eigen value = 5

-, —-Tn<x<0
Q45 If f(x) :{
X, 0O<x<m

(A)0 (B)

then the value of f(0) is

11
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Ans: C
Zero is the point of discontinuously

0= L@
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—-7+0
— —_T
A
V4
0)=—-
f(0) 5
Q.46  The inverse Laplace transform of (s+2)_2
(A) 672t (B) eZt
2t -2t
(C) te (D) te
Ans: D
L_l{( 12)2 } =e L {iz} by first shifting theorem
s+ s
— e—2rt

Q.47 The solution of the differential equation y”+y =0 satisfying the condition y(0)=1, y(%)z 2
is

(A) y=2cosx+sinx (B) y=cosx+2sin x
(C) y=cosx+sin x (D) y =2(cos x +sin x)
Ans: B
Y +y=0=(D*+1)y=0
m=x=i

c.f= (¢, cos x+c, sin x)
putting x =0, y(0) = 1

Putting x = Z, y(zj =2
2
[y =cos x+2sin x]

Q.48 Fourier Sine transform of 1/x is

(A) S B) S/2
(C) S°2 (D) —-S*2
Ans: C

12
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Q.49 The complex numbers Z = x + iy, which satisfy the equation Z 21 =1 lie on
+ 21

(A) the x-axis.

(B) theliney =5.

(C) A circle passing through the origin.
(D) None of these.

Ans: A
x+i(y-=5)
x+i(y+5)

= X H(y=5)> =/ +(y+5)’
= (y=5)°=(y+5)’
= y=0 i.e x-axis

Q.50 1f Z% =i}, then
(A) Re(Z)=0 B) Im(Z)=0
(C) Z=0 (D) Z=x(1%1), with x real

Ans: B

Given z° =|iz|2

= (x+iy)’ =|i()c+iy)|2

= (x+iy)’ = |ix— y|2

=~ > +2ixy =¥+ y’

= 2ixy—2y° =0

=2y(ix—y)=0 =y=0
=1Im(z)=0

Q.51 If @ and b are two unit vectors and 0 is the angle between them, then (%) ‘5 —B‘ is equal to

(A) m/2 (B)0
(C) [Sin ¢/2] (D) [Cos ¢/2]
Ans: C

Given a,b are Unit vector

|a|=1, b|=1, =ab=cos¢

Now

a_—l;‘z =a’+b*—2ab
=[a-b| =1+1-2cosp
= 2(1—cos @)

13
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= 2(2sin2ﬂJ
2

= 4sin2ﬂ

2
:>‘a_—l;‘=25in£
2
31‘5—5‘= sing
2 2

Q.52 A vector which makes equal angles with the vectors (1/ 3)(1 —2i+ 212), (1/ 5)(— 4i— 312) and ]
is

(A) 5i+]j+5k (B) —5i+j+5k
(C) —5i—j+5k (D) 5i+]j-5k
Ans: B

A

Let vector be d@ =a,i +a,]+ak

d.;(f—2j+213)

| | =cosd
a
EE)
5| | =cosd
a
j =cosd

(a1f+a2}+a3l€).;(f—2}+212) (a1f+a2}+a3l€).(—:f—glg)

d d

_ (a1f+ azj + a312).}

a
a, 2a, 2a, 4
=>———+—=——q,——a,=aq,
3 3 3 5 5
Let a, =t then a, =5¢,a, =-5t
L d=-5+]+5k
x+1 ® »?
Q.53 If @ (#1)is acube root of unity and | ®  x + o’ 1 |=0, then
o’ 1 X +
A)x=1 B) x=0
(C) x= w? (D) none of these

14



DE23/DC23 MATHEMATICS-1I

Ans: D

x+1  w w’
w o x+w’ 1 [=0
w1 1+w?

R, > R +R,+R,

x+1+w+w? l+w+w’ +x l+w’ +w+x

w x+w 1 =0
w 1 1+w’
X X X
w x+w 1 |=0
w1 X+ w
1 1 1
xw x+w? 1 |=0
w1 X+ w

C, = C,—C,C3—>Cy—C
1 1 1

Aw x+w'—w 1-w |=0
w' 1-w’ x—wi 4w
e+ w? —w) —a=wa-wH}=0
=>x=0
0 a-b a-c
Q54 IfA=b-a 0 a |, then A isequal to
c—a -—a 0
(A) (a+b) (b+c) (c+a) (B) bc+ca+ab
(C) 2abc (D) none of these
Ans: D
0 a-b a-c
A=b—a O a
c—a —a 0

= —(a-b){-a(c—a)}+(a—c){-alb—a)}
= ala-b)(c—a)—(a—c)b—a)a

= fa-pJ.ald —g +a—c]

=0

Q.55 If A is a skew-symmetric matrix and n is a positive integer, then A" is
(A) a symmetric matrix.

15
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(B) skew-symmetric matrix for even n only.
(C) diagonal matrix.
(D) symmetric matrix for even n only.

Ans: D

Q.56 The period of the function sin x + sin 2x + sin 3x is
(A) 7 (B) /2
(©) m/3 (D) 2=

Ans: D
sin(x+ 27) +sin(27 + 2x) +sin(27 + 3x)

= sin x+sin2x+sin3x
~ f(x+80)= f(x) then f(x) is periodic to ©

t
Q.57 The Laplace transform of L(e—] is

Jt

T T
A) . [— B
S o ® 6+

T o
© (D)

s2—1 s2+1

Ans: A

L{%}:L{eat%}

e et dt

e O 1t

]

0

!
. 7

Putting (s—1)t =6 :t:ﬁ

(s—Ddt=dé

_de

sl

. y
L e—(’.[ij 46
s—lo s—1

dt

- (—f_‘lﬁe-g.(e)%de
1

Js-1

0

[e(6)"do
0

16
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2

Q.58 The solution of the differential equation d_;/ - SS—Y +6y = e** is
dx X
5 3 e3x 5 4 e4x
(A) Cle X —C2C 4 3 B) Cle X +C2€ * 4
e4x e4x

Q.59

(C) Cie®* +Cpe™ +
Ans: C
(D*-5D+6)y=¢"

AE. m*=5m+6=0
(m-3(m-2)=0

m=2,3
C.F.=Ce™ +C,e™
Pl = Z;e“
D" -5D+6
1 4x
=—%¢
16-20+6
1 4x
= —e¢
2

Y=CF.+P.L=Ce*+C,e™ +%e4*

(D) Cje?* —Cpe™ -

If —3+ix’y and x>+ y+4i represent conjugate complex numbers then the value of x and y is

(A) x==xl,y=—-4.
©) x=-4y=-1.

Ans: A

-3+ix’y, xX*+y+4i

Let A=-3+ix’y ()
B=A=x*+y+4i (2)

The conjugate of A is A =—3—ix’y

But given A =x*+ y+4i

—3-ix’y=x"+y+4i

X’ +y=-3 3)
x’y=-4 “4)
x’y+y*=-3y (5)
—4+y>=-3y

17

B) x=—-4,y=%1.
D) x=Ly=4.
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y' +3y—-4=0
Y +4y—y-4=0
y(y+4)=1(y+4)=0
(y+H(y-D=0
y=-4,1
if y = -4 then by Eq. (4)
x’(—4)=—4
x’ =1

x=%1

Q.60 Imaginary part of sin z is

(A) —cosxcoshy (B) —cos x sinhy
(C) —sinx coshy (D) —sinx sinhy
Ans: B

Imaginary point of sinz

sin(x—iy) = sin xcosiy —cos x siniy
= sin xcosh y —icos xsinh y
Imaginary part = -cos x sin hy

Q.61 Three vectors A, E, C are coplanar, the value of their scalar triple product is

(A)O B)1
©) -1 D) i
Ans: A

Q.62 If @ is the angle between the vectors a and b such that ‘Exl;‘ :‘El_?‘ then @ is

(A) 0° (B) 45°
(C) 120° (D) 180°
Ans: B
\axz?\:\aﬂ

absin@=ab cos@ = tanf=1= 0 =45°

1989 1990 1991
Q.63 The value of the determinant (1992 1993 1994 is
1995 1996 1997

A) 1 B) 2
©) -1 D) 0
Ans: D

18
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1989 1990 1991
The value of 1992 1993 1994
1995 1996 1997
C,—C,—C,, C,—C,—C,
1989 1 1
is 1992 1 1=0
1995 1 1

as two columns are similar

6 -2 2
Q.64 If the product of two eigen values of the matrix |-2 3 —1] is 16, then the third eigen value
2 -1 3

is

A0 B) 5
© 2 D) -2
Ans: C

Since the product of two eigen value of the matrix is 16. check is by the options, the product of
all the eigen value, should be equal to the value of the determinants.

In this question value of determinants is

6(9-1)+2(-6+2)+2(2-06)

48 -8-8=48-16=32

Since two eigen value product = 16

Hence for product to be 32, third eigen value should be 2.

Q.65 If f(x) is defined in (0, L), then the period of f(x) to expand it as a half range sine series is

(A) L. (B) 0.
(C) 2L. D) L.
Ans: C

Q.66 The inverse Laplace transform Lt (/n j is possible only when n is
S

(A) O (B) —ve integer
(C) —ve rational number (D) +ve integer
Ans: D

Q.67 The differential equation of a family of circles having the radius r and centre on the x axis is
2 2
(A) y2 1+(QJ =r? (B) x* 1+[ﬂj =r?
dx dx

19
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2 2
2, .2 dy\ | _ 2 PN
(©) (x +y )ll—{dxj ]r D) r l:l-i{dxj :l X

MATHEMATICS-1I

Ans: A
The eq. of family of circle, having radius r, and centre on the x axis is
(x—h)?*+y>=r? (D
2(x—h)+2yﬂ=0 2)
dx
d
(x=h)=—y== 3
dx

Putting the value from eq.(3) into the eq.(1)

2 dsz 2 2
| +y*=r
y [a’x y

)

Q.68 If y satisfies y"—3y +2y=e" with y(0)=y(0)=0 then Laplace transform L(y(z)) is

1 1

@ (s+1) (s+ 2)2 ® (s+1) (s—2)2
1 1

© 62 D P 62)

Ans: Correct option is not available; however the solution is:
Y =3y +2y=e" with y(0)=y'(0)=0
L(y")=3L(y)+2L(y)=L(e™)

. y — _ 1
[s*y = sy(0) = y'(0)]-3[5y — y(0)]+2y = Y

szy—3sy+2y=L
s+1

y(sz—3s+2)=L
s+1

F(s—2)(s 1=
s+1

1

Or solutionis y=—————
(s"=D(s—=2)

Ans is D; if y satisfies y" =3y +2y=e"" with y(0)=y’(0)=0

Q.69 If z; =r;(Cos0, +iSin0;), z, =1,(Cos®, +iSin0,) then z;z, is equal to

20
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(A) (% }{c:os(e1 +0,)+iSin(6; +6,)}.
(B) 11, {Cos(0; +6,)+iSin(6; +6,)}.
(C) 1r,{Cos(8,0,)+iSin(8,6,)}.

(D) 1r,{Cos(0; — 0, )+iSin(6; — 6, )}.

Ans. B
z1 =r1 (Cos 8¢ + i Sin 64)
Zo =12 (Cos 02 + i Sin 6y)
Z1Zo=1T110> (COS 01 + i Sin 91) (COS 0> + i Sin 92)
=rq1 2 [(Cos 61 Cos 62 - Sin 61 Sin 62) + i (Cos 61 Sin 6, +Cos 6, Sin 61)]
=rir [COS (91 +92) +1i Sin (91 +92)]

Q.70 If o is cube root of unity then 1+ ®+ @’ is equal to

(A) 0. B) 1.
© -1. (D) 3.
Ans. A

If W is cube root of unity then we know that 1+®+®?=0

Q.71 The roots of x> —x—12=0 are

(A) 2,3. B) 3, 2.
(C) 4,-3. (D) 4, 3.
Ans. C

Given x*-x-12=0 = (x-4) (x+3) =0 = x=4,-3

10 0 0 .
Q.72 IfAz1 0 and B = - then AB is equal to

(A) (O OJ. (B) [1 Oj.
0 0 0 1
0 1 11

(©) (1 OJ. (D) [1 J.

Ans. A
Given

S IR Y

Q.73. If A and B are invertible matrices of the same size then (AB)_1 is equal to
(A) AB. (B) BA.
©) B7'A7L, D) ATB7L
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Ans. C

Given

A'A=1, B'B=1

Now (AB) BT A" = AIAT = AA = | e (1)
Also (B'A") (AB)=B" (A'A)B =B IB =B B=l--------- (2)

from 1 and 2, we get (AB)'=B"'A

%
Q.74 If A and B are the points (3, 4, 5) and (6, 8, 9) then the vector ABis

(A) 3i+4j+4k. (B) 3i+4].
(C) 3i—-4j-4k. (D) 3i-4].
Ans. A

Given A (3,4,5) and B (6,8,9)

AB =Position vector of B - Position vector of A =3i+4j+4k

Q.75 The function f (x) = Sin x is

(A) non periodic. (B) periodic with period 7.
(C) periodic with period 2. (D) periodic with period % .
Ans. C

We know that the function f(x) = Sin x is periodic and period is 2n

Q.76 The Laplace transform of Sinh (at) is

1 a
(A) : (B) .
S2 — a2 82 — 212
S S
(©) : (D)
82 + 212 82 —a
Ans. B
By definition

L[Sinhat] = j e Sinhat dt
0 at -at
=Ie'“(e -© ]dt
) 2

:l Te_(s_a)[ _e_(s+a)t dt :l e-(s»a)l ] e-(s+a)l :l e»(s-a)t ] e»(s-a)t
20 2|-(s-a) —(s+a)|, 2|—(s-a) —(s+a)]

_l 1 i 1 _l 2a !
2l s—a s+a 2] s*—a’ s?—a’

22
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PART - 11
NUMERICALS

Q.1 If the complex numbers z;,z,,z3 be the vertices of an equilateral triangle, prove that
z12 + 222 + 232 =2712y) + 2923 + 237y @)

Ans:
Given that Z;, Z,, Z3 be the vertices of an equilateral triangle.

. Z3 _21 _ (w3
S ﬁ = e( )
ie. (Z,-2,)=(2,-27,)™> ... (1)
And (Z,-27,)=(2,-2Z,)e"™ ...
Dividing (1) by (2) we get

Z3 _Zl _ Zz — Zl

Zl _Zz - Z3 _Zz

= (Z3 - Zl )'(23 - Zz ) = (Zz - Zl )(Zl - Zz)

S Zi+7:+2,=272,+7,72+7.Z,

Q.2 If the roots of z° +iz> +2i =0 represent vertices of a triangle in the Argand plane, then
(7)

find area of the triangle.

Ans:
7’ +iZ’ +2i=0
Root of above equation are the vertices of A

i, -i+1, -i-1
0 11

P P 1:1(—4):—2
o 2

Reduce 1—-cosa+isina to the modulus amplitude form. @)

Q.3

Ans:
1—coso+isin O

1> =(-coso)’ +sin’ o
=1-2cosa+1

r=,/2(1-cosq) = ZCOS(%j
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0=tan" _sino
1—cosa

o T o T o
=tan |tan| ——— | |=———
2 2 2 2

n no

Q4  Prove that (1+cos0+isin0)" +(1+cos®—isin )" =27 (cos gj cos —~. (7

Ans:
L.H.S.= (1+cos0+isin0)" +(1+cos®—isin )"

n

2(20082 9+iZsin9cosgj + (2cos2 9 -2 singcong
2 2 2 2 2 2

. .0 0 .. 0) 0 .. 0)
=2"cos" —|| cos—+1sin— | +| cos——18in—
2 2 2 2 2

. .8 o .. © o .. 0
=2 COS —|cosn—+1sImn—+cosn——1S1nn—
2 2 2 2 2

=2"cos" 9.2005 n9
2 2

0
=2""cos" E.cos n—

=R.H.S. Hence proved.

Q.S If a square matrix A satisfies a relation A”+A~" =0. Prove that A7l exists and that
ATl =1+A, 1 being an identity matrix. @)

Ans:
Given that a square matrix A satisfies a relation A> + A~" =0. By Cayley Hamilton Theorem
=>A+I-A"=0
= A" =A+I
Thus A~ Exists

Q.6 Show that any square matrix can be written as the sum of two matrices, one symmetric and
the other anti-symmetric. 7

Ans:
Let A be a square matrix

Now (A+A') =A'+(A")

=A"+A

=A+A" ... (1) is a symmetric matrix
Also (A-AY) =A"-A
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Q.7

Q.8

=—(A-A") ....... (2) is a skew-symmetric
Also

1 AT YN
A—E(A+A)+2(A AY)

= symmetric matrix + skew-symmetric (from (1) and (2) )

Xx -6 -1

Show that x = 2 is one root of the determinant | 2 —3x x-3|=0, and find other two
-3 2x x+2

roots. (6)

Ans:

x -6 -1 2 -6 -1
Given |2 -3x x—3|=0, whenx=2,then|2 -6 -1=0

-3 2x Xx+2 -3 4 4
As two rows are same
Thus x — 2 is a root of given equation.
Now calculate other two Roots
Applying R, - R, —R,

1 3 1
(X-2)2 -3x x-3|=0

-3 2x x+2
C, —»C,-3C,
C,—>C,+C,

1 0 0
X-2)2 -3x-6 x-1=0

-3 2x+9 x-1

1 0 0
=>x-2)(x-1)]2 -3(x+2) 1|=0
-3 2x+49 1

= XxX-2)(x-1)(-=5x—-15)=0
= x-2)(x-D)(x+3)=0

x=1,x=2,x=-3
Thus other Roots are 1, -3

(b+c)2 a’ a’
Show that | b2 (c+ a)2 b2 |=2abc (a+b+ 0)3 . 3
c? c? (a +b)2
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Ans:
(b+c) a’ a’
To prove b* (c+a)’ b* =2abc(a+b+c)’
c? c* (a+b)’
(b+c) o’ a’
LHS.=| b’ (c+a)? b’
c? c> (a+b)’

Applying ¢, = ¢, —c¢;,¢, = ¢, —c; we get

(b+c) —a’ 0 a’
= 0 (c+a)*—b* b
c*—(a+b) c*—=(a+b)* (a+b)’
b+c-a 0 a’
= (a+b+c)’ 0 ct+a-b b*

c—a-b c¢*—a-b (a+b)’
=R, >R, —(R,+R))

b+c—a 0 a’
= (a+b+c)’ 0 ct+a-b b?
-2b —-2a 2ab
1
C, —C+—C,
a

C,— C2+%C3

2
b+c a a
b

2
= (a+b+c)’| — c+a b* | =2abc(a+b+c)’
a

0 0 2ab

- -
Q9 If a and b be any two vectors, then show that

- S\-> - S22
i) |[a+b |l a=—b |=|al] —|b

SN N IR - >
(i) [a+b| =|a| +|b] +2a-Db.

26
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Ans:
() LHS= (G+b).(G—-b)=dd—adb+bd—bb
- - ) - -
=|a|* ~db+ab-|b { ab=bad }
) 2
|a| —‘b‘ Hence Proved
(ii)
-2 — —
LHS = ‘Ez+b —(G+b).(G+b)
=dd+ab+bd+bb
- - —12
= |c7|2 +db+ab +‘b‘
- -2
= |ﬁ| +2ab+ ‘b‘ Hence Proved
- 5 -
Q.10 Forces F,F,,F; of magnitudes 5, 3, 1 units respectively, act in the directions

61+ 2j+ 3k, 31 — 2j+ 6k, 2i —3j— 6k respectively on a particle. If the particle is displaced
from the point (2,—1,—3) to the point (5,—1, 1) , find the work done by the resultant force.
(7)
Ans:
Force f = 5]71 + 3f2 + f3
= 5(61 +2]+3k)+3(31 =2 +6k)+(2i =3 ] —6k)
f=41i+j+27k
d =30 +4k
W= f.d =41+ j+27k).(3 +4k)
=123 + 108
=231

5 3
Q.11  Verify that A = { } satisfies its characterstic equation x> =3x—7=0 and then find

AL (6)

Ans:

5 3 5 22 9
A= , A A=A =

-1 =2 -3 1

Characteristic Equation = x> —=3x—7 =0
By Clayey Hamilton theorem A®-3A—71 =0
Now we have A* —-3A4-71

g
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Q.12

|00

oo

This verifies the characteristic equation.
Now A*-3A-71=0

Multiplying by A™'
A-31-7TA7"'=0
=7A"=A-31

{—51 —32}3[; ﬂ
w{_zl _35}

A28
71-1 -5

Test for the consistency and solve the system of equations.

Sx+3y+7z=4
3x +26y+2z=9.
7x+2y+10z=35

Ans:
Test for consistency

5 3 T|x 4
326 2|yl=|9]|,AX=B
7 2 10|z 5

5 3 7:4
Let C=[A:B]=|3 26 2:9
7 2 10:5
R, —5R,—3R,
R, —>5R,-7R,
5 3 7 :4
=0 121 -11:33
0 —-11 1 :-3
R, >11R,+R,
5 3 7 4
=0 121 -11:33
0 0 0:0

Now R(A)=R(C)=2<3
System is consistent but infinity many solution.
Z=k,1ly-7Z=3

28

®)



DE23/DC23 MATHEMATICS-1I

y =3tk

11
Sx+3y+7z=4
—16k +7

11

9

=X =

- -
Q.13  Show that the area of the parallelogram with diagonals a and b is 5

- -
axXb

. 7

Ans:
Let PQRS be a parallelogram with diagonal PR =a and 0S=b they intersect at T
5 E

o
Fa)

PO =PT +TQ = PT -QT
i b _(i-b)

“2 27 2

PS=pi+15 =20 _(a¥D)
2727 2

Area of parallalogram PQRS = ‘PQ X PS ‘

(ISR I
= |~ (G-b)x—(d+b
‘2(61 ) 2(0 )‘

(a—qua+Ej

axa+axb—bxa—bx4

(axEyHﬁxEj(;axa:ox (bxb =0) and bxd =—(axb)

maxéﬂ

N|—= Bl= =A==

a xl;‘ Hence proved.

Q.14  Find the area of the triangle whose vertices are (3,-1,2)(1,—1,-3)(4,-3,1). ™)
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Ans:
Let O be origin, A =(1,0,—1), B =(2,1,5),C =(0,1,2)
OA=i—-k,OB=2i+ j+k,0C = j+2k,BC=—-2i—3k,BA=—i— j—6k

~. Area of A ABC = %‘%xﬁ\

ik
=—|-2 0 -3
-1 -1 -6

:%|—3i—9j+2k|
=%¢9—4

2 _p<x<m.

Q.15 Find a Fourier series that represents the periodic function f (x) = x —x
(14)

Ans:
f(x)=x—x°
Let f(x)=a0+2ancosnx+2bn SINAX .ivvvvvninnn, (D)

1% 1 2T
“071“—)*”’6:5{7?}

3

a, = l jf(x) cos nxdx
ﬂ. -

_ 1 J-(x—xz)cosnxdx

-

27 ) .
= —J-x2 cos nxdx (. xcosnx is odd function)

T

-2y

n2
1% .
And b, =— j f (x)sin nxdx
4 -

1 T
=— .[ (x—x*)sin nxdx (" x* sinnx is odd function)

-

T
= —J-xsinnxdx
7[0

-y
n
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Putting value of a,,a,,b, in (1) we get

, -7 cosx €os2x cos3x sinx sin2x  sin3x
xX—x" = Y — 55— |+2 - + ——=
3 1 2 3 1 2 3
) 1-¢t
Q.16 Find the Laplace transform of . . 7
Ans:
L{l—e’}
t
a1 1
Now we have L{l—e }z———:f(s)
s s—1
1-e'| 5 (1 1
L = x)ds=||————|ds
tipre-i-5)
s—1
= log—— Auns.
s
S2
Q.17  Find the inverse Laplace transform of ( )2 . 7
s—2
Ans:
o
(s—2)°
_ (s—2+2)°
(s—2)*
_ (s=2)>+4+4(s-2)
(s—2)°
-1 -1 1 a1
= L'I|+40" ) —— |+4L"| —
(s—2) s—2
= O(t)+4e*t +4e* Ans.
d’y . dy
Q.18 Solve —Z-+5-Z+6y=¢e*. 7
dX2 dx
Ans:

Solve (D*+5D+6)y=¢"

AE., m*+5m+6=0
m=-2,-3
CF=Ce™+Ce™
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1,1,

Pl=————¢ =—e
D +5D+6 12

Y=CF+PlI=Ce ™ +Cye™ +ée"

2
Q.19  Use Laplace transform method to solve d—; — 2((11—)5 +x=¢' ,1f x =2 and ((11—)5 =—latt=0.
dt
(7)
Ans:
d*x _ dx ;
T—2—+x=e
dt dt
Taking Lapalace transformation on both sides
(s> —2s+1)x(s)—2s+1+4:L1
S —
) 1
= (s =25 +1)x(s) = 4255
S_
25 —75+6
=>x(s)=—5—
(s=1
= x(s)= — 3 >+ ! 3
s—1 (s=D° (s-1
x= 2L—1(Lj—3L“ 1 - |+L 1 3
s—1 (s—1) (s=D
2t
= 2e' —3te' +t 'T
t2 t
x=2e' + —3te'
.. ?
Q.20  Express (cos6+isin6) ) in the form x+iy. 3
(sin®+1icos0)
Ans:
(cos@+isin®)®  (cos@+icosd)’  (cos@+isind)°  (cos@+isinb)°

(sin@+icos@)* (—i’sin@+icos®) i*(cos@—isin@)* (cos@—isin®)*
= (cos@+isinB)®.(cos@—isinf)™
= (cos@+isin6)? =cos126 +isin126

Q.21  Write down all the values of (1+i)/4. 8)

Ans:
Letl +I=r(cos@+isinf)
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rcos@=1, rsinfd=1
r=+2, 6==
4
T T %
.'.(1+i)”4={«/§(cosz+isinzﬂ , n=0,1,2,3

2

swmmw} n=0,1,2.3

= (2)’{c0
2% cos£+isin£ ,2% cos9—”+isin9—ﬂ ,2% cos”—ﬂ+isin17—” ,2% coszs—ﬂﬂ'sin—
16 16 16 16 16 6

®)

Q.22  Using vector method prove that the altitudes of a triangle are concurrent.

Ans:
Let ABC be any angle
Draw AD - BC and BE L AC
Let AD and BE intersect at O. Join CO

We shall prove that CF - AB

Letd, b, ¢ be the position vector of A, B, C respectively with O.
A

AO 1L BC= AO.BC=0
= —a.(c-b)=0
—sab-ac=0 ... (1)
Also BO L AC= —b.(a-¢)=0
—=bc-ba=0 ... )
Adding (1) and (2) we get,
(@b)—(ac)+be)—(b.a)=0
— ABOC=0 = AB1OC
— AB 1L CF
Hence altitude of a triangle is concurrent.

Q.23 Find a unit vector perpendicular to the plane of vectors

e
b=i-j+2k. ®)

|a><b|=\/§

. Unit vector perpendicular to @ &b
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axb 1 (~ o~ n
== =t 1 —57-3k
|a><b| \/g( J )
- o)\ (> - - o)\ (> - - =) (> -
Q.24 Provethat | bxc || axd |[+]| cxa || bxd [+| axDb || cxd [=0 8
Ans:

(bxc).(@xd)+(@xa).(bxd)+(@xb).(cxd)

Z = (b.a)(c.d)—(ca)bd)

= (bx?).(axd)=
c.a

Now (¢xa).(bxd)= ‘C'b d ‘ = (ch)(ad)—(ab)(cd)
ab ad
ad ‘

And (@xb).(cxd)= 1= (a.c)(b.d)—-(b.c)ad)

a.
b.c
Adding equationl, equation 2 & equation 3 we get
(bxc).(axd)+(cxa).(bxd)+@xb).(cxd)
= (b.c)(c.d) - (c.a)(b.d) + (c.b)(a.d) — (a.b)(c.d) - + (a.c)(b.d) — (b.c)(a.d)
(c.ab=ba,cd=d.c,ca=ac)

= 0. Hence proved.

- -

=a-b. 3

> -
axb

- -
Q.25 Find the angle between two vectors a and b if

Ans:

Let Angle between @ and b be ©
given ‘a_xl;‘ =ab
= [a]}b 1sin 6] = a.b

= |E”l;‘ sin@=ab

=sinf = fli
afle]
— tanf=1 ="
4

Q.26 Let A be a square matrix. Prove that A can be written the sum of a symmetric and a skew-
symmetric matrix. 8

Ans:
Let A be a square matrix
1

_l t - _ t
Let A—Z(A+A )+2(A A')
Now (A+A") =A"+(a")
=A"+A
34
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=A+ A’ is a symmetric matrix (A" =A)

Also (A— A )r =A"-A= —(A— A ) is skew-symmetric
Thus A = symmetric matrix + skew-symmetric.

1 0 -1
Q.27 State Cayley Hamitton theorem and use it to find the inverse of A=|3 4 5|, if the
0 -6 -7
inverse exists. 8
Ans:
Every square matrix satisfying its characteristic Equation.
-4 0 -1
|[A=AIl=0 1,43 4-1 5 |=0
0 -6 -7-4
A+21-21-20=0
By using Cayley-Hamilton Theorem
A’ +2A%—A-201=0
A*+2A-1-20A""=0
= 20A" = A’ +2A-1
1 6 6 1 0 -1 1 00
=20A" =15 -14 —-18|+2[3 4 51-/0 10
—-18 18 19 | 0 -6 =7 |0 0 1
| 2 6 4]
= A'=—|21 -7 -8
20
-18 6 4]
1 a% a’°
Q.28 Prove that |1 b2 b’ =(a-b)(b—c)(c—a)(ab+bc+ca). 3
1 2 ¢
Ans:
1 o a
LHS=|l »* b
1 ¢& ¢
1 a’ a’
=0 b*-a* b’ -a’ R, >R,-R,R, > R,—R,
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2 3
1 a a

= (b—a(c—a)0 b+a b*+a’+ab R, - R,—R,
0 c+a c*+a*+ac

2 3
1 a a

=(h-a)c—a)0 b+a b +a*+ab
0 ¢c—b (c—b)a+b+c)

2 3
1 a a

= (b-a)c—a)c-b)0 b+a b*+a’*+ab
0 1 a+b+c

=(b-a)(c—a)(c —b)(ab + bc + ca)
=R.H.S.

Q.29 Give condition under which we can find A so that the following system of linear equations
has a non-trivial solution.

X +b1y+C1Z =0
asrX +b2y+C2Z =0
(py +Aqy )x+(p2 +Aq2 )y +(p3 +Aq3)z=0 @®)

Ans:
Given system of equation
ax+by+cz=0
a,x+b,y+c,z=0
(p,+Aq9)x+(p,+Aq,)y+(p,+Aq;)z=0 is homogenous. For non trivial solution.
R(A)=R(C)<n heren=23
Obviously ~ R(A)=R(C)=2 ie. [A=0

a, b, ¢
a, b, ¢, =0
p+Aq, p,tAq, ps+Ag,
1 b a
=| a, b, ¢, [=0

ptAq, p,+Aq, py+Agq
R, > R,—a,R,R; > R, _(pl +/141)
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| b )
a, a,
=10 b, — 21 ¢, =% )
a, a,
b c
0 (p2+/1q2)—a—1(p1+/1q1) (p3+M3)_j(p1+M1)
1 1

R(A) must be 2.
(P, +M2)_%(P1 +ﬂq1) =0

and <p3+ﬂq3)—§<pl+ﬂql>=o

Q.30 Find the Fourier series of the function defined by

X+ c0<x<Tm
f(x)=
-X-T c-m<x<0
Ans:
£0) X+ 0<x<r&
xX)=
—x—n —-7w<x<0

Let f(x)za—zo+2an Cosnx+an sin nx

n=l1 n=1

Where a, =+ [ Fodx
7[—7!
17 17
= —jf(x)dx+—jf(x)dx
ﬂ.—ﬂ' T 0

0 V4
= lj(—x—f[)dx+lj(x+7z)dx=7z
7[—71' 7[0

a,=7
1 V3
Now a,=— j f(x)cos nxdx
ﬂ.—ﬂ'

0 V4
= l I(—x—f[) cos nxdx+lj(x+ﬁ)cos nxdx
Y/ 2 T,

2 0
= |1 -1]
nrmw
-4 o,
N if nisodd
An= N1
0, if niseven
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And b, _1 .[ S (x)sin nxdx
7[ -

1 ¢ 1=
=— j(—f[—x) sin nxdx+—j(7r+ Xx) sin nxdx
Y/ 2 T,

2 "
= Zfi--1y]

n

i, if nisodd
=\

0, if niseven

Putting value of ay, a, and b, in (1)
.. Fourier series

7T 4| cosx cos3x sinx sin3x
X)=——— + +..|+4 +
0 2 n[ﬁ 3? } [1 3

Q.31 Find the Fourier series representing the function

f(x)=x O<x<2m
Ans:
f(x) = x, O0<x<2n
Let Fourier series of f(x)
f(x)za—zo+2ancosnx+2bn SINAX vevvvvvnnn... (D)

2z
WMm%zljﬂmm
7[0
127!
:—jxdx=27r
7[0

1 27
Now, a, =— .[f(x)cosnxdx
7 0

2z

= — I X.cos nxdx
T 0

=0
27

Now, b, = l jx sin nxdx

5

1 { (—Cosnxj (sinnxﬂm
=—|x —1 —
.4 n n o

.'.x=7£—2[sinx+%sin 2x+%sin3x+-~}

38
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Q.32 If F(t) is piecewise continuous and satisfies |F(t)|SMeat for all t=0 and for some
constants a and M then

L{j‘ F(x)dx}:iL{F(t)}, (s>0.5>a) ®)
0

Ans:
We are given |F(t)| <Me" ........... (1)
Without loss of generality, assume that a is positive.

Let G(f)= j F(x)dx
Then G(t) is continuous.

Also |G(t)| < I|F(x)|dx < jMe”dx
0 0

|G| < % (e -1)a>0 ... 2)

Now G'(t)=F(t) except for points where F(t) is discontinuous.
. G'(1) is piece-wise continuous on each finite interval.

We know that if F(t) is continuous for all t >0 and of experimental order a as, t — oo and if
F’(t) is of class A, then

LF' ) =pLIF®O} e F(o)
Therefore LG ) =pL{®} . G(o)
= pL{)} as G(0)=0

Q.33  Define Inverse Laplace Transform of a function F(t). Prove that

2 5 8 11
- } LA A ®)
S+ 2 s8I

Ans:

Farble )

{1; L_L+L___}
pé p9 p12

1
P
11 1 1
> op°

9 12

p pp

5 8 11
o) S O A
p’+1 215 8 11
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2
034 Solve 9Y 3% 4oy —ginax. 8)
dX2 dx

Ans:
The given equation is
(D2 +3D+ L)y =sin2x
Auxiliary equation is
D*+3D+L=0
~D=-1,-2
CF=Ce*+C,e™

P.I=2;Sin2x
D" +3D+2

= ——sin2x
—4+3D+2

= ! sin 2x
3D

3D+2 .
= > sin 2x
9D -4
3D+2 .
= - sin 2x
40

= _ L [3 cos 2x +sin 2x]
20

Q.35 If a, b, ¢ are real numbers such that aZ+bZ+cZ=1andb +ic = (1 + a)z, where z is a
1+iz a+ib

—= : ®
1-iz 1+c

complex number, then show that

Ans:

b+ic b—ic
a?+b2+c%=1; =7

1+a " 1+a
- 2b - 2ic - b24c? 1-a
Z+2=——;2—-2="—; 22= =—
I+a I+a (1+a)2 1+a

I+iz _1+iz 1+iz _1+i(z+2)-zz
l-iz 1-iz - R _
1+iz 1-i(z—2z)+zz

Now

_ 1+a 1+a l+a+2bi-1+a a+ib
2c +1—a l+a+2c+1-a 1+c
1+a 1+a

40
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Q.36 Giventhat zj +z5 +2z3 = A, z; +z,0+ 230)2 =B and z; +220)2 +z30=C, where ® is a

cube root of unity. Express z;,z,,z3 in terms of A, B, C and ®.
®
Ans:
7y +Z2 + Z3 = A
A +Z26{)+Z36{)2 =B
z1+z2a)2+z3(o=C
On adding, 3z, +22(1+0)+O)2)+Z3(1+O)+0)2) =A+B+C

_A+B+C
3

zZy
Again, z,(l+w+®*)+z2,(1+@ +@’)+z,(1+ @' +0*)=A+Bw’ +Cw

A+Bw’ +Cw
= zzzf

2
Similarly Z,= w

Q.37  Show that for all real p, cos(6p) =32 cos6(u) —48 cos4(u) +18 cosz(u) -1. (8

Ans:
cos(64) +isin(64) = (cos u +isin )°
=cos® ,u+6icoss ﬂsin,u—150054 ﬂsinz Y7, —20icos’ ,usin3 Y7,
+15co0s? ,Ltsin4 MU+ 61 c:os,usin5 ,u—siné Y7,
= cosbu= cos® ,u—1500s4 ,u(l—cosz ,u)+150052 ,u(l—cos2 ,u)2 —(1—cos2 ,u)3
=32cos® y—48cos* u+18cos? u—1.

- 5 -5 -
Q.38 For any four vectors a, b, c and d prove that

- - - - e e e
(axbj-(cxdjz(a-cj[b-dj—(a-dj[b-cj.
- - - - - ) (- - - - - -
Hence prove that[bx C ]'[axd ]+[cx a]'(bxd J+[axb ]-[cxd ]zO t))

Ans:
ac ad
be bd

Adding the three relation we get

laxb|exal= = @e)b.d)-(@d).(b.c)
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(bxc).(axd)+(@xa).(bxd)+(@xd)=0

Q.39 In AOAB let OA=a, OB =b. Then find the vector representing AB and OM, where M is

the midpoint of AB. “4)
Ans: )
AB=AO+AB=-a+b=b-a
2 b OM = a+b
A B
Q.40 Prove that the straight line joining the mid-points of two non-parallel sides of a

trapezium is parallel to the parallel sides and is half their sum. 12)

Ans:
4 b B
P/ R,
D C

let ABCD be the trapezium and let A be at origin

AB=b, AD=d, AC=d+tb

_b+(d+th)
2
PQ:lB+lc_1+ltB—lc_1:l(1+t)B
2 2 2 2 2

AB 2 2 AB 2 AB

AP =

N | el

; AQ

= PQ :%(AB + DC)
i.e. PQis parallel to AB and half the sum of parallel sides.

Q.41 Forreals A, B, C, P, Q, R find the value of determinant
cos(A—P) cos(A-Q) cos(A-R
cos(B—P) cos(B—Q) cos(B-R) 8
cos(C — P) cos(C — Q) cos(C - R)
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Ans:

cos(A—-P) cos(A-Q) cos(A—-R)

cos(B—P) cos(B—Q) cos(B—R)

cos(C—P) cos(C—-Q) cos(C—R)
cosAcosP—sin AsinP cosAcosQ—-sinAsinQ ——-—
=|cosBcosP—sinBsinP cosBcosQ-sinBsinQ -
cosCcosP—sinCsinP  cosCcosQ—-sinCsinQ —
cosA sinA O] |[cosP sinP 0
=|cosB sinB 0] [cosQ sinQ 0[=0
cosC sinC 0 |[cosR sinR 0

Q.42  Using matrix method find the values of A and W so that the system of equations:
2x —=3y+5z2=12

3x+y+Az =W has infinitely many solutions.

®)
x=7Ty+8z=17
Ans:
2 -3 5 12 |1 =7 8 17 1 -7 8 17
[AIB]=|3 1 A u|~|3 1 A u|(~|0 0 A-2 u-7
1 -7 8 17 2 -3 5 12 |0 1 -1 -2
1 -7 8 17
If A=2,u=7 [AIB]~{0 0 0 O0|=
o 1 -1 -2 x=3-1z
y=z-2
z = arbitrary
i.e. infinite solution.
Q.43  Solve the system of equations
X+y+z=6
X—y+2z=35
3Xx+y+z=38
by using inverse of a suitable matrix. 3
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Ans:

1 116 1 1 1 6 1 1 1 6
system~|1 -12 5|~|0 -2 1 -1|~|0 -2 1 -1
3118 0 -2 -2 -10 0 0 -1-3

xX+y+z=6
—-2y+z=-1
-z=-3

= x=1y=2z=3.

1 2
Q.44 Using Cayley-Hamilton theorem find A3 for A= (4 3}. 3
Ans:
1 2
A=
4 3
1-4 2
|A-Al| = =1 -41-5=0.
4 3-1
By Cayley - Hamilton theorem
A’ —4A-51=0
= A’ =4A+51
A’ =4A" +5A=16A+5A+4.5.1
=21A+201

3 1 2 20 0 41 42
s AT =21 + =
4 3 0 20 84 83
Q.45 State whether the function f(x) having period 2 and defined by
f(x)=1—x2,—1s x <1

is even or odd. Find its Fourier Series. (16)
Ans:
f(x)=1=x" is an even function
b, =0

‘ 4
a, =2|(1-x*)dx=—
0 {( =~
1 2 1
a, =2[ (1-x")cos nzmxdx =—— [ 1-x*d(sin n7m)
0 nn’O
_2

— {[(1—x2)sin nnx]; +2jxsin nﬂxd(x)}
nrw 0
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1
=—| xsin nmxdx
nrx:,
__4cosnm _4(=D""
n’r’ n’r’

2 4
o fx) =S+ —
(x) 3 ”Z

_1 n+l
( )2 COS n7ix.
n

Q.46 Find the Laplace transform of f(t)= e?lt2.
P

Ans:
Recall the first shift theorem

ae Mt (1)) = F(s—a)
where o(f) =F(s).

)

ot ) =—=—

S3 S3
andso  oe 2 (1)) = a(e 2t?) = 2 <.
(s—=2)

Q47 Solve (D2 +D+1)y=cos2x.

Ans:
(D> +D+1)y=cos2x
AE=M>+M+1=0

—-1+ivl-4

=M=

PI= g 1D 1cos2x= cos2x
+D+ -
= D2+3 cos2x
_ w:—i{—zsin2x+30052x}
D?*-9 13

PI= —%{3cos 2x—2sin2x}
= Y=CF+PlI

45
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31

Y= e_é"{C1 cos?;ﬁC2 sinTX}—E{Scos 2x—2sin2x} Ans.

—3s
Q.48  Find the Inverse Laplace transform for L(s)= © ] T 3
s—1
Ans:
3
L—l 1 ; :etL—l i4 :ett_:lt3ef
(s—=1 s 316
=35 1
L' |=— -3 t>3
(s=1) 6
=0 t<3
Q.49 Solve the differential equation
2
u+3ﬂ+2y=3sinx
dX2 dx
given that y = -0.9 and % =-0.7, when x=0 3
X
Ans:

(D*+3D+2)y=3sinx m=-12
CF=Ce " +Cpe™

PI.=;(3sinx)=3 sinxzi(3D—l)sinx
D?>+3D+2 3D+1 10
y=Ce*+C,e™ —1(3 sin x —cos x)

-09=C,+C, +i, -0.7=-C,-2C, —i, y=-22e¢" +e —i(3sinx—cosx)
10 10 10

Q.50 Using the Laplace transform solve the differential equation
f”(t)—4f’(t)+3f(t) =1 with initial conditions f(0)=f"(0)=0. 8)
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Ans:

1
Subsidiary equation s°F —4sF +3F =—
s

= (s’ —4s+3)F=l

s
1
= =
s(s” —4s+3)
B 1
s(s—1D(s—3)
¢ _tr.t 1
s(s-1)(s-3) 3s 6(s—3) 2(s-1
1 15 1,
N=—+—e"'——e¢
f@) 278 5
Q.51 If nis a positive integer, prove that (ﬁ + i)n + (\/5 —i)n =ontl cosn—6n. 8)
Ans.
J3+i=r(cos@+ising) ... (1)
rc0s9:\/§ ............. 2)
rsind=1 3)

from (2) and (3), r =2, =76

w3 +0)" + (3 =) =[r(cos @ +isin O)]" +[r(cos & —isin O)]"
=r"(cosn@+isinn@)+r"(cosn@—isinnf)
=2r"cosnfd  ______ >(4)

put the value of r and 0 in eq n(y) we have

nx
=2.(2)".cos—
(2) 5

nrx
=2"" cos—
6

3
. 1.3 % .
Q.52 Find all the values of 5 + 17 and show that the product of all these values is 1.

®
Ans:

letl+i£=r(cosé?+isin0) ............ (D)

1
srcos@=— 2
5 (2)
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rsin@zg ................ 3)

from (2)&(3), r=1and 0=§.

from (1), l+i£=cosz+sinz
2 2 3 3

or
A By cos T visin®)
2" 2 3703

3/4
=(cosz +isinz)"*
=[cosmx+m)+isinCmz+7x)]"*, m=0,123

[(2m7£+75)j . ((2m7£+7r)j
=COo§{ —— |+isS;mn| ——
4 4

wherem=0, 1, 2, 3.

T .. 7T 3z .. 37
. Thevaluesare,| cos—+isin— |,| cos— +isin— |,
4 4 4 4

St .. 5w T .. I«
cosS—+i1smn— | ,| coOs—+i1s1n— |.
4 4 4 4

.. The continued product of these roots

n 37 Sz Ix n 37 Sz Ix
=COS| —+—+ " +— |+isin| =+ —+—+—
4 4 4
= (cosdm +isin4r)
= (cosx+isinx)*
=(-1* and sint =0
=1.

Q.53 If the roots of 22 +iz2 +2i=0 represent vertices of a triangle in the Argand plane, then
find area of the triangle. 8

Ans:
Rootsare z=1,-1+ 1, -1-1,
0 11
1 -11
-1 -1 1
=2.

A=2
2

Q.54  Find the value of (i xb)x¢ if
a=3i—j+2k,b=2i+]-k,¢=i—-2j+2k. 8)
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Ans:

(ZZXZ)XZ:—ZX(ZZXZ)
[
fleap e

iJ
(@xb)=[3 -1
2 1 -1
=i(-1) +7j + 5k
i j ok
(@xb)xc=l-1 7 5
1 -2 2

( j:(7—2]+2kj(37—7+22j:9
( j (7—2}+2?j{27+?—2)=—2
(?Z b (? QJZ

=9(27+? Ej+2(37—7+i%j

—

=24i+7j-5k

Now

Q.55 Prove that the sum of all the vectors drawn from the centre of a regular octagon to its
vertices is the zero vector. 8

Ans: &

Let ABCDEFGH be a regular octagon

And O the centre of this octagon, O is G
the mid-point of diagonals AE, BF, CG and DH.

Now,

OA+OB+OC+0OD+OE+OF+0G+0OH H
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Q.56  Find the moment about the point M(—2,4,—6) of the force represented in magnitude and

%
position by AB, where the point A and B have the co-ordinates (1,2,-3) and (3,—4,2)
respectively. ®)
Ans:
AB=(3i—4j+2k)-(i—2j+3k)
=2i—6j+5k

MA=(i+2j—3k)—(=2i+4j—6k)
—3i-2j+3k

- -

Moment = rxX F
=B3i—2j+3k)x(2i—6j+5k)
J

i k
3-2 3
2 -6 5
i—9 14k

Magnitude of the moment = \/(8)2 +(=9) +(-14) =+/341

2

a“ +1 ab ac
Q.57 Showthat| ab b%2+1 bc |=1+a%+b”+c2. 8)
ac bc c2+1

Ans: Multiplying C;, C,, & C; by a, b and c respectively, we get
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a(a2 +1) ab’ ac’
A:% a’b b(p>+1) b
e a’c b’c c(c2+1

Taking out common a,b & ¢ from R,,R, and R ; respectively.
a+1 b o
_el g @
a’ b’ c’+1

Now C,—>C, +C,+C,

"~ abe

l+a’+b* +¢? b? c?
=l+a*+b>+c* b*+1 2

l+a’+b*+c*  b*  c*+1

ApplyingR, -R,—R,andR; —-R,—R,

1 b ¢
=(1+a*+b>+cH0 1

0 0 1

1 0
=(+a’+b*+c?)

0 1

=(+a’*+b*+c?)

Q.58 Write the following system of equations in the matrix form AX = B and solve this for X by
finding A™".
2X1 —Xp +X3 = 4
X1 +xp+x3=1 3)
X]—=3X, —2x3=2

Ans:
Writing the given equations in matrix form, we have
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2 -1 1][x ] [4
11 1flx,|=[1
1 -3 -2]|x;] |2
So AX =B
or X=A"B
2 -1 1
A=l 1 1|=-5
1 -3 -2
1 -5 -2
AdjA=|3 -5 -1
45 3

I

= |

_AdA _

Al
Al

N~ nlw n|—

| N

L

NlE nlw n|—

5

x,=Lx,=-1x,=1

Q.59 Using matrix methods, find the values of A and [ so that the system of equations
2x+3y+52=9
Tx+3y—-2z2=8.
2x+3y—Az=U
has (i) unique solution and (ii) has no solution 8
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Ans: Ax=B
23 59
c=[AIB]=|7 3 -2 8
2 3 A u
ApplyingR, Rz—%R andR; - R, -R
2 3
0 -1 _
2
0 O —/1 5 u-9

(i) for unique solution C(A)=C(C)=3

-A-5#0and £-9#0

(i1) For no solution

If
And

For unique solution
For no solution

A#=5u+9
C(A) #C(C)
A-5=0 C(A)=2
u-9#0 C(C)=3
AE-S5,U#9
A=-5,u#9

Q.60 Verify Cayley Hamilton theorem for the matrix

1 2
31

{

|

Use Cayley Hamilton theorem to evaluate A" and hence solve the equations

x+2y=3
3x+y=4

®)
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Ans:
A_M{l 2}){1 0}{1—% 2 }
31 01 3 1-A
I-A 2
3 1-Mh
The characteristic equation of AisA> —2A—5=0

) 74] [12] [10] [0o0
A% —2A-5I= B . e =0
67| 31| Jo1| |00
A —2A-51=0 (~ATA=T)
SAT=A-21

Ao 112
503 -1

AX =B
X=A"B

NEN
_ F

A=Al = ‘zxz—zx—szo

J

~x=1l,y=1

Q.61 Find the Fourier series for the functions

f(x)z%(n—x)2,0<x<2n (16)
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sin nx _2(n_x)(_l)(—cos nxj+2(_1)2(—sinnx
n n

_ _ 2
= (m—x)". 5 e

(2 2 2
:i 04 T COoS nn+0 _[o- ncos0+0
4m| n’ n’

1[2n 2:1 1
_+_

At n® n? :

n

171 ) .
b, =—I—(7t—x) sin nxdx
T4

—COS nXx _2(n_x)(_l)(—sinznxj+2(cos3nxﬂ2n
n n

0

=—|(m—x)".

1 L1 1
—(m—x)"=—.—+4+) —cos nx
4( ) 2 6 an
n?> cosx cos?2Xx cos3x
=4+ + e
12 1 22 3?

Q.62 Find the Laplace transform L(teat sin at)

Ans:
L(t)= l
s
L(te’m )= b 5
(s—ia)

)
1 ><(s+la)

(s— ia)2 (s+ia)
_ s? +2ias+a’i’

(s2 —i%a?)>

2

55
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_ s* + 2ias — a”

(s2 +az)2

s?—a’ . 2as

+1
(s2+az)2 (s2+az)2

Equating the imaginary parts, we have

- L{t(cos at +sinat)}=—

. 2
L(tsinat) = %
(s“+a”)
o L{e® (tsinar)} = — 248 =4)
[(s — a)2 + a2]2

B 2a(s-a)
(s2 “Das+a’+ 212)2

_ 2a(s-a)
(s2 -2as+ 2a2)2

Q.63 Find the inverse Laplace transform ! 2 +21 t))
(s + 1)‘5 + 1)
Ans:
2s+1 A N Bs+C

(s+D)(2+1) s+l (s2+1)
(2s+1)=(A+B)s2+(B+C)s+(A+C)

SLA+B=0,A+C=1,B+C=2
-1 1

.'.A=—,B=—,C=E
2 2 2

L 25 +1 :L_l{ -1 }+L_1 (s+3)
T s+ D%+ 2s+1) 252 +1)

I 1 3.
=—e +—cost+—sint
2 2 2

Q.64  Solve the differential equation
(D2 + 9)y = cos 3x 8)

Ans:
Auxiliary equation is
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D?>+9=0

D=413i
C.F.=Ccos3x+ C,sin3x.

P.I. (cos3x)

T (D?+9)

It is a case of failure.

S PI.= xL CcoS 3x
2D

=£jcos3x dx
2

_ xsin3x
2 3
_ xsin3x

6
Y=CF. +P.L

. X sin 3x
=C,cos3x+C,sin3x + ———

Q.65 By using Laplace transform, solve the differential equation
2

d
P 2y +9y = cos 2t, with initial conditions y(0)=1, y(%) =-1
t
Ans:

y”+9y=cos 2t

S

(5°Y-sy(0)-y'(0) +9y) = —

S™ +
)
(s*+9)y—s()—A=
d s*+4
Y= S LS A
TSP+ DT 49 (s2+9) (s2+9)
S 4s A

y=5@2+®+S@2+%+k¥+9)

Taking inverse Laplace transform

57
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=—L +—L + AL
Y 5 s>+4) 5 s2+9 s2+9

= lcos 2t + ﬂcos 3t + gsin 3t.

whenx=§theny=-1,

4 A . 37
-1=—cosmt+—cos— +—sin—
5 2
A 1_4
3 5 5
2-12
5
1

Sy = gcos 2t +§(cos 3t +sin 3t)

Q.66 A rigid body is spinning with angular velocity 27 radians per second about an axis parallel
to 2i+ 3 —2k passing through the point i+ 33 —k . Find the velocity of the point of the body

whose position vector is 4i+ 83 +k. 8
Ans
p=litiz2k _1or, 5 of)

vT/:wv?zz27.5(2f+}—212):9(2f+}—212)

Ww=18/+97—18k

=3 +5)+2k
VvV =wXr
i ] ok
=92 1 -2
35 2

= 9li2F —10] +7k]

Q.67 Find the sides and angles of the triangle whose vertices are i— 23 +2k, 21+ 3 —k and
3i—j+2k. 8)
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Ans:

C(3,-12
AB=B-A
= (271’_1)_ (17_272)
=i{+3j-3k
BC=C-B
= (3’_1’2) - (2’19_1)
=i-2]+3k
CA=C-A
= (3’_1’2) - (1’_2’2)
=20+
ACBC (2 + ) -27+3#)
cosC= ——= =0
‘ACHBC‘ V514
=cosC=0
= sz
2
Now ooe g BCAB _[i=2j+3k)i+3j-3¢) 14
IBC|AB] V14419 J14x19

B_COS_I[ —-14 j
14%x19
Now cos A= 2C-AB Cr+j)i3-3k) 9

AC|AB J54/19 NCH

el

Q.68 Find the volume of the tetrahedron formed by the point (1,1,1) (2,1,3) (3,2,2,), (3,3,4).
®

59



DE23/DC23 MATHEMATICS-II
Ans:

B(2.13
Tz%ﬁx_c), _zzé(mx_A)
A=~ (DAxDB) 4=~ (iCx4B)
2 2
DB=B-D=-i-2j—k
DC=C-D=-j-2k
DA=A-D=-2{-2j-3k
AC=C-A=2+]+k
AB=B-A=i+2k
PGk
A =—(DBxDC)==|-1 -2 -1
0 -1 -2
= L2 k)= |a=1via
2 2
A
A, =-(DCxDA)==|0 -1 -2
—2 -2 -3
=%(—f+4}—2k):>|A2|=%\/ﬁ
ik
A =L(DAxDB)=1]-2 -2 -3
2L 22 4

L [\ O] ~ey
S =
N =
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. Area of Trapezium = A + A, + A, + A,
=14 +421
= A7X2++/7%3
- Vi[2++3]
Q.69 The centre of a regular hexagon is at the origin and one vertex is given by V3+i on the
Argand diagram. Determine the other vertices. 8
Ans:
(_ \/gyl)F \/371
(-2, 0)E X
B(2,0)
(-v3.-1)p cl-+3.-1)

AW31),  BQO). cl-+3.-1)
plv3-1),  E2.0), Fl-+311)

ZAOB=60°, OA=2. -.OB=2

Q.70  Prove that the general value of 6 which satisfies the equation
4mm

nn+1)’

(cos 0+isin 8)(cos 20 +isin 20)---(cos nO +isin n®)=1is
where m is any integer €))

Ans:
(cos@+isin @)(cos26 +isin28)(cos36+isin360) ———
—(cosn@+isinnf)=1

orcos(0+20+———+nf)+isin(@+20+———+nb)=1
cos(1+2+——+n)@+isin(l+2+—-—+n)f =1

n .. |n _
cos{z(n+l)0} +i sm[a (n+ 1)9} =

Equating real part on both side
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Q.71

Q.72

cosg(n+1)0:1

:%(n+1)0:2mn'-_i-0

=>nn+1)8=4mrx
_ dmr
n(n+1)

Use De Moivre’s theorem to solve the equation x'—x +x>—x+1=0

Ans:
Given that x* —x’ +x* —x+1=0
Multiplying on both side by (x + 1)
=x +1=0
= x=(-1)"
= x =[cos@nz+ ) +isin@nz + 7)|*
Putting n = 0,1,2,3,4

T .. T 3z .. 37w ..
cos—+isin— |,| cos—+isin— |, (cosZ+isinx),

5 5 5 5
( T .. 77[) ( or .. 97[)
cos—+isin— |, and | cos— +isin—

5 5 5 5

O .. & 37 .. 3
But cos— +isin— =cos| 27 —— |+isin| 27 ——
5 5 5 5

3z .. 37
= cos— —isin—
5 5

Hence roots of x° +1=0 are
(cosZ +isin Zj(cosZ +isin zj and —1
5 5 5 5

But root — corresponding to (x + 1)
. Root of the equation x* —x’ +x* —x+1=0

(cosZ +isin Zj and (cos3—ﬂ- +isin 3—”)
5 5 5 5

Show that
aZ 4 ab ac ad
2
ab b7+ 2bc bd =k3(a2+b2+cz+d2+k)
ac be c+A cd
ad bd cd  d%+A
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Ans:
a*+A ab ac ad
ab b*+A bc bd
ac be ¢+ cd
ad bd cd d’+2A
a(@a*+A) ab® ac’ ad?®
1 a’b b(b>+ ) bc? bd®
abed | a’c b*’c  c(c*+A) cd?
a’d b*d c’d d(d*+A)
a+1 b c’ d’
abed| a*> b+A d’
" abed a’ b* +A d’
a’ b’ & dP+ A
> +e,+e+c,
a’+A b* c’ d?
=@ +b*+c*+d*+2) ! R -
1 b* P+ A d?
1 b’ 1 d’+2
R, > R,—R,
R, - R,—R,
R,—>R,-R,
1 b & d
=(a2+b2+c2+d2+/1)0 A 00
00 4 0
00 0 4
A 00
=(@+b*+c*+d*+A0 4 0
0 0 4

=@ +b*+c*+d*+ 1)

R.H.S. hence proved.

Q.73  Express the following matrix as a sum of a symmetric matrix and a skew symmetric matrix.

-1 7 1
2 3 4.
5 05
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Ans:

2 9 6 0 5 -4
Thus A+A'=|9 6 4| and A-A'=|-5 0 4

6 4 10 4 -4 0
4] 1

= (A+A)+—(A-A)

—1263 0 }é—z
//3 2l +|- //0 2
3 25 2 0

A = symmetric + skew symmetric

Solve equations for all such values of A
(A=1)x+(Br+1)y+2Az=0
(A=1x+(@r-2)y+(A+3)z=0

Q.74 Find the values of A, for which following system of equations has non-trivial solutions

(8)
2x +(3A+1)y+3(A=1)z=0
Ans:
AX =B
= C=[A:B]

A-1 34+1 24
A={A-1 41-2 A+3
2 31+1 3(4-D

If system of equations has non-trivial solution then R(A) =R(C)<n=3
~|A=0

A-1 34+1 24
=|A-1 41-2 143
2 31+1 3(A-D

=0

R >R -R,
0 -A+3 A-3

A-1 41-2 A+3 |=0
2 32A+1 31-3
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C,—>C,+C
0 0 A-3
A-1 54+1 A+43|=0
2 64-2 34-3
= (A-3)[A-D(6A-2)-2(54+1)]=0
= (1-3)[64 -184]=0

A1=033
Putting A =0
-1 1 0
A=-1-2 3
2 1 -3
R, >R,—R
R, = R, +2R,
-1 1 0
=0 -3 3
|0 3 -3
R, > R,+R,
-1 1 0
=0 -3 3
|0 0 0

= —-x+y=0
-3y+3z=0 let z=k,
y=k,, x=k, (infinite solution)

2 10 6
AtA=3 A=|2 10 6
2 10 6
R, > R,—R,
R, > R,—R,
2 10 6
=0 0 O 2x+ 10y +62=0
0 0 O
Let y=k,,z=k;
x=-5k, =3k,
2 11
Q.75 Find the characteristic equation of the matrix A=|0 1 0| and hence evaluate the matrix
112
equation A®-5A7+7A°-3A +A"-5A+8AT2A+1. 8)
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Ans:
|A-A1|=0
2-4 1 1
=0 I-4 0 [=0
1 1 2-4

= -5 +71-3=0

By using Cayley-Hamilton Theorem

A'—5A+7A-31=0

Now, A®* =547 +7A°—3A° + A* —5A° +8A” —2A+1

= AN(A’—SA*+7A-3D)+ A(A’ —5A* —TA-3D)+ A* + A+1
= A 0+A0+A +A+]

= A’+A+]
5 4 4
A*=[0 1 0
4 4 5
54 4| 1211 1 00
A+A+I={0 1 0[+/0 1 O|+|0 1 0
4 4 5] |11 2 0 01
8 55
={0 30
55 8
Q.76  Expand f(x) = m, 0 < x < 2min a Fourier Series.
Hence evaluate L+L+L+-~- (16)
1.3 35 5.7
Ans:

f(x)=+/l-cosx

f(x)=a—2°+2ancosnx+2bn sin nx

n=1 n=1

Where, f(x):\/l—cosx:ﬁsin§,0<x<2x
1 2r 1 2z Cx

a, :—.[f(x)z—x\/zjlsm—dx
T V4 o 2

= lex/EJ'sindt =£
T 0 T

66



DE23/DC23 MATHEMATICS-1I

1 2r
a, =— .[f(x)cosnxdx
7 0
1°F — . x
= —J-\/Esm—cosnxdx
Ty 2

2r
= L><x/§j2sin£cos nxdx
2 0 2

17 1 1

= —.[ sin(n+—jx+sin[——njx x

NGY s 0 2 2

= LT sin(n+ljx—sin(n—lj
NOY XS 2 2

1 _—cos(n+%)x L cos n—é)x}m

C2x| (m+)) n—1
- ﬁ ) (ni;>{c°{”+%]2”‘l}* (ni»{""s(”‘%)z”‘ﬂ

12 2 }
N2zl ln+y) (n-3)

41
C 2zl @n+l) (2n-D)
-8
~ 2xdn® -1)
8
~ 2r-4n?)

2
b, :l jf(x) sin nxdx
z 0
1°%F = . x .
= —J.x/ism—smnxdx
Ty 2
2r
= —2 J.sinfsin nxdx
T 0
\/5271'

LoX .
= — | 2sin—sin nxdx
27 2

i [oola g
- eofr-Lcof L
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Q.77

1 _sin(n—é)x_sin(n+§)x}2”

2z (-1 n+l o,

ol ko]

=Lsin(2n—1)7r 2 2
NGy Al 2n—1 2n+l

b, =0
Thus the fourier series is

2 & 42
Jo==7 +;(1—4n2)7r

vJ1—cosx =&{1—zcosx—%cos 2x—3—25c053x..}

T 3

sin(2n + 1)75}

cos nx

Letx =0,
0= 2\/5—4\/5 l+ ! +L+...
T 7 |3 135 57

0242 F;;q

W
&
W
W

V.4 z 1. v
Thus L+L+ +...=%

1+Sin0+iCos0\"
1+Sin0—iCos0 )

Simplify (

Ans:
1+sin9+icos€jn
1+sin@—icos@

B 1+cos9+isin0jn
1+cos@—isin@

putting 8 = %— )

_ ‘ .
2cos2§+i2s1n“2’.cos§}

20 _inginf 9
| 2cos” 5 —i2sin.cos

- o,
cos%+isin?

cos$ —isin$

_ P ﬂ)n( o o ﬂ)_n
= (cos2+isin2) (cos—isin?

—(cos2+zsm2 lcos+isin$

cosn@g+ising

COS(E - nej +i sin(ﬂ - nej
2 2
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Q.78  Find all the values of (1+i)/°. )
Ans:
Let (1+i)=r(cos@+isinf)
r=+2,6= %

Y
1+ i)% = (\/E)% {005(2117[ + %) +1i sin(Znﬂ +%ﬂ

%
— 2%] cos 8nrw+n +isin nrw+n
4 4
— 2%] cos 8nrw+n +isin nr+n
20 20

Putting n =0,1,2,3,4
= /o cos£+isin£ ,2%0 0059—7[+isin9—7[ ,
20 20 20 20

20| cos—— +isi 17—7[ ,2[‘O —+zsm25—7[ ,
20 20
2/ cos—33ﬂ- +isin—33ﬂ
20 20
Q.79 If Z; and Z, are two complex numbers, prove that |Zl + Z2|2 = |Zl|2 + |Zz|2
Z
If and only if Z—l is purely imaginary. 8
2
Ans:
Prove that

|Z1 + Z2|2 = |Z1|2 +|Z2|2 o Lis purely imaginary
25

First assuming that |zl + z2|2 = |z1|2 +|z2|2 and prove that
Zl . . .
— is purely imaginary
2y
Given |z1 + z2|2 = |Z1|2 +|z2|2
Let z, = (x, +iy,), 2, = (x, +iy,),
|(x1 + x2)+i(y1 + y2)|2 = |(x1 +iy1]2 +|(x2 +iy2)|2
= (x1+x2)2 +()’1 +)’2)2 =x12+y12 "'xz2 +y22
= x,x, +y,y, =0 (given)
Now we have
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L (x, +iy,) X(xz_iyz)
Zy (x2+iy2) (xz_iyz)
X, Xy, iy, Y,
= 2 2
X,
XX, + 0y, X, —Xy,)
2 2
X, + ¥,
0+i(y,x, —x,y,)
2 2
X, +y,
(Y%, — X, Y,)
2 2
X, +y

&

is purely imaging
2y

Conversely assuming that s purely imaging and we shall prove that
2y

|2+ Z2|2 = |Zl|2 "'|ZZ|2

z, i(yx,—x,y,) . ..
—L=—122_—122 (purely imaging i.e. Real part 0)

2
%) X, +y,

Z NN+, +i(yx, — X))
- 2 2

) Xty

_ O +iy)(x, —iyy)
(X, +iy,)(x, —iy,)

= x%+ 3y, =0

= 2xx,+2y,y,=0

2 2 2 2 2 2 2 2
=X +x, F2xx,+y, +y, 20y, =X +x, +y +Y,
2 2 2 2 2 2
=X +x) () +y,) =Xty +x, +y,
. 2 L2 T
:>|(xl+x2)+z(yl+y2)| =|(x1+zyl)| +|(x2+zy2)|
2 2 2
=g +2| =[z] +[z)]

(

ol
(el}
~

Q.80 A vector X satisfies the equation X xb=2¢ XB; Xxxa=0. Prove that X=¢—-

oE
=X
o

provided a and b are not perpendicular. 8)

Ans:
In question condition must be xxa # 0 instead of xxa =0
Xxb =cxb, xxa=0
= ax(xxb)=ax(cxb)
= (@.b)x—(ax)b =(ab)c—(ac)b

70



DE23/DC23 MATHEMATICS-1I

glab _o_acy
ab ab
(given condition xXa =0 is wrong it should be xxa # 0 or x.a = 0)
0b _ ac
S>X———=C——=
ab a.
=>x=c- gl;
ab
Q.81 Using vector methods prove that the diagonals of a parallelogram bisect each other. 3
Ans:
Did) 2 C
Al > B

In parallelogram AB = DC
=> position vector (b-a) = position vector (¢ — d)
=b+d=c+a
b+d c+a
2 2
= mid point of BD =mid point of AC
.. Diagonal of II*" bisect to each other.

Q.82 The constant forces 2i — 5j + 6k, -i+2j-k and 2i + 7j act on a particle which is displaced from
position 4i — 3j — 2k to position 6i + j — 3k. Find the total work done. 8

Ans:
F=f+f+f =3+4)+5k
Displacement = (6i +j — 3k) - (4f —3j—2k)

=2i+4j—k
w="fd= (3 +4)+5k).(2{ +4]—k)
=6+16-5
=17N

Q..83 Show that
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12 +a%-b? 2ab —2b
2ab 1-a% +b? 2a :(1+a2+b2)3 (8)
2b —2a  1-a’-b?
Ans:
1+a*>=b*  2ab —2b
2ab  1-a*+b’ 2a |=(+a”+b*)
2b —2a l1—-a*>-b*
Applying ¢, = ¢, —bc; on L.H.S.
1+a’+b° 2ab -2b
= 0 1-a*+b>  2a
b(1+a* +b?) —2a l-a* -b*
R, —» R,—bR,
l+a>+b>  2ab —2b
= 0 1-a® +b* 2a
0 —2a(1+b*)  1-a’+b’

(I+a* +b)[(1-a*+b>)(1—-a’* +b*)+4a*(1+b%)]
= (I+a>+b>)[{A+b*)—a’} +4a*(1+b)]
= (1+a* +b)H[A+b>)* +a* =2a° A +b*)+4a* 1 +b)]
= (14+a* +b)[1+b>)* +2a° A +b*)+a’]
= (1+a* +b>A+a’>+b*)*
= (1+a* +b*)’ =R.H.S.

Hence proved.

Q.84 Write the following equations in the matrix form AX = B and solve for X by finding AL

X+y—-2z=3
2x—-y+z=0
3Xx+y—-z=8

Ans:
1 1 -2|x

3
2 -1 1 |yl=]0
31 -1|z]| |8

AX=B
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1 1 -2]
Al=]2 -1 1 |=-5
31 —1]
=11 21
a, =(-1) | _1:0, a, =(-1) 5 _1‘=5
J2 -1 g -2
a,=(-1) s =5, aﬂz(—n1 _1‘_—1
JU =2 Jua JU =2
a, =(-1) . =5, a,=(-1) ; 1‘:2, a31:(—1)1 1‘:—1
Ju-2 JU1
a, =(-1) ; _1=—5, a;, = (1) ) _1‘_—3
0 -1 -1 0 -1 -1
Adi(A)=|5 5 -5| ar=9A__lis 5 _s
4 s
5 2 3 5 2 -3
‘*AX=B
0 % Xl[3
wXx=ATB=|-1 -1 1[0
-1 -% ¥%||8
5%
=15 x=%,y=5,z=%
%

Q.85 Test the consistency of the following equations and if possible, find the solution
4x -2y +62=38
Xx+y-3z=-1 ®)
15x =3y+9z =21

Ans:
Given system of equation

4 -2 6|x] [8
11 =3yl=|-1
15 =3 9|z |21

AxX=B
4 -2 6 :8
Now c=[A:B]=|1 1 -3:-1
15 -3 9 :21
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1 1-3:-1
=4 -2 6: 8
15 =3 9 :21
R, > R, —4R,
R, >R, —15R,
11 -3 :-1
=10 -6 18: 12
0 —18 54:36

R
R, »>—2
6

R
R, > =
18

11 -3:-1
=0-1 3: 2
10-1 3 : 2
11 -3:-1]
=/0-1 3: 2
10 0 0:
R(A) =R(C) <
= R(A)=R(c)=2<3
. Given system of equation is a consistent
I 1 -3 |x -1
Now we have 0-1 3 |yl=|2
0 0 0]z 0

Letz=k, -y+3z=2

-y=2-3k
y=3k-2
x+y-3z=-1
x=-1-3k+2+3k
x=+1

Different value of k, system has infinite solution.

(=B S TN )

1 2
Q .86 Obtain the characteristic equation of the matrix A =0 1 | and use Cayley-Hamilton
2 3

theorem to find its inverse. 8
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Ans:
|A - /11| =0, characteristic equation
-4 0 2
0 2-4 1 |=0
2 0 3-4
ie. A =6 +7A+2=0 ... (1)
by using Clayey-Hamilton Theorem, A satisfying (1)
A’ —6A+7A+21=0
= A*—6A+T71+2A7' =0
=247 =-A’+6A-T7I
5 0 8 1 0 2 1 00

MATHEMATICS-1I

=2A"=-2 1 5|+46/0 2 1|-70 1 0
8 0 13 2 03 0 01
-6 0 4
=24"=(-2 1 1
-4 0 -2
-3 0 2
SA'=|-1 4 K
2 0 -1
Q.87 Find the Fourier series expansion for the function
f(x)z%(n—x),0<x<27t. (16)
Ans:
Let f(x)=a—2°+2ancosnx+2bn SINAX tevvvvrnnennn... (D)
n=1 n=1

Now, we have
1 2 1 2z
a, =— jf(x)dxz— I(ﬂ'—x)dx
T 0 T 0
1 _x2 2z
27 2 o
a,=0

2z
Now, a, = l jf(x) cos nxdx
T 0

2r

= — | (x — x) cos nxdx
2 l.
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2r

T

2

/4

= — J.n'cosnxdx—— J-xcosnxdx
27 5, 2

Il
S
|

2r

1 szinnx_zfsinnxdx
27 n L

Now, b, =— [~ (7= x)sin nxdx
T2

2r

2z

. 1 .
= — jﬂsmnxdx—— Ixsmnxdx
T 0 7 0

2

=—-—— J-xsinnxdx

27y,

I 2r 27

_ _L x(cos nx) N J-cos nxdx

27 | n 0 o N
a _L_—x(cosnx) sinnx |

27| n n o,
__ 1 _27[cos2nﬂ'}

2| n
_cos2nm _ 1

n n

f(x)= i%sin nx

2

Q.88 Find the Laplace transform of L{tzet Sin 4t}.

Ans:
L{t*e' sin 4t}

- we know that L{sin4¢}=

L{e'sin4t} =
(s

l(7£—x):sinx+%sin2x+%sin3x+...

s*+16
4

_—216=f(5)

D+

L{te' sin4t} =—1)" if(s)
ds
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_ _i[#}
ds| s*=2s+17

BRI
(s —=2s+17)

Now, L{t’¢'sin4t}= —diF(s)
S

_d[  8ts-D
Cds| (s =2s+17)?

_ 8(3s> —65—13)
(s? =2s5+17)°

Q.89 Find the Inverse Laplace transform of L (ﬁ;lj
s +6s+25

Ans:
L_l{ s+1 }
s +65+25
L_l{ s+1 }
(s+3)>+16
L‘l{ s+3-2 }
(s+3)*+16
- L‘l{—”f }+2L“{—12 }
(s+3)"+16 (s+3)°+16

e—3rL—1{ 25 }_26—31‘L—I{ 21 }
s +16 s°+16

e .cosdt—2e™ i sin 4¢

= %e‘3t[2 cos 4t —sin 4¢]

Q.90 Solve the differential equation
2
7Y 59, 6y = Sin2x.
dx?2  dx

Ans:
(D*-5D+6)y=sin2x
AE. m*-5m+6=0

m=2,3
CF.= ce™ +ce™
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PI= %sin 2x
(D> -5D+6)

1 )
= Z—SIH 2X
-2°=-5D+6

1 .
=———sin2x
-4-5D+6

1 )
= ——sin2x
—-(5D-2)
= ﬂfz)sinbc
25d° -4
—(5D+2) .
25x—4—-4
—-(5D+2) G
-104

n2x

n2x

= ﬂcos 2x+2sin2x
104

= icost+isin2x
52 52
y=CF+PlI

= (clezx +c,e )+ icos 2x +i sin2x
52 52

Q.91 By using Laplace transform solve the differential equation
2

d—;/+ y = tcos 2t, with initial conditions y = o,i—f ~0, when t = 0. )
dt
Ans:
(D> +1)y=1C0OS2t .ovvieeinainnnn, (1)
dy
=0, =0,r=0
Y

Taking Laplace transform of equation (1)
L(y”+ y)=L{tcos2t)}

2 ’ d S
s"L{y}=sy(0) =y (0)+ L{y} __E{sz +4}

1 2s”
s +4 s +4
s*—4
(s* +1)(s* +4)

5 1 5 1 8{ 1 }
Liy}=-> +2 +
9(s2+1) 9 (s>+4) 3|(s*+4)>

(s> +DL{y} =~

L{y}=
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el il el
9 (s*+D)) 9 (s°+4)] 3 (s”+4)

01 1
= —Esint+isin 2t+§j—sin 2x.—sin 2(t — x)dx
9 18 392 2

By convolution
] sint + el sin 2t + 1 j {cos(2¢ —4x) —cos 21 Jix
9 18 39

t

—gsint+isin 2t+l{—lsin(2t—4x)—xcos ZI}
9 18 31 4 0

—ésint+isin 2t+isin 2t—ltcos 2t+isin 2t

—%sint+isin 2t—ltcos 2t

Q.92 Find the moment of the force F about a line through the origin having direction of
20 +2}+I€ , due to a 30 Kg force acting at a point (— 4, 2, 5) in the direction of

12i —47-3k. 8)

Ans:
Let D be given line through the origin O and F be the force through A(-4, 3, 5).
OA=—-4i +2]-5k

P 30(127 — 4 —3k) D F
13
. Moment of F about O = OAXF
i k
= -4 2 -5 =—f—(3)(13f 0 A(-42.3)
360 —-120 -90
13 13 13
Thus the moment of f about the line D
60 A A ~ 2i+2j+k
——\3i +36 )+ 4k || ————
13( / )( \/4+4+1j

220 647244y 2040 _ 2040
13 13 13

Q.93 Prove that the right bisectors of the sides of a triangle intersect at its circum centre.

®)
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Ans:

Let A,B,C be the vertices of A ABC, the mid-point of the sides BC, CA and AB are D,E,F
let L at D and E to BC and CA respectively

interests the point P(f(’); then DP.BC =0

(E—B;Cj(c B0 .

And Eﬁ.cﬁzozs(ﬁ— Agé}(A—c)zo

Adding (1) & (2) , we get

(E—AJ“BJ(A B)=0so FP L AB

2
— PA=PB if \A—E\:\E—Ié\

:(E_A;E}(Z_E):o Ans.

Q..%4 Show that the components of a vector B along and perpendicular to A in the plane of
Aand B are (A—fj A and M 3
A A

Ans:

Let OA=A, OB =B and OM be the projection of B on A.

Component of B along A = OM N

_ (AN (B_;jg

. 5 E
=25 A
0 = 5
BA -

Also component of B L A=MB=0B—-0OM =B - A

_ (AXB)x A

e Ans.

Q.95 If tan(@+ip)=e"* show that 6= (n +%)% and ¢ = %log tan(% +%) : (8)
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Ans:
tan(@+ig) =cosa+isina
tan 20 = 2200505‘ : :2005a
l-cos“a+sin“ 0
.‘.:>20:n7[+£:>6’= n+l z
2 2)2

tan(@ +i@)—tan(@ —igQ)
1—tan(@+i¢)tan(6—ig@)
= itanhg =isinax
Or

Also tan2i¢ =

2¢ 24 .
e’ —e sin .
= =T (By Componendo and Devidendo)

e*’ _l+sinax
—2¢ -

1-sina

2
1+tan < T
=e¥=| —2| =¥ =tan| —+—=
I-tan$ 4 2

1 T
= @¢=—logtan| —+— Ans.
/ 2 g (4 2)

e

Q.96 If (ay +iby)(ay +iby )eeeeeerenen. (a, +ib, )= A+iB then
tan”' =L +tan™' b Foeeeeenn +tan™ b _ tan™ B . 8)
a; a, a,
Ans:

Let aj+ibj =rj(cosaj+isin0(j), j=12__n,
= A+iB =R(cos@+isin )
Now (a, +ib,)(a, +ib,) +....... +(a, +ib,)=A+iB

= ... rn[cos(a1+a2+ ...... o) +isin(a, +a,...... 0@)]=R(cos€+isin0)
= R=r,5....r

Or
A2+ B =(a? +5> )y +5, ). (a2+52)
— tan”' ﬁ+ tanb—2+ ........... tan™ L tan™ B

a, a, a

Q.97 Show that the origin and the complex numbers represented by the roots of the equation
z*+az+b=0, where g, b are real, form an equilateral triangle if a> =3b. 8)
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Ans:

a+ix/z

Zz+aZ+b:0:>Z=__T

= 0A= T+_ Jb
OB =+/b

Thus AB =

B

. OA=0B=AB, hence they form an equilateral triangle.

Q.98 Prove that
1+a 1 1 1

1 1+b 1 1 1 1 1
=abcd| 1+ —+—+—+—|. 3
1 1 1+c¢ a b ¢ d
1 1 1 1+d
Ans:
a'+1 a’! a a
b b +1 b b
A =abcd | | | |
c c ¢ +1 c
d’ d” d' d'+1

R - R +(R,+R,+R))

1 1 1 1
4 -1 -1 -1 b™ b7+l b b
= abcd(l+a™ +b™ +c™ +d )| P i
c c c +1 c
d”! d™! d? d'+1
C2—>C2_C1,C3%C3_C1’C4_>C4_Cl
1 0 0 0
b 1 0 0
= abcd[l+l+l+l+lj=
a b ¢ d c 010
d' 0 0 1

:abcd[l+l+l+l+lj Ans.
a b ¢ d
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0 28 vy
Q.99 Determine the values of @, 8,7 when | S —y| is orthogonal. 8
a -f v

Ans:
If A is orthogonal then AA =1

0 28 7|0 o «a

2 2
=aprr = ﬁzii,yzil
28> -7 =0 6 3
But 0{2+,[)’2+7/2=1:>05ii2
1 1 1
>atrt—,f+—,y*— Ans
27 NN

Q.100 Find the values of k such that the system of equationsx+ky+3z=0, 4x+3y+kz=0,

2x+ y+2z =0 has non-trivial solution. 3
Ans:
1 k& 3|x 0
The set of equationis (|4 3 k| y|=|0
21 2|z 0

R, > R,—4R,R, > R, - 2R,
For a non-trivial solution p(A) =p(A: B) =2
Thus |A|=0
1 k 3
A=|0 3-4k k-12
0 1-2k -4
= -43-4k)-(1-2k)(k-12)=0

:>2k2—9k:0:k:0,%

4 3 1
Q.101 Find the characteristic equation of the matrix A={2 1 —2|. Hence find A™".
1 2 1

®)
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Ans:

4-1 3 1

Characteristic equationis | 2 1-4 =2 [=0

1 2 1-4

=L -61+61-11=0 or A’ —6A*+6A—-111=0

:A‘lzﬁ[A2—6A+6I]

5 -1 =7
=A"=-4 3 10
3 -5 =2
0, -2<t<-1
) . ) 1+f, -1<t<0
Find the Fourier series for f(r)= . (16)
1—1t, O<r<l1
0, 1<t<?2

Ans:

f() =@+Z‘ancos@+2‘bnsinﬂ
2 n=1 2 n=1 2

17 ¢ L 2 |
a, =5_:[ZOdt+:[l(1+t)dt+.([(l—t)dt+.1[0dt}:5

L1

0

nmua nit
1+¢t)cos—dt+ | (1—t)cos—dt
J+r)cos=dr+ [ (1-1)cos = }

1 _nm 2 4 nm)’ _nm 2 4 nat)'
= —|<(1+1)sin ——+——cos +<(1-t)sin—.—— cos—
2 2 nw nrw 2 ), 2 2

nx n'zm?
4 nrw
a,=——|l-cos—
nr 2

1] ¢ nm . nma
b =— 1+8)sin—dt+ | (1—1¢)sin—dt
\ 2&( )sin =~ !( )sin = }

0

1 nm 2 4 nm’ nm 2 4 na)
=—|s—({+1)cos .——+——sin +e(I-1)—| coS——.— |——5 5 sin——
2 2 n¥t nrw 2 ), 2 nxr) n'xm 2,
b, =0
= f(t)—l+i 4 (l—cosﬂjcosﬂt Ans
" 4 =i 2 2 '
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Q.103  Find L(e_4t %yj . )
Ans:

3 sin3t| 7 3
Lisin3ty= , L =
tsin 31} s> 49 { t } J.s2+9

N

= tan‘li} 7 s
3], 3
L{sin 3t} ot S
t 3
:>L{ w sin3t}_ L s+4
t 3
= tan~' 3 Ans
s+4
Q.104 Find the inverse Laplace transform of St 42 . )
s(s—1) is +4)
Ans:
s+4 A B Cs+D
=—+—

s(s=D(s*+4) s s-1 s*+4
= A=-1, B=1, C=0, D=-1

= ! L _L—l{_l_kL_ 1 }__L—l 1}4_[;1 L}_lljl 2 }
s(s—1)(s* +4) s s—1 s*+4 s s—1] 2 s*+4

:—1+e"—%sin2t Ans.
Q..105 Using Laplace transformation, solve the following differential equation:
d’x
i = i = T/ )= —
9 =cos2t ifx(0)= 1. {74)=-1. 8)
Ans:

L{‘;—;f} +9L{x}= L{cos 2t}

= 5*X (s)— sX (0)— X "(0)+9X (s) = ——
s +4
= (s> +9)X (s)- X"(0) =— py= S T35
s*+4 s> +4

s(s® +5) L X'
(s> +d)(s*+9) (s°+9)
Taking Laplace Inverse transform

= X(s)=
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Q..106

X(t)zlL_l{ = }+£L’1{—2S }+L’1{X2(0)}
5 s +4] 5 s +9 s +9

X() =lcos 2t+§cos3t+§X’(0)sin3t

Put t:£ we get x(zj =1
t t

1 1,
—1=——+=X'(0
513 0)
, 12
X'(0)=—=
0) 5

X :é[cos 2t +4cos 3t —12sin 3t]

If z is any complex number and z is its complex conjugate then show that z z= |z|

Ans:

Letz=x+iythenz =x-1iy

Now z z = (x+iy) (x -iy) = x> + y> ————(1)
2

Also [z = |Ja* + 37| = (<" + 3 )(2)

From (1) and (2), zz =1z’

Q..107  Find the square root of the complex number 3 + 4i.

.108 If z=Cos0+iSin 6 then find z" + L
Q n

Ans:
Let ¥/3+4i =£(x +iy), Then 3+4i=(x+iy)> =x" -y’ +2ixy
=X -y =3 (1) and xy=2-------------

from (1) and (3) x’=4, y’=1 = x =42, y ==
from (2) xy is positive so if x=2, y=1 and x=-2, y=-1

Hence /3+4i =+ (2+1)

z

Ans:
Given z=Cos O + Sin 6> 2" =

7" =Cosn0-iSinn® Therefore z"+z"=2 Cos n 6.

86

7

@)



DE23/DC23 MATHEMATICS-1I

Q.109 Ifa, = Cos(%erSin (%r) r=1,2,3,.... then show that a; a, az..adinf =—1.

)
Ans:
T T i
Given a, =Cos| — |+iSin| — | =e ¥
' 2! 2F
. . T
1; 1?
=a,=e?,a,=€ % e
Now
A0y Q.
V4 1 1
i— 1+E+2—+ ———————— iz Lo
=e =e =Cosmt+1Sinwt=-1

Q..110. If a square matrix A is invertible then show that AT (transpose of A) is also invertible and
—1 1 \T
(AT) =(A 1) . )

Ans:
Since A is invertible matrix, therefore |Al #0 =IATI0
— AT is also invertible
Now AA'=1=A"'A = AA )Y =I=A"A)" = AHTAT=1=ATA")"
- (AT)-I — (A-I)T

3 -4 2
Q..111 Compute the inverse of the matrix A =| 0 5 9. 7
-4 8 1
Ans:
3 -4 2
A=|0 5 9
-4 1
3 -4 2
lAl=|0 5 9=-17#0
-4 8 1

Cll C21 C31
AdjA=|C, C, C, | and C;=(-1)" minorof C,
C13 C23 C33

5 9 0 9

C, = =5-72=-67, C,, =- =-36
8 1 41
0 5 4 2

Co=|, o720 Cu=- =20

87



DE23/DC23 MATHEMATICS-1I

C —‘ ‘—11 C -‘3 _4‘:—8
2 ok4 1 P48
C —"4 ‘_ 46 ,C -‘3 2‘_-27 C =‘3 _4‘:15
31 5 132 133 O 5
67 20  —46
AdjA=|-36 11 27
20 -8 15
Now A" =LAdj A
[Al
-67 20 —46
=—i -36 11 =27
17
20 -8 15
1 o o
Q..112. Evaluate ® 1 ©f where @ isa complex cube root of unity. @)
o o 1
Ans
1 ® ’
® 1 w| =|-0']- 0o -]+ o*|lo* -] =0, Since &’ =1
@ o 1
I x y+z
Q..113 Show without evaluating that determinant [l y x+z{=0. 7
1 z x+y
Ans:
1 X y+2z
1 y X+z
1 Z xX+y
Co 2 Co+C3
1 xX+y+z y+z
=11 xX+y+z x+z
1 xX+y+z X+ y
1 1 y+z
=(x+y+z)[l 1 x+z| =(x+y+z) 0 [~ Cyand C; are identical]
1 1 x+y
=0
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Q..114 Find the position vector of a point which divides the line joining two given points in three
dimensional space. @

Ans:
Let the position vectors of points A and B are a and b respectively. Let P be the point which
divides the line joining A and B in the ratio m:n and let r be the position vector of P. Then

M:E,ﬁ:EO_P = r where O is origin

Given AL =™ ap=-"pp
n n P

-+ AP and PB are collinear i v
o o . - R
.. AP=""PB orn AP=mPB——————— ) ,W
n @ &
. PR o

Now AP=OP-OA=r-a,PB=0OB-OP=b-r
From (i) we get n r + mr =na+mb

S_na + mb
n+m
e e T T Y - 5 >
Q..115.Show that the vectors 21— j+k, 1—3 j—5k and 31—-4 j—4 k form the sides of a
right angled triangle. @)
Ans:

Let A=2i-j+k, B=i-3j—5k C=3i-4j—4k
A‘:@,é‘:@,&‘:m,

= sides represented by AandB are at right angles
2 2 2

C +

A.B=2+3-5=0,

Al +|B

Also

~.vectors A, B and C form the sides of right angled triangle

2

Q..116. State Cayley Hamilton Theorem and verify it for the square matrix | 1 @)

1

N W N
N = =

Ans:
Cayley Hamilton Theorem
Every square matrix satisfies its own characteristic equation

2 2 1
LetA=|1 3 1
1 2 2

Characteristic matrix is
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2-4 2 1
A-A=|1 3-4 1
1 2 2-1

Characteristic equation is

IA-MI =0 =A*-7A*+11A-5 = 0 . By Cayley Hamilton theorem

A TAZH11A-51=0

2 2 1
Now A=|1 3 1
1 2 2
2 2 1] [2
A’ =|1 3 1 {1
1 2 2| [1
7 12 6][2
A6 13 6|1
6 12 7|1
A TAT+11A-51
32 62 311 [49
=131 63  31|-|42
31 62 32| |42
22 22 117 [5
+11 33 11 |-|0
11 22 22| |0

84
91
84

S e O

Q..117 Show that the system of equations

2x =3y+z=0
X+2y-3z2=0
4x —y—-2z=0

has only the trivial solution.

Ans:

1 7
1| =1|6
2 6
1 32
1| =|31
2 31
42
42
49
0 0
0| =10
5 0

12
13
12

62

62

31
31
32

L Q o o

7

System of equations is 2x - 3y +z=0,x +2y-3z=0and 4x -y -2z =0

This is system of homogeneous equations can be written as

2 -3 1 X
1 2 3y
4 -1 21|z

or AX = O, where

=0
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2 -3 1 [x 0
A= |1 2 3 X=|yl|,0=|0
4 -1 =2 | 2 0
2 -3 1
Now IAl = [1 2 -3[=7#0
4 -1 =2

Thus IAl # 0, So, the given system has only the trivial solution given by x=y=z=0

Q..118 Find the Fourier Series for the function,
f(x)=x, 0<x <2m.

Ans:

The Fourier series of f(x) is f(x) = a_20 + Z a, Cosnx + Z b, Sin nx

n=l1 n=1

2z 2z 2z
Where a, =ljf(x)dx, o =L [ £ Cosnxdx, b, _1L [ £ (o) Sin nx dx
72. 0 72. 0 72. 0

1271'
Now a, =—.[xdx:27£
4 0

27 . 2z
a, =lij0snxdx=l[xslnnX-[- Cosznxﬂ :l{%'%} =0
Ty z n n T

0

Cosnx Sinnx 2 1|-27 2
-X + =—|—|=-=
n n° |, 7L n n

2r 1

b, =—ijinnxdx =—

T 0 T
Fourier series is

= Sinn x
X=7Z—2Z
n=1 n

(14)

Q..119 Distinguish between even and odd functions. Give one example for each of these functions.

Ans:
Even function:

A function f(X) is said to be even function if f(-x) = f(x)
Odd Function:

A function f(x) is said to be odd function if f(-x) = -f(x)
Example:

Cos X, x* are even functions and Sin X, X are odd functions

91
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e e T T S S
Q..120. Forces 2 i+7 j 2i-5j+6k,-1+2 j—k act on a point P having position vector

- -

41-3j-2 k Find the vector moment of the resultant of three forces acting at P
- 5 -5

about the point Q whose position vectoris 6 i + j-3 k. @

Ans:
Let R be the resultant of the three forces, R = 1:“1+ };2+ 153 =3i+4j+5k

Vector moment of R at P about Q

=PQ xR
=(2i+4j-K) X (3i+4j+5K)

i j k

2 4 —1| =i [20+4]-j [10+3] +k [8-12] =24i-13j-4k
3 4 5

Q..121 Define Laplace transform of a function. Obtain the Laplace transform of Cosh (at).  (7)

Ans:
L[f(t)]zj?e’“f(t) dtzf(s), where function f(t) is defined for t > 0 and s>0 is a

parameter.
L[Cos h(at)]= j “e™Cos h(at) dt

_I sl(e +e jdt __I[e s-a) —S+a ]dt
I A e Y 1] 1 2 s
=— + == + =— =
2|-(s—a) —(s+a)], 2ls—a s+a 2s*—a’ s'-a°

s—1
sz—6s+25

S}

(7

Q..122 Find the inverse Laplace transform of
Ans:
L’l[ : s-1 }:L‘l s-1
s°—6s+25 (s—3)° +16

:L{—S '23 }25{—12 }
(s—3)2 +16 (s—3)2 +16

Ao | L | 2o Cosara et Lsina
s +1 s +16 4

= e3t [Cos 4t + % Sin 4t}
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2
Q123 Solve the differential equation < — ? £12y=0. (7)
dx X

Ans:

2
Differential equation is d Z -7 @ +12y=0
dx dx

Let y = ™ is the solution of given differential equation.
The auxiliary equation is m*-7m+12 =0 =(m-4) (m-3) = 0 =>m=34
solution is y:Cle3X + Cpe™

Q..124 Solve by using Laplace transform, the differential equation

2
d ’
ey +4y =sint, y(O) =1y (0) =0. @
dt?
Ans:
2
Given dtzy +4y=Sint

Taking Laplace transform of both sides, we have

1
sT+1

L[jhzy } +4 L[y]=L[Sin t]= s L[y]- sy(0) - y'(0) + 4L[y] =

But y(0) = 1, y'(0) = 0= (s> +4) L[y] - s =

sT+1
S 1
+
s 4+4 (sT+D(sP+4)

y=L'l[ 2s }+L_1 > ! > =C0s2t+lSint—lSin2t
s”+4 (s"+D(s" +4) 3 6

Lly]=
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