AE(01/AC01/ATO01 MATHEMATICS-I

TYPICAL QOUESTIONS & ANSWERS

PART - I
OBJECTIVE TYPE QUESTIONS

Each Question carries 2 marks.

Choose correct or the best alternative in the following:

2x2y

Q.1 The value of limit lim i

(x.y)=(0,0) x* +y?

A) 0 (B) 1
C) 2 (D) does not exist
Ans: D
3.3 2 2 2
Q.2 Ifu:%,then )(28—121+2xya 4 +y28 121 equals
y©+X ox oxdy ay
A) 0 (B) u
(©) 2u (D) 3u
Ans: A

Q3 Let f(x,y)=xsiny+e* cosy,x = 2+ Ly= t>. Then the value of [gj is
t=0

(A) e+1 B) 0
(C) e-1 D) e +1
Ans: B

Q4 The value of

O —y =
S —_

1
j (X2 + y2 + zz)dzdydx is
0

A) 1 (B) 1/3
(C) 2/3 (D) 3

Ans: A
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Q.5  The solution of (D2 +2D+ 2)y =0,y(0)=0,y(0)=1is
(A) e*sinx

(B) e *cosx
(C) e *sinx (D) e* cosx

Ans: C

Q.6 The solution of y’+ ytanx = cosx, y(0)=0 is

(A) sinx (B) cos x
(C) xsinx (D) x cos x
Ans: D
Q7. Let vi=(11,01), vo =(LLL1), v3=(4411) and v4 =(1,0,0,1) be eclements of R*. The set
of vectors {Vl, Vo,V3, V4} is
(A) linearly independent (B) linearly dependent
(C) null (D) none of these
Ans: A
I 1 -2
Q.8 The eigen values of the matrix | —1 2 1 |are
0 1 -1
(A) —12 and 1 (B)0,1and 2
(C)-1,-2 and 4 D) 1,1and -1
Ans: A
Q.9

Let Py, P;, P, be the Legendre polynomials of order 0, 1, and 2, respectively. Which of the
following statement is correct?

@) Pax)=3xP()+ S Po(x) ) Pax)= xBi(x)= Polx)

© Pax)=2xP(x)+Ro() D) Palx) = xR (x)+ SR (x)

Ans: B
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Q.10 Let J, be the Bessel function of order n. Then J- lJ 2(x )dx is equal to
X

&) x(x)+C ®) L3,(x)+C
X
(© —xJ)(x)+C @) - L1,(x)+C
X
Ans: D
Q.11 Thevalue of limit lim tan™' (Xj
(x,y)-(0.1) X
(4) 0 B) ™)
© - % (D) does not exist
Ans: D

Q.12 Let a function f(x, y) be continuous and possess first and second order partial derivatives at
a point (a, b). If P(a,b) is a critical point and r = fyx (a,b), s= fry (a,b), t= foy (a,b)

then the point P is a point of relative maximum if

(A) rt—sz>0,r>0 B) rt—sZ >0andr <0
(C) rt—s2<0,r>0 D) rt—s2>0andr=0
Ans: B

Q.13  The triple integral J-” dx dy dz gives

T
(A) volume of region T (B) surface area of region T
(C) areaofregion T (D) density of region T

Ans: A

Q.14 If A% = A then matrix A is called

(A) Idempotent Matrix (B) Null Matrix
(C) Transpose Matrix (D) Identity Matrix
Ans: A

Q.15 Let A be an eigenvalue of matrix A then AT the transpose of A, has an eigenvalue as
@) 5 B) 142
() A D) 1-A
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Q.16

Q.17

Q.18

Q.19

Q.20

Q.21

Ans: C

The system of equations is said to be inconsistent, if it has
(A) unique solution (B) infinitely many solutions
(C) no solution (D) identity solution

Ans: C

The differential equation M(x, y)dx + N(x, y)dy = 0 is an exact differential equation if

oM OoN oM ON
A) —+— B) —=—
@) ady g ox ®) dy  dx
oM OoN oM oN
€ 2= o) M_T
ox dy dy Ox
Ans: B

The integrating factor of the differential equation X(l + y2 )dy + y(l +x2 )dx =0 is

@A) L ®)
X y
©) xy D) -
Xy
Ans: D

The functions X, x2, x> defined on an interval I, are always

(A) linearly dependent (B) homogeneous
(C) identically zero or one (D) linearly independent
Ans: D

The value of J 1’ (x), the second derivative of Bessel function in terms of J 2(x) and J, (x) is

1
(A) XJZ(X)+J1(X) B) ;Jz(x)+J1 (x)
1 1

© —3,(x)-3, () D) I, (x)-—J, (x)

Ans: C
. 2 2
The value of limit  lim w is
=00 XT+y

(A)O B) 1

©) -1 (D) does not exist
Ans: A
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Q.22

Q.23

Q.24

Q.25

Q.26

If f(x,y)= eXyz , the total differential of the function at the point (1, 2) is

(A) e (dx + dy) (B) e*(dx + dy)
(C) e*(4dx + dy) (D) 4e*(dx + dy)
Ans: D
2 2 2
Let u(x,y)= x? tan_l(ij - y2 tan_l(ij ,Xx>0,y>0 then xza—121+ 2xy ou + yza—g
y y ox oxdy dy
equals
(A)0 (B) 2u
(©u (D) 3u
Ans: B

The value of the integral I”xyzdxdydz, over the domain E bounded by planes
E

x=0,y=0,z=0,x+y+z=11is

1 1

A) — B) —

()20 ()40

1 1

C) — D) —

()720 ()800
Ans: C

2
The value of o so that e* is an integrating factor of the differential equation

2
y

e 2 —xyl|dy—dx =0 is

(A)-1 B) 1
1 1
Ans: C

The complementary function for the solution of the differential equation

2x2y”+3xy -3y =x" is obtained as

(A) Ax + Bx (B) Ax + Bx *”?
(C) Ax* + Bx (D) Ax 2 + Bx ¥
Ans: A
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Q.27 Let V;=(1,-10),V, =(0,1,-1), V5 =(0,0,1) be elements of R>. The set of vectors {Vl,Vz,V3}
is

(A) linearly independent (B) linearly dependent
(C) null (D) none of these
Ans: A
p -1 0 0
. . 0 wn -107, .
Q.28 The value of p for which the rank of the matrix A = 0 0 ) is equal to 3 is
M J—
-6 11 -6 1
(A)0 B) 1
©)4 D) -1
Ans: B
Q.29 Using the recurrence relation, for Legendre’s polynomial
(n+1) P, ;(x)=2n+1Dx P,(x)—nP,_;(x), the value of P, (1.5) equals to
(A) 1.5 B) 2.8
(C) 2.875 D) 2.5
Ans: C
Q.30 The value of Bessel function J,(X) in terms of J;(x) and Jo(x) is
4
(A) 2J1(x) = x Jo(x) (B) ;Jl(X) —Jo(X)
2 2
©) 2J1(X)—;JO(X) (D) ;Jl(X)—Jo(X)
Ans: D
22 —7+1 1
Q.31 The value of the integral J' o dz, where C is the contour |z| = is
Z —
(A) 2mi. B) mi.
(©) 0. D) —2mi.
Ans: C

Because z = 1 is a pole for given function f and it lies outside the circle

Izl =Y¥2 . Therefore, by Cauchy’s Theorem J- f(z)dz =0
C

Q.32 If X has a Poisson distribution such that P(X =2)=9P(X =4)+90 P(X = 6) then the variance

of the distribution is
(A) 1. B) -1.

6



AE01/ACO01/ATO1 MATHEMATICS-I

© 2. (D) 0.

Ans: A
Because P (x=2) = 9P (x=4) + 0P (x=6)
mie™ 9 mte™  90mbe™

T

2

Because m#0, Therefore, 3m*+m*-4=0

=> m=1

Q.33 The vector field function F is called solenoidal if

(A) curl F=0. (B) div F=0.
(C) grad F=0. (D) grad div F=0.
Ans: B

A vector field F is solenoidal if divF =0

SinX COSX COSX
. ) ) ) T T
Q.34 The number of distinct real roots of |cosx sinx cosx|=0 in the interval —-—<x <— is

COSX COSX sinx

(A) 0. B) 2.
(©) 3. D) 1.
Ans: D

SINX COSX COSX
cosx sinx cosx| = 0

COSX COSX  Sinx
=> (cos X —sin x)2 (sinx+2cosx)=0

T 1 T .
Its only root which lies in —ZSxS— is —.

4

Q.35 The solution of : dy +ycotx=2cosx is

dx
(A) 2ysinx+cos2x =a. (B) 2ysin x+2xcosx=a.
(C) 2ysin2x+cosx=a. (D) 2ycosx—sin2x=a.
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Ans: A
2ysinx+cos2x = a

J’COSX N
LF. e’ s =sinx
Therefore, the solution is given as

cos2x
+c

ysinxszcosxsinx dx =—
=> 2ysinx + cos2x = a

Q36 Ifz= x4y2 sin”! i+10g x —log y then x%+ y% is equal to
y ox " dy

(A) 6x%y? sin_1§ (B) 6x410g§.
() (X2+y2)log§. D) 6)(4y2 log%.

Ans: A

L X X

—+log—=u+v
y

z=x"y*sin”
where u and v are homogeneous functions of order 6 and O respectively. Using Euler’s

aZ aZ_ a_u+ya_u+x&+y? =6u+0v = 6u.
y

theorem ... x—+y—=1x
ox Y dy ox ~ dy ox

Q.37  The value of Legendre’s Polynomial, P, ,1(0) is

(A) 1. B) -I1.
(©) (-n™. (D) 0.

Ans: D
By Rodrigue’s formula,
P.(0)=0 if n is odd.
Q.38 The value of integral j jxy (x + y)dxdy over the region bounded by the line y = x and the

curve y = x2 is

2 2
(A) o B) ITh

3 1
© 6 D) I
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Ans: C

1 X 1x2 2 xy3

f f xy (x+y) dydx=j'—y +—|" dx
x=0‘y:x2 0 2 3 *

o5 1 X 3
[ Ay 22
oL 6 2 3 56

Q.39 The value of the integral j zdz where C is the semi-circular arc above the real axis is
C

(A) . ® =
2
(C) —mi. (D) —%i.
Ans: A
Letz=¢®  then z=¢™"

jZ dz = Te-”.e”’.i o =im
0

Q.40  Residue at z = 0 of the function f(z)= z? sinl is

zZ

1 1
A) —. B) ——.
(A) 2 B) -2

2 2

=. D) —=.
© 3 D) -2

Ans: B

Let f(z)= Z sinl

( R SO ]
- 3z [57°
1

Residue = coefficient of l =——
Z

Q.41 In solving any problem, odds against A are 4 to 3 and odds in favour of B in solving the
same problem are 7 to 5. The probability that the problem will be solved is
5 16
A) —. B) —.
A) o1 (B) o1
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15 69

c —. D) —.

©) 84 ®) 84
Ans: B

3 7 - . )

P(A) = 7, PB) = E Probability problem will be solved i.e. P(AUB)
P(AUB) =P(A) + P(B) - P(AB)
Because A & B are independent, So P(AB) = P(A) P(B)

P(AUB) = S+ L3 T - 3, 7.3 _le6

7 12 712 7 12 12 21
Q.42  The value of the integral .” x d x dy over the area in the first quadrant by the curve

)(2—221)(+y2 =0 1s

2 3
Ta a
A) —. B) —.
(A) 5 (B) 3
2 3
a Ta
c —. D) —.
© 5 (D) 5
Ans: D
ra’
2

J-J-x dxdy over x* — 2ax + y2 =0

2a \2ax—x*

= J. .[ x dydx = T xN2ax — x* dx
x=0 0 x=0

2a
=.[x%d2a—xdx.La'x=2aﬁn20:>dx=4aﬁn0am0d0
0

x=

/2 3
11
\MM»%Q@—WJ—%&@%%E mMI:mfjgﬁeaﬁ&w:mfi—-z:M

) 6422 2

Q.43 The surface ax? —byz = (a +2) will be orthogonal to the surface 4x2y +73 =4 at the point
(1, -1, 2) for values of a and b given by

(A) a=0.25,b=1. B) a=1,b=25.
(C) a=1.5,b=2. D) a=-25,b=-1.
Ans: A
a=0.25,b=1

10
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LetF=ax’-byz—(a+2)=0
G=4xy+2 -4=0
VF =2axi —bzj — bylg
VE, 1, =2ai —2bj +bk
VG, ., =—81 +4]+12k

These surfaces will be orthogonal if VF-VG =0
=>—-16a-8b+12b=0

=4b=16a => b=4a
Also since (1, -1, 2) lies on F

a+2b-a-2=0 => b=1, thus a:%
2.2
Q44 Ifu= ); y 210g1 and v =cos ™! % and if z=u + v then x%+y% equals
X +y X X" —y aX ay
(A) 4v. (B) 4u.
(©) 2u. (D) 4u+v.
Ans: C
T Z=u+V

i.e. u is homogeneous function of degree 2 and v is homogeneous function of degree 0. By

Euler’s Theorem, x% + y% =2u+0v=2u
ox ~ dy
3 5 7
Q.45 The series x — X I - X = e oo equals
2211 24(2)* 29317
(A) Jy(x). (B) J(x).
2
(C) x Jy(x). (D) ny(x).
2

Ans: C

11
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. _1 m 2m
Jo(x):z( )2 (gj

(lm)
. 2 _1 m x 2m+l1
soxd(x) = Z ( )2 (—j
= (m) \2
1
Q.46  The value of integral I | x> P3(X)dx , Where P3(x) is a Legendre polynomial of degree 3,
equals
) = (B) 0
35 '
2 4
c —. D) —.
©) T (D) 35
Ans: D
1 ol (m)Z
As "P (x) d. = _
_le () dx 2+l
‘ 24(13)°
S |7 35
3-x 2 2

Q.47 For what values of x, the matrix | 2 4-x 1
-2 -4 —-1-x

is singular?

(A) 0,3 ®B) 3,1

(©) 1,0 D) 1,4
Ans: A
The matrix is singular if its determinant is zero. Solving determinant, we get equations
x(x-3)*=0.

Q48 If z=e™Pf(ax — by), then b% + a% =

ox 9y
(A)3ab (B) 2 abz
(C) abz (D) 3 abz

Ans: B

12
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Because
aZ _ ax+by ax+by p/
a——ae flax—=by)+ae™™ f'(ax—Dby)
X
aZ _ ax+by ax+by p/
a——be flax—by)—be™™ f'(ax—Dby)
y
b% +a % =2abe™™” f(ax—by)
ox dy
1 z x+z
Q.49 The value of the integral I j I (x + y +z)dxdydz is
-1 0 x-z
(A) 27. (B) 2.
(C) -2 (D) 0.
Ans: D
1z xtz 1z 2 e
I j j (x+ y+2)dydxdz = j I {xy+zy+y7} dxdz
z=—1x=0 x—z

z=—1x=0 y=x—z2
z 1

= j j [2XZ+X2+3Z2}dxdz=j(%3+3xz2+x2zj dz=j§z3dz:0

7=—1x=0 -1 0 -1

Since it is an odd function.

=

Q50 If u=xz+y2+z2 and V =x i+y j+zk, then div (uV)z

(A) 5 (B) 5u
(C) 5V D) 0
Ans: B
uv=(y*+x* + zz)(x§+ y}'+ le)
div(uv) =(%2+%“+a%l€](u$)

=(V X+ D)2+ O+ X+ D) +2Y 28+ (Y X+ D)

=5(y*+x*+27°)=5u

Q.51 The solution of the differential equation ;1—2+E logz = z (log z)2 is given as
X X X

A) (logz)™ =1+cx (B) logz =1+ cx
(C) logz(l+ex)=c (D) logz=(1+ cx)_2
Ans: A

13
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Dividing by z, we get

l%_i_logz _(logz)?
z dx X x

Let 1/(log z)=u, then above differential equation becomes

du_uw_ 1
dx x X
1
l.F.=e F =l.
x
u 1 u 1 4
.~.—=I——2dx+c = —=—+4+c=>(ogz) =l+cx
x x x X
. 22 —7+1 . . 1. .
Q.52  The value of the integral I —1dz, where C is the circle |z| = 5 is given as
Z J—
C
(A) 2n (B) 2mi
) o D) —2m

Ans: C
The given function has a pole at z=1, which lies outside the circle C. So by Cauchy’s theorem

integral is zero.

1

Q.53  The value of the Legendre’s polynomial I P, (X)Pn (x)dx = 5 2 N if
n -+
-1
(A) m#n B) m>n
(C) m<n (D) m=n
Ans: D

By orthogonal property of Legendre’s polynomial.

Q.54 Two persons A and B toss an unbiased coin alternately on the understanding that the first who
gets the head wins. If A starts the game, then his chances of winning is

NS A ®) Y
©) % ) Y

Ans: C
Probability of getting head=1/2= probability of getting tail.

14
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If A starts the game, then in first chance either A wins the game, in second case A fails, B fails
and A won the match and so on, we get an infinite series. Let Ha, Hg, Ta, T, denotes the
getting of head and tails by A and B respectively.

P(wining of A)=P(Ha)+P(TaATgHa)+ P(TATgTATgHA)+.......

1 (1Y IR}
= —+|—=| ++]| = | +......
2 2 2
This is an infinite G.P. series with common ratio 1/4. Thus
2
()
2
2

Q.55 The value of limit  lim ——3
(x.y)=(0,0) x* + y2

P(winning of A) = %

(A) equals 0. (B) equals %
(C) equals 1. (D) does not exist.
Ans: D
Let y= mx” be equation of curve. As x—0, y also tends to zero.
2
X
fxy)=— Y >
X' +y
_oom
1+m?
lim f (x,mx*) = lim———=—"" which depends on m.
x=0 =0 1+m” 14+m

Thus it does not exist.

Q56 Ifu= x2 - y2, v =Xy then g_x equals
u

X
A) 45— B) ———.
2" +y 2" +y
X
©) 5> D) .
X +y X +y
Ans: A

15



AE01/ACO01/ATO1 MATHEMATICS-I

u=x’ -y’ = 1=2xx,-2yy,

vV =Xy = 0=yx,+xy,
Eliminating y we get

ox X
X =——=——
Yoou 2+

Q.57  The function f(x,y)= y2 —x> has
(A) a minimum at (0, 0).
(B) neither minimum nor maximum at (0, 0).
(C) aminimum at (1, 1).
(D) a maximum at (1, 1).

Ans: B
fxy) =y -x

A= -3 =0 A= 2y =0
gives (0,0) is a critical point.
Af(x, y) = f(Ax.Ay)= (Ay)" (A %)’
>0, if (Ay)* >(A x)°
<0, if (Ay)* < (A x)*
This means in the neighborhood of (0,0) f changes sign. Thus (0,0) is neither a point of

maximum nor minimum.

Q.58  The family of orthogonal trajectories to the family y(x — k)z, where k is an arbitrary constant,
is

3 3 3
(A) y/2=z(c—x). ®) %72 =(y—cP.
3 3
(©) (y—cf ==x. D) y2=2(c—x).
4 2
Ans: A
y =(x-k)* Diff. wrt. x
vi = 2x-k = y = 2Jy
For orthogonal trajectories y; is replaced by -1/y;.
Therefore, -y, = 2 \/5

16
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= 2\/§dy+dx =0

Integrating, we get  y'> = % (c-x)

Q.59 Let y;,y, be two linearly independent solutions of the differential equation yy” — (y')2 =0.
Then ¢y + ¢y, , where ¢, cpare constants is a solution of this differential equation for

(A) ¢y =cp =0only. B) cy=0or cyp=0.
(C) no value of c¢y,cy. (D) all real cq,cy.
Ans: B

vy - () =0
Because, yj, y; are solutions
Therefore,  yiy1”—(y1)*=0
y2y2" — (v2)* =0
Now  (c1y1 + cay2) (cry1 + c2y2)” = (Cr1y1 + c2y2)")’
= (Cry1 + Cay2) (C1y1” + cay2") — (ciyr”” + cay2”?) - 2 cryi’cays’
=c’(yiyt” = (1)) + ¢’ (yay2" = (2)))) + ¢ e2 (y1 y2"+y2y1” - 2y1y2)

= O, if CiCy = 0.

Q.60 If A, B are two square matrices of order n such that AB=0, then rank of
(A) at least one of A, B is less than n.
(B) both A and B is less than n.
(C) none of A, B is less than n.
(D) at least one of A, B is zero.

Ans: B

Since A, B are square matrix of order n such that AB = 0, then rank of both A and B is less
than n.

Q.61 A 3x3 real matrix has an eigen value i, then its other two eigen values can be

(A) 0, 1. B) -1,1.
(C) 2i, -2i. D) 0, 1.
Ans: D

Because i is one eigen value so another eigen value must be — i.

T
Q.62 The integral I P, (cos 0)sin 20 d0, n>1, where P, (x) is the Legendre’s polynomial of degree

0
n, equals

17
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Q.63

Q.64

1

A) 1. (B) 5

©) o. D) 2.
Ans: C

I

Let]= j Pn(cos)sin20d6, n>1
0

Let cos® =t. —sinBdo = dt

1 1
[ =- an(t) 2t dt=— 2an(z)tdt n>1
-1

-1

= 0 { [x"P,(x)dx =0, if m< n}

-1

The value of limit lim ol is

(x,y)—(0,0) /(x2 + y2)

A O (B) 1
(C) limit does not exist »m -1
Ans.: A

Language of the question is not up to the mark in the sense that its statement does not go with
all the alternatives consequently, change is in order.

) ) Xy
The suggested change is Iim ———
gg g (x,y)—(0,0) }(x2+y2)

alternative (C) or assumes the value given in one of three remaining alternatives A, B and D.

either satisfies the statement given in the

If u=x" then the value of 3—” is equal to

X
A 0 ®) w7
© o D)  x"log(x)
Ans.: B

Since u = x”, taking log on both sides we get log(u)=y log(x)
lou_y_ ou

udx x  ox

= y)(jy71

18
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Q.65

Q.66

Q.67

2z
sin(z)

If ux,y) = x"+ (—j , is a homogeneous function of degree n, then from Euler’s theorem
X

2 2
If z=sin" Xty , then the value of x%+ y% 18
x+y ox ~ dy
A z (B)
(C) tan(z) (D)
Ans.: C
Yy
Ju Ju
X—+ y—=nu.
ox dy
2
x| 1+ Y
. X2+ y? x’
Here u=sinz= =
x+y x[l LY j x
X
Therefore xa—u+ ya—u =l.u=sinz
ox ~ dy
Jdz du _ 0z

: u
From u =sinz; — =cosz.—, — =C0SZ—.
ox ox dy dy

0z dz _sinz

X =tanz
ox Y dy ¢€osz
12—x
The value of integral I I xy dxdyis equal to

0 x?

3
(A) 2 (B)
3
© 3 (D)
Ans.: B

12-x 1 2-x 1

xydxdy = 1 xy’ | dx= l(4x+x3—4xz—xs)dx:
I'] J5lo] dx=[3

0 2 0 X2 0

N w oo w

j =x+ (lj is a homogeneous function of degree 1.

The differential equation of a family of circles having the radius r and the centre on the x-axis

is given by

A) y2(1+<ﬂ>2jzr2
dx
2 dy ., 2
C 1+(—)° |=
<o r ( +(dx) j x
Ans.: A

19
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Let (h,0) be centre on x-axis. Thus eq. of circle is (x—h)* +y> =r°
Differentiating, w.r. to x, we get  2(x—h)+ Zy? =0
X

Eliminating h between (x—#)* + y>=r? and x—h = —y?
X

d 2
We get yz[d—yj +y?2=r2.
x

2

. . . . d’y o . ..
Q.68 The solution of the differential equation I + y =0 satisfying the initial conditions y(0)=1,
X
y(@/2) =2 1is
(A)  y=2cos(x) + Sin(x) (B)  y=-cos(x)+ 2 sin(x)
(©)  y=cos(x) + Sin(x) (D)  y=2cos(x)+ 2 sin(x)
Ans.: B

2

- y=0 we get y=Acosx + Bsin x, Since

On solving the differential equation —
X

b

yO)=1, = A=1, y(%):2:>B:2.Thus, y = cos(x) + 2 sin x

) 1 0 0 1 cos@ siné
Q.69 If the matrix A = 0 , B= ,C = then

1 -1 0 —sind cos@
(A) C=Acos(0) — Bsin(0) B) C=Asin(0) + Bcos(0)
(C) C=Asin(0) — Bcos(0) (D) C=Acos(0) + Bsin(0)
Ans.: D
cos@ sinf 1 0 . 0 1 )
C= ] =cosd +sin @ =Acos@+ Bsinf
—sind@ cos@ 0 1 -1 0
Q.70 The three vectors (1,1,-1,1), (1,-1,2,-1) and (3,1,0,1) are
(A) linearly independent B) linearly dependent
(C)  null vectors (D)  none of these.
Ans.: B

Let a,b,c be three constants such that a(1,1,-1,1)+b (1,-1,2,-1) +¢(3,1,0,1)=(0,0,0,0).

This yieldsa+b+3c=0,a—-b+c=0,-a+2b=0,a-b+c=0.

On solving, we get a =2b =-2¢c — b = - c. Since a, b, ¢ are non-zero, therefore three vectors are
linearly dependent.

1
Q.71 The value of J- P,(x) P,(x)dx is equal to

-1
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(A) 1 B) O
2 2
©) 5 (D) -
Ans.: B
1 0 ifm#n
A =
s:[le(x)Pn(x)dx 2 P
2n+1
Q.72  The value of the integral J.l J,(x)dx is
X
(A) lJl(x)+c (B) lJ_l(x)+c
X X
©) —lJl(x)+c D) J(x)+c
X

Ans.: C
As J‘x"’Jm(x)dx =-x"J (x)+c . Here v=1.

+
Q.73 The value of limit  lim R is

(x,y)—(0,0) /(x2+y)

(A) limit does not exist  (B) 0
o 1 D -1

Ans.: A

Consider the path y = mx” As (x,y)—(0,0), we get x —0. Therefore

+y

Lt ——=——= which depends on m. Thus limit does not exist.
(x,5)=(0,0) /iXZ + yj p

Q.74 If u=x" then the value of 3—“ is equal to

y
@A) 0 (B)  x"log(x)
© o D)
Ans.: B
Since u = x”, taking log on both sides we get log(u)=y log(x)
10u_y_ ou_ s

=L = _—=yx
uaxxaxy

Q.75 If u=sin" X lstan™ (Zj, then the value of xa—u+ ya—u is
y X ox ~ dy

(A) u B) 2u

21
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Q.76  The value of integral

Q.77

(© 3u D o0
Ans.: D
Let u=sin"' = +tan”' L =v+w— Z —smv—ﬁ :tanw:Z
y X y X
Here z, and z, are homogenous functions of degree zero.
0z d d d
Consequently il y— Y 20— xcosu L+ ycos v =0
ox y ox dy
d ow d
or x 2+ ya— =0; similarly x—+ y—w =0.
ox ~ dy ox dy

du_dv ow du_dv o
ox ox dx dy dy dy

8u ou ov v ow  ow
+y—=|XxX—+y— |+ X—F+y— =0+0=0.
8x dy ox ~ dy ox dy

O C—y

32
jjxyzz dx dydz is equal to
11

A) 22 ®B) 26
© 5 (D) 25
tr , 263
Ans.: B xy’zdxdydz = | xdx| y’dy| zdz =2.=—.==26
[ =22

The solution of the differential equation (y+ x)* @ =a’ is given by

A) y+x:atan(y_cj B) y—x:tan(y_cj
a a
(C) y-x=atan(y—c) (D) a(y_x):tan(y_ﬁj
a

Ans.: A
Let x + y =t, Differentiating w r to x we get

2
1+ dt—>t (ﬂ—lj zaﬁza—zﬂ
dx dx dx

dt  a*+t* t a*+t*—a’
Or —= 2 or ) Zdtzdxzﬁdt,
dx t a +t a +t
dt a’

1 d*+1

dt =dx ; integrating we get

, 1 at g Xty
t—a”"—tan —=x+c— Y+y=atan ——+f+c¢
a a a

22
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X+ —c
1 XY ¢ or atan

a a

Or y=atan" =x+y.

2

Q.78 The solution of the differential equation % — 3% +2y=¢"is
X X

(A) y=ae" +be** +%e3x (B) y=ae " +be*" +%e3"

© y=ae* +be™" +%e3x D) y=ae " +be** +%e3x

Ans.: A
2
The solution of differential equation d—f— 3ﬂ
dx dx
1 1 1
— e =—e” y=ae' +be™ +—e
(D°-3D+2) 2 2
In writing the C.F. we have used the roots of the auxiliary equation m* —3m+2=0

D" f@t @0

+2y=¢"is given as C.F.

y=ae +be** PI =

i.e. m =1, 2. For writing the P.I we have used

Q.79 If 3x+2y+z= 0, x+4y+z=0, 2x+y+4z=0, be a system of equations then
(A)  system is inconsistent
B) it has only trivial solution
(C)  itcan be reduced to a single equation thus solution does not exist
(D)  Determinant of the coefficient matrix is zero.

Ans. B
|A| =34 %0, then system has only trivial solution.

Q.80 If A is an eigen value of a non-singular matrix A then the eigen value of A™ is
A) Ut B) A
© i D) -1/)

Ans. A By definition of A™",

1 0 O
Q.81 The product of eigen value of the matrix A={0 3 —1]|is
0 -1 3
A) 3 B) 8
<o 1 D -1

Ans.: B
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1-42 0 0

A-Al=| 0 3-1 -I =(1—/1)[(3—/1)2—1}=0Eigen values are 1,2,4.
0 -1 3-4
Thus product = 8.

Q.82 The value of the integral Isz ((x)dx s
(A) szl(x)+c B) sz_l(x)+c
©) szz(x)+c (D) sz_z(x)+c

Ans.: C As J-x”JV_1 (x)dx =x"J (x)+c . Here v=2.

Q.83 If u=f(y/x), then

(A) xa_u_ya_u:() B) xa_u+y8_u:()
ox ~ dy ox ~ dy
© xa—u a—u—Zu D) xa—u 8_u:1
ox ~ dy ox ~ dy
Ans.: B
Since u=f(y/x), is a homogeneous function of degree 0. Thus by Euler’s theorem
xa—u+ ya—u =0.
ox ~ dy
Q84 If x=rcosé, y=rsiné, then the value of J(x, ) is
da(r,0)
A 1 B) r
<© 1n D o
Ans.: B
a o
a(x,y) |or 06| |cos@ —rsinf
= = :r
d(r,0) |dy dy| |sin€ rcosé
or 090

2 x
Q.85 The value of integral J-J- (x+ y)dxdyis equal to

00

A) 4 B 3
© 4 D -3
Ans.: C

24
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2

f I P
J-J-(x—i_y)dxdy:j{x)""?} dx:jzx dx=4

00 0 0 0

Q.86 The solution of differential equation 2 1Y — ¥ under condition y(1)=1 is given by

x x
(A) 4xy=x"+3 B) 4xy=x"+3
(C)  4dxy=y"+3 D) 4dxy=y'+3
Ans.: B

The given differential is a particular case of linear differential equation of first order

b, P(x)y =0(x). Here P(x)= 1,Q(x) =x’
dx X

L
[F.=e™=¢+ = =y, Multiplying throughout by x, it can be written as

di(xy) =x’; Integrating w.r. to X we get
x
x* 1 3
xy=—+C;Giveny(l)=1; >1=—+C—>C=—
Y= y(D) 1 2
4

XY = T+Z or 4xy = x*+3 which is alternative B.

2

Q.87 The particular integral of the differential equation d Z +a’y=sinax is
X

(A) —icos ax B) icos ax
2a 2a
©) _a_zx cos ax (D) ad coS ax
Ans.: A

1 ) ) ) 1 ) i
Pl Wsm ax 1is a case of failure of sin ax = Smax ; f(—az) =0

+a f(D?*) f(=a*)

. x . X . X
In such cases ——sinax =— ——sinax=——sinax=-——cosax.
) (D 2 2a
1 0 O
Q.88  The product of the eigen valuesof |0 3 —1] isequal to
0 -1 3
A) 6 B) -8
© 8 D) -6

Ans.: C
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I-4 0 0

0 3-4 -1 [=(-A)|(3-4) ~1]=(1-DA ~64+8)=0.

0 -1 3-1

The eigenvalues are 1,2,4. Thus product of eigen values = 8.

0 1 2 1
Q8 IfA = then matrix A is equal to
2 -1 -1 0
(A) 2! (B) ol
0 0 2 -1

©) 2 1 D) 2 1
-1 0 -1/2 -1/2

Ans.: D
2 1 2 1o 17"
:}A:
-1 0 -1 0|2 -1

0 1
A

2 vz w2] | 2 1

-1 0ol 1 0] |-1/2 -1/2

1

Q.90  The value of J. x"P (x)dx (m being an integer < n) is equal to
-1
A 1 B) -1
<o 2 M o0
Ans.: D

1

Using Rodrigue formula J-x’”Pn (x)dx can be expressed as
-1

D -1'], =0,m<n

m!

2"n!

D"

Q91  The value of the J_,,(x) is

(A)  J(2/7x)cosx B)  J(2/7mx)sinx

(C) (1/7x) cos x (D) (2/7) cos x
Ans.: A
x X x*
J—l/z(x)—m{l—?-i'z.?)A— ..... j|—4/(2 7Z'x)cosx.
(5)
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PART -11
NUMERICALS
Q.1 Consider the function f (x, y) defined by
(X2 + y2 )sin L , if(x, y) #* (0,0);
f(x, y) = X2 + y2
0, if (x,y)=(0,0).

Find f, (0,0) and £, (0,0).

Is f(x,y) differentiable at (0, 0)? Justify your answer.

Ans:
(<% +y2) sin———— , (x,y) # (0,0)
£(x,y) = 1y
0 ’ (X, Y) = (an)

The partial derivatives are

= lim hsin l
h—0 h

=0
£(0,k)—£(0,0)

f,(0,0)=1lim
h—0

=1lim ksin l
h—0 k

=0.
Therefore, df =0 Jlas df =f, dx+ fydy}

Let dx=rcos®  dy=rsind
Ap =~/(dx)? +(dy)* =t

. Af—=df . f(rcos,rsin0)
lim = lim
Ap—0 Ap r—0 T
. 1
=lim r sin—
r—0 r
=0.

». f(X,Y) is differentiable.

27
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Q.2  Find the extreme values of f (x, Y, z) — x4 2Xxy + 722 subject to the constraints of (x,y, z) =
2x+y=0and h(x,y,z)=x+y+z=1 t))

Ans:
Consider the Auxiliary function
F(x,y,2)=x"+2xy+ 2"+ A2x+ )+ A (x+y+z-1)
For the extremum, we have the necessary conditions

oF

—=2X+2y+2A +Ap =0 ----(])

ox

E=2X-|-}\,1-|-7\42 =0 -——-(2)

dy

E:2z+k2:0 ---~(3)

z
2x+y=0 ----(4)
x+y+z-1=0 ----(5)

From (4) we get y=-2x.

Taking y=-2xin (1), we get -2x + 2 + A, =0  -----oommm- (6)

(2) & (6) implies 3A; +2A =0  -—----e- (7)

From (5) x+y=1-z. putting thisin (1), we get2 -2z +2A; +A,=0 ----(8)
(3) and (8) implies 2A; +2Ap =-2  —---meee- 9)

(7) and (9) implies A;=2,A,=-3
7=—2 Ay 3

2 2
-1 1
=— (A +A,)=—
X 2(1 2) >

y=-2x=-1

The point of extremum is (l’_l’ij
2 2

The extremum value is l,—l,g :l+(_1)+2:§:
2 2) 4 4 4

N | W

2
Q.3  Find all critical points of f(x,y)= (X2 +y2)e4X+2X and determine relative extrema at
these critical points. 8
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Ans:

2 2
f (X, y)=(x% +y2) eP 2 (4 +4x)+e P 2x

2
fy (X, y) — e4X+2X 2y

fy(X’Y):O = y:O
and f, (x,0) = <2 e4x+2x2 (4+4%)+ 2X64X+2X2

= 2xe 2 (11 2x2 4 2x)

—0=either x =0 or 1+ 2x +2x% =0

. The only critical point is (x, y) = (0, 0)
2 2
fXX (X, y) — 4(X2 + y2)e4X+2X + (X2 + y2)(4+4x)264x+2x
2 2
+2e 2T L ox(d+4x)e X
1, (0,0)=0+0+2+0=2

4x+2x°
fyy (x,y) =267

~fyy(0,0)=2
fxy = fyx as thefunction f{x, y) has partial derivatives of order two

and they are continuous.
iy =2eM Ly = (44
fx(0,0)=0
Now f,,(0,00=2>0 and
2
fux Ty —(fy)" =4>0
~.(0,0) s a point of local minimum.
Q.4  Find the second order Taylor expansion of f(x,y)= sin[(xz + 1)y} about the point (0,7/2).
C))
Ans:

f(xy)=sin (x> +1)y)
Second order Taylor expansion of f(x,y) is
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(x—a)?
f(x,y) :f(a,b)+(x—a)fx(a,b)+(y—b)fy(a,b)+fox(a,b)

—b)?
D p @by x—a)y - by ab)

f (x,y) = cos[(x” +1)y] 2xy

f(X,y) =2y cos[(x2 +1)y]- 4)(2y2 sin[(x2 +1)y]

fy (x,y) = cos[(x* + Dyl (x* +1)

fuy(x,y) == (x> + 1) sin[(x” +1)y]

fXy (x,y)= —sin[(x2 +1)y] (x2 +1)2xy + 2x cos[(x2 +1)y]

f(O,%j = sin% =1

Ao

(SRS
1]
o

oy
N 2 4
1]

o

N
7 N\
&

=7.0-0=0

=
g
L

fyy

=—sinZ =1
2

=
NN oy Y

=—0+0=0

N

fxy
X T X2 T 2
f(x,y)= 1+T.0+[y—5j.0+—.0+(y—5j =D

2
2
~f(x,y)= 1—()/—5)

Q.5 Change the order of integration in the following double integral and evaluate it :

11
[ ] x*e™dxdy. @)
0y

Ans:

The region of integration is givenby y<x<1 and 0<y<1.
Hence, it is bounded by the straight lines x=y and x = 1 betweeny=0and y = 1.
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| *=Y

x=1

To find the limits of integration in the reverse order, we observe that the region is
Alsogivenby 0<y<x and 0<x<1
Hence,

x2e™ dx dy

X 1 X
Ix2exydy dx :sz !J‘exydy} dx
0 0 0

Q.6 Solve the differential equation ? +y= xy3. “4)
X
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Ans:
d—y+y=xy3 or y+y=xy’
dx

This is Bernoulli Equation with p(x) =1 q(Xx)=x and k=3
iny’ +px)y=qx)y*

Take the transformation z= y'2

Then dz =- 2y_3 [gj

Therefore, % —2z=-2Xx
dx

This is linear equation of 1* order
LF. = e—jde _ e—2x
Solution is

z.e 2 = 2[xe P dx +c.

ze X =xe P +

| —

e X +c.

Therefore z=

k<m|’_‘l\.)

1 ) )
=X+ 5 +ce?* s the solution.

32

2

Q.7 Solve the differential equation Y

Tl d N=3M220

32
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Q.8

£(x,y) = [ Mdx+(y)
3 !
=I y2+1|x 2 dx+o(y)

1 3
=2x2| y2+1|+0ly)  ----(2)

From the relation fy (x,y)=N(x,y)
- From (1) and (2) above, we get
11 11
3x2y2 + 9! (y)=3x2y2 -1
Therefore, @(y)=-y+c

Therefore,
1 3

2x2(y2 +1)—y+c=0.

2y"+ xy’ +4y =2xInx by method of
(6)

Find the general solution of the differential equation x
undetermined coefficients.

Ans:
Taking the transformation, — x =e”, we get

2 2
dy_,dy o dly [d_y_d_y]

dz dx dx?2 x2 | dz? dz
d2
therefore, —g +47 =2z¢e” ----(1)
dz

So the linearly independent solutions of the homogeneous equation are
¢1(z) =cos2z, P, (z) =sin 2z

The particular solution
By the method of undetermined coefficients, the particular solution is in the form

Z zZ
y(z)=cie +coze
and y'(z)=cje’ +coze” +cqpe”
=(c;+cp)e” +cre’z
y =(ci+cy)e” +cqre” +copze”
=(cy+2cy)e” +cyze”
Substituting in the equation(1), we get
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(5¢1+2¢5)e* +5cyze” =2ze*

2
..02—5 and 01—25. 2)
Hence the general solution
y(x)=cje’+cyze’+c3sin2z+c 4 cos2z
where ¢ |,c 5 given by (2) and c 3, c 4 are arbitrary.

y = ¢3 Sin2z + ¢4 Cos2z ieZ +2zeZ
25 5

y = c3 Sin2(logx) + ¢4 Cos2(logx) _ZiSX +§(x.log X).

Q.9  Find the general solution of the differential equation x°y” —x2y” +2xy -2y = x°.
9)
Ans:
This is Cauchy’s homogeneous linear equation.
2
Putting x = ¢/, xdx = Dy, x? Ty =D(D-1)y.
dx dX2
Then given equation becomes (D(D — 1)(D -2) — D(D-1) + 2D - 2)y = e,
which is linear equation with constant coefficients.
AE.is D’ -4D*+5D-2=0.
=D=1,1,2.
~ C.F.=(c;+cyt)e' + c:3e2t .
PlL=— 21 e’
D’ —4D" +5D -2
L
4
Hence the general solution is
y(x) =c X + coxIlnx + c3x2 + i x3
Q.10 Show that the eigen values of a Hermitian matrix are real. 7

Ans:
Let A be an eigenvalue and x be the corresponding eigenvector of the matrix A.

We have Ax = Ax. Premultiplying by %! , we get
=T
X Ax

KTX

XU Ax=AxTx (or) A=
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The denominator

x is always real and positive. Therefore the behaviour of A is
determined by x T Ax.

For a Hermitian matrix A, AT = A,
Now, (KTAX)z x TAX = x TAX = (XTATX)T =x T Ax
x T Ax 18 real.

T
X AX .
Hence M\ = T is real.

X X

Q.11 Using Frobenius method, find two linearly independent solutions of the differential equation
2x(1+x)y"+(1+x)y’ =3y =0. (10)

Ans:
The point x = 0 is a regular singular point of the equation.

Let y(x) = Yc,, x™", cq#0.

m=0

Then, y'(x)= ozo:cm (m+r) x ™!
m=0

y(x) = ozo:cm (m+r)(m+r-1) x =2
m=0

262y +xy -3y +2xy"+y =0 implies

i[2cm(m+r)(m+r—1)+cm(m+r)_3Cm]xm+r
m=0

i[Zcm(m+r)(m+r—1)+cm(m+r)]xm+r_1 =0 ---(1)
m=0

The lowest degree term is the term containing X
Setting this coefficient to zero, we get
2cg r(r=1)+cor=0

= ¢g[2r2=2r+1]=0

copz0 = 22 —r=0
= rQ2r-1)=0
= r=0,1/2

(1) may be written as

> x ™ f(m + 1)(2m + 28 = 1) = 3] ¢y +[(m + 1+ 1)(2m + 25 + D] ¢y } =0

m=0

For m > 0, we get
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—[(m+r)2m+2r—-1)-3]
(m+r+D2m+2r+1)

Cm+l = m-

when r=0
—[m(2m—-1)-3]
Cm+1 = ¢
(m+1)(2m+1)
3
Cq :TCO
—(1.1-3) ’
Ch=———C] =75.C
2 73 1 =531
when ¢y =1, we get yl(x)=[1+3x+x2————]
when r=1%

Togps

m:*

Cor Yi(X)=coll+3x+ x2 + eee]

Cmt1 = 3 m
[m+j(2m+2)
2
Cl:CO’ C2:_[§_3]C1:O
—4
2
Therefore c¢3=c4=c5= ----- =0

1
Hence y,(x)=cox?[1+x]

IX%[1+X],fOI‘ co =1

Q.12  Solve the following system of equations by matrix method: 6)
S5x+3y+14z=4
y+2z=1
2x+y+6z=2
X+y+2z=0
Ans:
5 3 14| 4
01 21
[Alb]=
21 6|2
11210
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11 200
R, R, 01 2|1
21 612
53 144
11 20
R; >R;-2R;, R, >R,-5R, o1 2
0 -1 2 2
0 -2 4 4
1 1 20
R, 5>R;—1R, 012
2 0 -1 2 2
0 0 00
1120
R; 5> R;+R, 012
00 43
0000

Therefore rank(Alb) = rank(A) = 3
So System admits unique solution.
Now the resultant system is

4z =3 => z=é
4

1
+2z=1 => =——
y y >

X+y+2z=0 => x=-1.

Hence the solution is

Q.13  Express the polynomial 7x* +6x> +3x% + x — 6 in terms of Legendre polynomials.
®)
Ans:

we have Py = 1,P,(x) = x,P,(x) = %(3){2 —1),P;(x) = %(SXZ —3x),

P,(x) = é(35x4 —30x% +3).

writing various powers of x in terms of legendre polynomials.
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1=Py(x), x=P(x), XZ:%(2P2+1):%(2P2+P0)
3 1 1
4 1 2
x* =—(8P, +30x* -3
35 8P )

Now,
7x* +6x3 +3x% +x-6

=%(8P4 +20P, +7P0)+g(2P3 +3P)) = %(21)2 +Py)+P, — 6P,

8 12 23 18
= =P, +—P; +6P, +—P, ——P
5 4 5 3 2 5 1 5 0

sin x

—COSX.

Q.14 Let J, be the Bessel function of order ot. Show (J%X J J3 (x)=

IR ) e
2! 3| 4 5! 6 7!

Now we know that

38
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X %+2r
- —_ (‘“U
—J3/(X)=,—2
V2% 2rzor!r( 3 j

I+ +r
2

|
ey
L M8
T
[E—
p—
3
=
(3]
~—
+

_ \/E X2 X4 n X6
2212 4|7 62
2 2 2
_X_z_ x4 N X6 B
3 235 23457 7
= Slnx—Cosx.
X

Q.15 If A is a diagonalizable matrix and f (x) is a polynomial, then show that f(A) is also
diagonalizable. @)

Ans:
let f(x)=x"+ax""+..+a,
There exists a matrix P such that P'AP = D
Now, f(A)=A"+a,A"" +..+a,
D*=P'APP'AP=P 'A’P
by induction, we may show that
DX =P 'AKP k=12...n
Therefore, P'f(A)P=D" +...+a, =f(D)

Since D is a diagonal matrix, f(D) is also diagonal.
Thus f(A) is diagonalizable.
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3 21
Q.16. LetA=|{0 2 O0]. Find the matrix P so that P IAP isa diagonal matrix. 9)
1 2 3
Ans
Eigen values are
3-4 2 1
0 2-14 0 |=-A+842-201+16=0
1 2 3-4

Therefore A =2, 2,4 are Eigen values .
Eigen values corresponding to A =2 is
12 1Yx;) (0

0 0 0]x,|=]0
1 2 1 )\x3 0
X]+2x9 +x3=0

X1 —2X9 —X3 -2 -1
X9 |= X9 =X9 1 +X3 0
X3 X3 0 1

The eigen vectors are (-2 10) " and (-101) "
Eigen vector correspondingto A =4 is
-1 2 1) x 0

0 -20|x|=|0
I 2 -1)x; 0
— X1 +2x, +x53 =0
-2x, =0
X;+2Xx,—x3=0
X, =0 and x;=x3
The eigen vector is (10 1)T
-2 -1 1
The matrix P=|1 0 0
0o 1 1

Q.17 Show that the function
x2+y?
f(x,y) = |X|+ y| ’

40



AE01/AC01/ATO01 MATHEMATICS-I

is continuous at (0, 0) but its partial derivatives f, and f y do not exist at (0, 0).

8)
Ans: We have

2y | _Dxi+iyn?
‘IXI+IyI‘_ IxI+1yl

I (x,y)—(0,0) =

< 2\/x2+y2 <e

Taking o <e /2, we find that

If(x,y)—0l<e whenever 0<\/X2+y2<5

Therefore lim  f(x,y)=0=1(0,0)
(x,y)—(0,0)

Hence the given function is continuous at (0, 0)

Now at (0, 0), we have

- 1,when Ax >0
lim A f -1 f(Ax,0) —£(0,0) - AX _ JL,when Ax
Ax—0 AX  Ar—0 AX Ax—0l Ax| |—1,when Ax <0

Hence limit does not exist. Therefore fy does not exist at (0, 0).

Also at (0, 0), the limit

Ix1+lyl

It =1
—1,when Ay <0

A f - I,when Ay >0
. £0,Ay)~1(0,0) _ . Ay _ [l,when Ay
Ay—0 Ay Ay—0 Ay Ay—0| Ay |

Hence limit does not exist at (0, 0).

Q.18 Find the linear and the quadratic Taylor series polynomial approximation to the function
f(x,y) = 2x3 +3y3 —4x2y about the point (1, 2). Obtain the maximum absolute error in

the region |x - 1| <0.01 and |y - 2| < 0.1 for the two approximations. 3

Ans:
f(x,y)=2x>+3y> —4x%y; f(1,2)=18
f (x,y)=6x>—8xy; f,(1,2)=—10
fy(x,y)=9y> —4x*; f,(1.2)=32
fex (X, y)=12x=8y; fy(1,2)=—4
fry(X,y)==8x; fyy(1,2)=-8
foy (%, y)=18y; fy,(12)=36
fox (X Y) =12 f (x,y)=-8

fryy (X, ¥)=0; fyu(x,y)=18
The linear approximation is given by
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f(x,y)=1(1,2) +[(x =Dt (1,2) + (y = 2)f (1,2)]
=18+ (x—D(-10)+(y—2)(32)

Maximum absolute error in the linear approximation is given by

IR, IS%HX —1+]y-2ff < g[(o.m) +(0.D]* =0.00605B

where B = math xx o If

9 b

Xy
. |y-2<0.]

fyy Hin the given region

x-1<0.01

Now max|f,, | =max|12x —8y| = max[12(x —1)—8(y —2) — 4|
<max[121x—11-81y—21+4]=4.92
= max |- 8x| = max|8(x —1)+ 8 < max|8 | x —11+8/ = 8.08

max |f

Xy

max

fyy| = max[18y| = max[18(y —2)+36] < 37.8

Hence [|B|=37.8and|IR;1<0.23
The quadratic approximation is given by
f(x,y)=f(1,2)+[(x —Dfx (1,2) +(y - 2)f (1,2)]

+%[(x—1)2fxx (1.2)+2(x =)y = 2y (12) + (y = 2)* £, (L2)].

=18—-10(x -1 +32(y—2)—-2[(x —1)2 +4(x-D(y—=2)-9(y— 2)2]
The maximum absolute error in the quadratic approximation is given by

IRZIS%[IX—1I+Iy—2I]3 s%(o.n)?’

I, £

where B =max[Ifyy 1Ty 1Ty |,

=max[12,8,0,18] =18

yyy I

IR, |s%(0.11)3 =0.004

2 2
Q.19 Find the shortest distance between the line y =10—2x and the ellipse XT + % =1. 8

Ans:
Let (x, y) be a point on the ellipse and (u, v) be a point on the line and the ellipse is the
square root of the minimum value of

f(x,y,u,v):(x—u)2+(y—v)2

Subject to the constraints

X2 y2
(pl(x,y)=7+?—120, @;(u,v)=2u+v-10=0

42



AE01/AC01/ATO01 MATHEMATICS-I

X2 2

let F(x,y,u,v,A,Ay) = (x—u)2 +(y—v)2 +K1{T+%—l}+k2[2u+v—10]

E=2(x—u)+£7\,1=0 or Ax=4(u-x)
Ox 2

E=2(y—v)+ﬂ7u1=0 or AMy=9v-y)
dy 9

EEQ,(X—U)‘FZ}LZZO or 7\42:X_u

du

?EZ(Y—V)+7L2=O or A, =2(y—vV)

\%

Eliminating A;,A, we get
4u—x)y=9(v—-y)x and x-u=2(y-v)
Dividing we get 8y=9x. Substituting in ellipse we get
2 2
X—+9L=1 or x=i§, yzig
4 64 5 5
. 8 9
Corresponding to  x = 3 y :g, weget u=2v-2.
14
Substituting in the equation of line 2u + v —-10 =0, we get u= 5 V= 5

89
Hence an extremum is obtained when (x, y) = (—,—J
The distance between the two points is /5 . 55

Correspondin tox——§ ——2 we etu—2 V—é
P g 57T 5 V8 575

Hence another extremum is obtained

when(x,y) = [—%,—%)and(u, V)= (Eﬁj

The distance between these two and pts is 3,/5 .
Hence shortest distance between line and ellipse is /5

Q.20 Evaluate the double integral ” xy dxdy, where R is the region bounded by the x-axis, the
R

line y = 2x and the parabola x2 = 4ay . 3

Ans:

The points of intersection of the curves
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2
y=2xand y= Z— are (0, 0) and (8a, 16a)
a

The region <2
R =4(x,y); 1 <y<2x,0<x<8a
a

(Ra,16a)

F=ax

5?=X2f4a

(0,

We evaluate the double integrate as

8af 2x
I= .[ J- xydxdy = J-[ .[ xyddex
R 0

X2/4;;1

8aX 2 ) SaX x4
=.[L| ); dx=J-— 4x% - 5 dx
02 o 02 16a
8
x4 x6 |a B 2048a4
2 19222 3

Q.21 Evaluate the integral ” (x—y)2 cosz(x+y)dxdy, where R is the parallelogram with
R
successive vertices at (n,O), (27t, Tl:), (Tr,,27t) and (0, n). 8)

Ans:
The region R is given in figure
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D(0,7) Cim,2m)

Alr.0) B, =)

The equations of the sides AB, BC, CD and DA are respectively
X—y=T,X+y=30,X—-y=-T,X+y=T.
Lety—x=u,y+x=v.Then -t<u<mandn<v<3m

v-u __ v+u

Y =

2 2

we obtain X =

_3(x,y) O Wy 3 N 1
= = e ——
Su,v)  Pyg Byl L L2
=3
2
sI=(l(x— y)? cos? (x + y)dxdy
R
3n w
_1 [ Ju?cos® v dudv
2 T -7
1™, 3n 2
=— [u“du [ cos” vdv
2—7[ I
-
3
Q.22 Show that J02 +2(J12 +J22 o )=1, where J,(x) is the Bessel function of n®
order. ®)

Ans:
We know that

d (2, .2 1 1
&(Jn +Jn+1): P20 ESE3 S £
and JL(x)=2T, T,
X

1
Jn+l :Jn _—Jn+l'
X
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) n n+1
Thus (Jn +Jn+1)l = 2Jn(_Jn _Jn+1j+2Jn+1(Jn _TJnHj

let x=0,since Jy(0)=1and J,(0)=0,n>0. thusc=1
4208 +73+....)=1.

if m#n
1 ) , , 0
Q23  Show that | (1—x )Pm (x) Py (x)dx = (sl
e ————, ifm=n
2n+1

where Py (x) are the Legendre polynomials of order K.
Ans:

Integrating by parts

i(l—xz)PélPédx = j'((l—xZ)pé1 )ngx
-1 -1
:(1—X2)pllnpnj —i Pn(;ix((l_xz)%)dx

-1 -
1
:O—J- P, [(1—)(2 Ilnl —2XP11H}1X.
-1

But P, (x) is the solution of legendre's equation. Hence
(1-x2)P,, —2xP,, + m(m+1)P,, =0
1 oo 1
o [A=x?)PyPydx = (=1)*m(m+1) [ P, Py dx
-1 -1
Now by orthogenality property, we have

l Al ,
A JA=x*)P, P.dx=0 if m#n
-1
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Lo 1 2 2
Ifm=n an(x)dX:—szn(x -D"D"(x“ -1)"dx
| (2" In)” -
=Dt

= [l2n)(x* -1)"dx .
@)%

ﬁf 0s>"*1gde.
(2n|n) 0
2 (2"In)
2n+1 (2" |n)?
1 2n(n+1)

s [A=x>P. P (x)dx="——""_ m=n.
_jl( PuFa (x) 2n+1

Q.24 Find the power series solution about x =2, of the initial value problem

4y” —4y'+y=0,y(2)=0,y" (2)= 1 . Express the solution in closed form. (10)
e

Ans:
We have

y(x) =y@2)+(x-2)y'(2) +

(x _22) Y (2) o,

1 ,
From the given equation, we have y :Z[4y -yl
1
Differentiating (m —2) times we get y™ = Z[4ym_1 -y"]
Putting x =2, we get

y™(2) = % [4ym‘1(2) - ym_2(2)1 m=2,3,....

using the vlaue y(2) =0 and y'(2) =l, we get
e

114 1
H2 e I
¥y 4L 0} e

Y@=ty e)-y@) = [__l} _3
4 € €
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2 3
Thus y(x)=(x— 2)l+ (x=2) (lj+ (x=2) (ij+ .....
e

|g € [f_i de
2
_ x—2{1+x—2+((x—2)/2) +}
e 2 ]g

Q.25  Solve the initial value problem y” —6y”+11y’ =6y =0 y(0)=0, y(0)=1, y’(0)=-1.

t))
Ans:
A.E. is
m>—6m’ +11m—-6=0
m=1,2,3.
_ X 2X 3x
y—Cle +C2€ +C3e .
y(0)=0
=> C1+C2+C3 :O
y'(0)=1
=> Cl +2C2 +3C3 :1
y' (0)=-1
=> Cl +4C2 +9C3 :—1 .
1 1T 1]|c¢ 0
Thus |1 2 3|cy|=| 1
I 4 9|cs -1
I 1T 1]|¢ 0
~ 01 2|cy|=|1
0 0 2| cs3 -4
Solving ¢; =-3,¢, =5,c53=-2.
Thus solution of initial value problem is y =—3¢* +5¢* —2¢%* .
2 3
Q.26 Solve qu+xd—y— - . 8
2 y 2
dx dx 1+x
Ans:
Let x =¢".
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3t

(DD -1 +D-1y= .
l+e”
AE m’-1=0.
m== 1.

c
CF. cx+-2.
X

3t
PIL = 21 © .
D*—1| 1+e**

e2ldt _t; ©
-e

1+e 1+

D= o=

a

'

—

el e

+

NES C1X

 |\S

Q.27 Show that set of functions {

Ans:

11 e
D-1 D+1]1+¢%
4t

dt
.

—t

1
X, —
X

el +e )log(1+e2t )—eT(l+ eZt)
X +1Jlog(1+ xz)—i(1+ xz)
X 4x

< +i(x2+1110g(1+x2)—1].

} forms a basis of the differential equation

x?y”+xy’—y=0. Obtain a particular solution when y(1)=1,y’(1)=2.

Since y,(x) =x, yi'=1, y1i"=0 and

x’y, +xy,—y, =0. and

1 2

1 .
V() =—, ¥ ==, ¥, =—.
X X

2
X

x’y, +xy, -y, =0.

Hence y;(x) and y»(x) are solutions of the given equation.

The Wronskian is given by

x Sl 2

=——=#0 for x>1.

W(YI’YZ): 1 -

Thus the set{y;(x), y2(x)} forms a basis of the equation.

The general solution is
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C
y)=1=C;+C,
yl(l) = 2:C1 —C2

so, weget C;=

1 1
=—|3x——|
g 2( xJ

Solve the following differential equations: 2x5=10)
(i) (2xy+ xz)y'z?ay2 +2xy
(i) (6x—4y+1)dy—(B3x—2y+1)dx =0

o | W

,C2=—%

Q.28

Ans:

(i) Equation is (3y2 +2xy)dx — (2xy + x2 )dy =0
M= 3y2 +2xy,
N=-2xy— x2.
M =6y +2x
dy
oN

98— oy-2x
ox Y

.OM _ oN
"9y ox
Thus, the equation is not exact and M, N are homogenous function of degree 2,
1 1
Mx + Ny B xy(x+y)
Thus equation is
3y +2x dx — 2y+X y=0
X(X+y) y(x+y)
M__ 1 aN_ 1
dy (x+y)2 ’ dy (x+y)2 .
Now M, = 2YF2X - 2¥y+x

Hence

is an LF.

x(x+y) 1 yx+y)
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Solution is

3 1 -1
[Fsiseigoe

= 3lnx-Inlx+yl=Inlyl=InC.

= X3 =Cy(x+Yy)

(ii)
dy _ 3x-2y+I
dx  203x-2y)+1’

let 3x -2y =t, so that 3—2ﬂ=£.
dx dx
£_3_2(t+1)_4t+1
dx 2t+1  2t+1
Integrating, we get
ljdt+l 1 gi=x+c
2 27 4t+1

= t+ilog4+ilog[t+%)=2x+2€ or 4x —8y+log(12x -8y +1)=C.

= 4X—8y+10g[3x—2y+ij=C.

X
+
Q.29 Let T: R?> >R? be a linear ﬁransformation defined by T|y|= (y J Taking
'/
, y
1Y(0) (1
1,[1],]0]|; as abasisin R , determine the matrix of linear transformation.
0){1)\1
®)
Ans:
The given matrix which maps the elements in R’ into R is a 2 x 3 matrix.
a; ap, a
let the matrix is A=| | 2 3
by by b3
1 1
2 1 1
T 1 = > T O = 5 T 1 =
0 -1 1
1 1 0
0 2 ar+aq =2
a; ap, a =
Therefore{ bo2 3} 1 =( J or 2703
bl b2 b3 0 b2+b3 =0
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_ (1
a; ap, asj 1 aj+as =1
0|= or
_bl b2 b3_ 1 -1 bl+b3 =-1
_ (1 |
a; a, a =
1 2 3 1= J or a;t+aj 1
Lbr by b3 by +by =1
01 1
Solving these equations, we obtain the matrix A = L) | J
1 00
Q30 IfA=|1 0 1| thenshowthat A" =A""2+A%-1 forn>3. Hencefind A,
010
8
Ans:
The characteristic equation of A is given by
I-4 0 0
A-All=| 1 -4 1|=0
0 1-4

= P-2-1+1=0

Using Cayley Hamilton theorem, we get
AS—AZ-A+I=0.

= A3_AZ-A-1

= An _An_l — An_2 _An_3

Adding we get
A _AZ A2
or A"=A"2 A% 1 >3

Thus A" =(A"*+A2-1)+A% -1
=A"4+2(A%-])

=AM +%(n —2)(A* -1)

=—A? —%(n—Z)I.
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Thus A0 =25A2 241
100 100t 00
=251 1 0|-240 1 0[=[25 1 0
00 1 00 1| [25 01

5 5 1 2
Q.31 Examine whether matrix A is similar to matrix B, where A = [ 5 O} , B= [ 3 4} .

®)
Ans:
The given matrices are similar if there exists an inevitable matrix P such that

A=P 'BP or PA=BP
let Pz{: (li) we shall determine a,b,c,d such that
PA = BP and then check whether P is non -singular.
a b5 5] [1 2fa b
L d}{—Z o_{—3 4}L d}
or S5a—2b=a+2c
Sa=b+2d
5c—2d=-3a+4c
5¢=-3b+4d.
or 4a—-2b—-2c=0
S5a—b-2d=0
3a+c—2d=0
3b+5¢—-4d=0.
Solving, we get a=1,b=1,c=1,d=2

Thus p_ F 1} which is a non-singular matrix. Hence the matrices A and B
1 2

are similar.

Q.32 Discuss the consistency of the following system of equations for various values of A :
2X1 —=3xp +6x3 —5x4 =3
Xy —4x3+x4 =1
4xq —5X, +8x3-9x4 =A
and if consistent, solve it. 8
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Ans: . 2 -3 6 -5:3
The augmented matrix is
[A:B]=|0 1 -4 1 : 1
4 -5 8 -9: 1
2 -3 6 -5 :3
onoperating R3 —->R3-2R;~/0 1 -4 1 : 1
0 1 -4 1 :4-6
2 -3 6 -5 3
~10 1 -4 1 1
0O 0 0 0 :4-7
Now when 4 #7.
rank (A:B) = 3 and rank (A) = 2, hence the system is inconsistent.

When A =7, rank (A:B) = 2 = rank (A), hence consistent.
Thus Xy —4x3+x4 =1

R3 —)R3 —Rz

2X1=3xy +6Xx3—5x4 =3.
let x3=t;, Xx4=ts.
then X, =4t;—ty +1
X;=3tj -t +3

Q.33 Show that for the function f(x, y) = 1/|xy , partial derivatives fy and f, both exist at the origin
and have value 0. Also show that these two partial derivatives are continuous except at the

origin. ®)
Ans:
Now at (0, 0),
f, (0,0)= lim w = lim 9 =0
h—0 h h—0h
fy(()’()) = lim w = lim 9 =0
k—0 k k—0k

If the function 18 differentiable at O, 0), then by definition
f(h,k)—£(0,00=0*h+0*k+h*d+k*¢@, where ¢ and ¢ are functions of k and h and tend

to zero as (h, k) — (0, 0). Putting h = r cosf, k = r sin® and dividing by r, we get

1
|cos Osin e|5 =dcosO+@sin®. Now for arbitrary 6, r — 0, implies that (h, k) — (0, 0).

|
Taking the limit as r — 0, we get |cos Osin 9|/2 =0, which is impossible for all arbitrary 6.

Hence the function is not differentiable at (0, 0) and consequently the partial derivatives
fx,fy cannot be continuous at (0, 0). For (x, y) # (0, 0).
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_ hlvl =
fX(X’y):l}i_)mof(x+h,y}3 f(x,y):l}i_)nb\/|x+ ||y| \/|x||y|
: x|
=1
hl—>mo\/7h1/x+h \/7]

Now as h — 0, we can take x + h > 0, i.e. |x+h|=x+h,whenx>0andx+h<00r

|x+h| =—(x+h),when x <0.

l Iﬂ,whenx>0
X
~fi(x,y) =
—l\/g,whenx<0
2Vx
Similarly,
1
E |—,Wheny>0
y
.'.fy(x,y)z
—l\/g,wheny<0
2\y

which is not continuous at the origin.

Q.34 In a plane triangle ABC, if the sides a, b be kept constant, show that the variations of its angles

are given by the relation
dA B dB dc )

\/az—bzsinzA \/bz—azsinzB C

Ans:
a

. b . .
By the sine formula we have — =— orasinB=bsin A
sinA sinB

Taking differentials on both sides, we get a cos B dB =b cos A dA.

dA°  dB dA +dB
acosB bcosA acosB+bcosA

@)

acosB:a\/l—sinzB =\/a2—a2 sinzB :\/alz—b2 sinzA

beosA=byl-sin? A =yVb2 —b%sin® A =yb*—a’sin’ B
Also, by the projection rule in triangle ABC we have a cos B + b cos A =c¢, and

A+ B+ C=m, wehave dA +dB + dC =0 or dA + dB = - dC. Therefore, equation (1),

becomes
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dA dB _dc

\/az—bzsinzA \/bz—azsinzB ¢

Q.35 Find the shortest distance from (0, 0) to hyperbola x2 + 7y2 +8xy =225 in XY plane. (8)
Ans:

We have to find the minimum value of x* + y* (the square of the distance from the origin to
any point in the xy plane) subject to the constraint X2+ 8xy + 7y2 =225.
Consider the function F(x, y) = x> + y* + A (x* + 8xy + 7y* — 225), where x, y are
independent variables and A is a constant.
Thus dF = (2x + 2xA + 8yA) dx + (2y + 8xA + 14yA) dy
Therefore, (1+A) x +4Ay =0 and, 4Ax + (1 + 7A) y = 0.
Thus A = 1, -1/9. For, A = 1, x = -2y, and substitution in X + 8xy + 7y2 = 225,
gives y* = - 45, for which no real solution exists.
For A = -1/9, y = 2x, and substitution in x> + 8xy + 7y’ = 225, gives x> =35, y* = 20 and so
x>+ y* = 25.
d’F =21+ A)dx* +16 A dxdy+2(1+7A4) dy* =% dx’ —%dxdy +gdy2
= g(de —dy)® >0,

and cannot vanish because (dx, dy) # (0,0). Hence the function X2 + y2 has a minimum

value 25.
a
\/E X a 32 —X2
Q.36 Express .[ .[ x dxdy + .[ .[ x dxdy , as a single integral and then evaluate it. 3
00 a0
V2
Ans:
i
\/E X a az—xz
Let I} = I Ix dydx and I, = j j x dydx
00 a0

NG

Let R; and R; be the regions over which I; and I, are being integrated respectively and are

depicted by the shaded portion in fig. I.
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As it is clear from Fig.II, R =R+ R,

¥ ¥
Y.X V.X
= RE
0 = o %
Fig. I Fig. 11

Thus, [=1, + L, = J-'[ xdxdy . For evaluating I we change the order of integration hence the

elementary strip has to be taken parallel to x-axis from y = x to

y=+a*—=x* ie.thecirclex’ +y* =a’.

(T 3 3 3
1 Il , 2y Ila 2 a a
=— [(a*-y*=y*)dy== -

2! =y 2{ 31 L 324} W2

Q.37 Obtain the volume bounded by the surface z = C(l—ij(l—%j and a quadrant of the elliptic
a

2 2

cylinder X—2+Z—2 =1,z >0 and where a, b > 0 8)
a

Ans:

In solid geometry —+% =1 represents a cylinder whose axis is along z-axis and guiding
a

curve ellipse. Required volume is given by

V= szxdy ” (1——)(1—;)dxdywhere€ —+%=1

Let us use elliptic polar co-ordinates X = ar cos, y =b r sinf, where 0 <r <1,
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dx dy = ab r dr d, and = y_ =r?, hence
a’

n
2 1
Vzabcj J'(l—rcose)(l—rsine)rdrde

00
T
2 1
CJ. .[r r2(c0s9+sin9)+r3cosesine]drde
00
T 1
2 2

=achlr_ d (cos9+s1n9)+ cos0Osin6 | do

2 3 4

oL 0
T
2_

=abcj l M+ cos0Osin O |dO
0_2 3 4

T

=abc E—lsin9+lcose+lsin29 2
12 3 3 8

0
=abc E—l+l—l =abc E—E
14 3 8 3 4 24

Q.38 Solve the following differential equations: 8
. dy .
(i) secx—=y+sinx
dx

(i1) [Z secy —tan yjdx +(secylogx —x)dy =0
X

Ans:
(i)The given equation can be written as
d .
—y—ycosx:smxcosx (D)
dx

It is linear in y, and here P = - cos x and Q = sin X cos X.

Then LLF. = CIPdX — eJ.—COSXdX

= e "X Hence the solution of (1) is
Y(LF.) = J-Q(I.F.)dx or ye SInX = j e S Xix cos xdx
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Now, putting —sin x =t, we get
ye SinX = jettdt =te' —jetdt =(t—1e'+c=—(+sinx)e S"* 4 ¢

Therefore, the solution is y = - (1 + sin x) + ce*™*

=> vy + | + sinx = ce™™

This is the required solution where c is an arbitrary constant.
(i)

The given equation is of the form M dx + N dy = 0 where

M =Xsecy—tany and N =sec ylog x— x.
X

oM y » ON _ 1
s ——=—secy+=—secytany—sec’y, —=—secy—1,
dy  x x ox x
% ov —l——secytany+sec” y
Now, Y = % =—tany
M Yy

—secy—tany
X
~IF. :ej_mnydy =" =cos y
Multiplying the given equation throughout by cos y, we get

(l —sin yj dx + (log x —xcos y)dy =0, which is exact.
X

Therefore, the solution is

J-(X—sin yjdx+.[0dy=c, or ylogx—xsiny=c
X

This is the required solution where c is an arbitrary constant.

Q.39 Solve the following differential equation by the method of variation of parameters.

2
)<2H+xd—y—y:xzeX 9
dx? dx
Ans:
) ) . ) ,d’y dy
First of all we find the solution of the equation x I + xd—— y=0
X X

. . . d .
This is a homogeneous equation. Putting x = e” and D= pa the equation reduces to
Z

[D(D-1)+D-1] y =0, which gives D =1, -1.

59



AE01/ACO01/ATO1 MATHEMATICS-I

_ c
Therefore, y =cje” +cye =y x +—=,
X

_ c
Therefore, y=ce” +c,e " =cx+—=,
x

Writing the given equation in standard form, we get

t———-—y=e (1)

Let y = Ax+ B/x be a solution of equation (1), where A, B are functions of x. Then

B B
Q:A—%+A1x+—l,ChooseAandBsuchthat A1x+—1:0 2)
dx X X X

2
B
Therefore, b A—£2 and d ZzAl +2—§ -,
dx X dx X X
2
Substituting the values of y, % and d i) in equation(1), we get
X by
[A1+2—]§’—B—éj+l(A—%j—%(Ax+Ej=ex:>A1—B—;:ex 3)
X X X X X X X

Solving equations (2) and (3), we get
A, =lex and B, =—le"x2 .
2
On integrating, we get
A =%ex +a and B :—%.e"(x2 —2x+2)+b .

Thus, the complete solution is y = Ax + B/x

X

ie. y =(le" +ajx+l[—le"(x2 —2x+2)+bj :y:ax+2+ex e
2 x\ 2 X X

Q.40 Solve (D2 ~4D+ 1)y = e sin2x (7)
Ans:
The auxiliary equation is m’—4m+1=0 which givesm=2=% V3.
Therefore, C.F. =y = cle(zJ”B)X + cze(z_‘g)’( .
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Further P.I. = ;e“ sin2x = e** ! sin 2x

D> —4D+1 (D+2) —4(D+2)+1

) 1 ) 1 )
=¥ ——  sin2x=e*———sin 2x=—7ezx sin 2.x.

(D)’ -3 —(2)* -3

Hence, the general solution of the given equation is

2443 ) -3k _1 2
7

y= cle( +cze( *sin2x.

Q.41 Show that non-trivial solutions of the boundary value problem

y™ —wty=0,y(0)=0=y(0), yL)=0=y"(L)=0 are y(x) = >.D, sin(%j, where D,
n=1
are constants. 9)

Ans:
Assume the solution to be of the form y = ™ . The characteristic equation is given

as m*—w*'=0o0r m?> =+w’orm= to,fio.
The general solution is given by

y(x) = A1e® +Be”® +Ccos wx + Dsin x

= A cosh @x + B sinh wx + C cos ®x + D sin wx

Substituting the initial conditions, we get y(0)=A +C=0.

y” = 0>[A cosh @x + B sinh @x — C cos ®x — Dsin ©x |
y’(0)=®>(A—C)=00r A—C=0.

Solving, the two equations, we get A =0, C = 0. We also have
y(1) = 0 = Bsinh @l + Dsin ®l; y”(1) = 0 = Bsinh @l — Dsin ol;

Adding, we obtain 2B sinh ol = 0 or B = 0. Therefore, we obtain

D sin ol = 0. Since we require non-trivial solutions, we have D #0.

Hence, sinwl=0=sinnt,n=1,2,3,.....

Therefore, w= ﬂ, n=12,.... .

The solution of the boundary value problem is
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y,(x)=D, sin[?}n =12

By superposition principle, the solution can be written as

y(x) = i(Dn sin[?j}.

n=1

Q.42 Show that the matrices A and A" have the same eigenvalues. Further if A, p are two distinct
eigenvalues, then show that the eigenvector corresponding to A for A is orthogonal to

eigenvector corresponding to p for A’ @
Ans:
T T
We have [A—Al| = (AT) M| = (AT —M) HAT ~M,

Since A and AT have the same characteristic equation, they have the same eigenvalues.
Let A and p be two distinct eigenvalues of A. Let x be the eigenvector corresponding to the
eigenvalue ) for A and y be the eigenvector corresponding to the eigenvalue p for AT. We

have Ax = Ax. Premultiplying by y" , we get

yTAx =y Ax = Ay x, (1

\T
and Aly=py, Or(ATy) =(uy)", or yTA=py”
Post multiplying by x, we get y'Ax = uy'x,
Subtracting equation (1) and (2), we obtain

2)

(A—p)yTx =0. Since L # ., we obtain y x=0.
Therefore, the vectors x and y are mutually orthogonal.

Q.43 Let T be a linear transformation defined by

T

[ -
R HHIEE

(7
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Ans:

. 11 0 1) (0 0) (O O ) .
The matrices il Pl o are linearly independent and hence form a

basis in the space of 2X2 matrices. We write for any scalars o, 05, 03,04 not all zero
4 5 11 0 1 0 0 0 0
=04 + 0y + 03 + 0y
3 8 11 11 11 0 1
] 0+ 0y
a (x1+a2+0c3 0(1+(x2+(x3+oc4 '
Comparing the elements and solving the resulting system of equations, we get oy =4,
oy =1, o3 =-2, a4 =5. Since T is a linear transformation, we get

1 el el er(E ) arl(o V)

1 1 1 -1 -2
=42 [+1| 2 |-2| 2 |+5] 2 |=|20|.
3 3 -3 3 36
8 -6 2
Q.44 Find the eigen values and eigenvectors of the matrix A={-6 7 —4/|. 9
2 -4 3
Ans:
The characteristic equation of A is |A - | =0
8—1 -6 2
=6 T7-4 —4[=0 or A’=184°+451=0
2 -4 3-1

= AUA-3)(A1-15)=0. .. 1=0,3,15.

Thus, the eigen values of A are 4,=0, A, =3, A3 = 15. The eigenvector X; of A
corresponding to A =0, is the solution of the system of equations
(A-A1)X =0, ie.

8x,—6x, +2x,=0
—6x, +7x,—4x, =0
2x, —4x,+3x,=0

Eliminating x, from the last two equations gives —5x, +5x, =0 or x, =x;.

Setting x, =k,, we get x, =k, and x, :%
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1/2 1
Therefore, the eigenvector of A correspondingto 4 = 0,is X, =k,| 1 |=k/|2]| (k #0)
1 2
Similarly for 4 = 3, we get X, is
2 2
X, =k,y| 1 |(ky #0)and for A =15, we get X3 as X5 =ksz| -2 |(ky #0).
-2 1

Further, since A is symmetric matrix, the eigen vectors X;, X, X3 should be mutually
orthogonal. Let us verify that

X * X =(DH2)+ ) +(2) (-2) =0.
X2* X3 =)+ (D2 +(-2) (1) =0.
X3* X; =)+ (D)2 + (1) (2)=0.

Q.45 Solve the following system of equations:
X +2Xy—x3=3
3x;—Xp +2x3 =1
2X1—2Xp +3x3=2

X]—Xp +X3 =-1 (6)
Ans:
The given system in the matrix equation form is AX = B; where
1 2 -1 3
X1
3 -1 2 1
= ’X: X2 N =
2 -2 3 2
X3
I -1 1 -1
1 2-1: 3 I 2 -1: 3
3 -1 2: 1 0 -7 5: -8
(A:B)= ~

2 =2 3: 2 0 -6 5: -4
I -1 1:-1 0 -3 2: -4

(on operating R, — R;-3R;, R3— R3-2Rjand Ry — R4-Ry)
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I 2 -1: 3

0 -1 0: -4 .
o o 1. 4 (on operating R, — R, -Rszand R; — R3-2Ry)
10 -3 2: -4

1 2 -1: 3

01 0: 4 .
oo 1. 4 (on operating R, — -R; and Ry — R;+3R;)
00 2: 8

1 2-1: 3

01 0: 4 ( e R Ri-2Ry)
~ on operatin — Ry -

00 1: 4 perating Re = Rs- 285

100 0: 0

Therefore, rank (A : B) = rank A = 3 = number of unknowns, hence unique solution. To

obtain this unique solution, we have

=1

(A:B)~ (on operating R; - R+ R3 and Ry — R;-2R;)

o o o =
o o =~ O
o = © O

4
4
0

Therefore, the unique solutionis x =-1,y=4,z=4.

Q.46 Find the series solution about the origin of the differential equation

xzy”+6xy'+(6+x2)y:0. 10)
Ans:

We find that x = 0 is a regular singular point of the equation. Therefore, Frobenius series
solution can be obtained.

Let y(x) = Zanxn+r,a0 # 0 be solution about x = 0
n=0
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y'(x)= Z (n+1)a,x"!
n=0

y'(x)= > (+1)(n+r-Da,x"*?
n=0

Then given differential equation becomes

Z(n+r)(n +r—1)alnxn“‘r +6 Z:(n+r)alnxn+r +6 zanxnﬂ " zanxn+r+2 ~0
n:O n:O n_O n:O

= Y [m+r)m+r+5)+6h,x" " + Z%XMHZ -0.
n=0 n=0

The lowest degree term is the term containing x' . Equating coefficient of x" to zero, we get
[r(r+5)+6la, =0 or (r+2)(r+3)=0, as a, #0.

The indicial roots are r = -2, -3. Setting the Coefficients of x*! to zero, we get
[(r+1)(r+6)+6]a, =0 . For r= -2, a; is zero and for r = -3, a; is arbitrary. Therefore, the

indicial root r = -3, gives the complete solution as the corresponding solution contains two
arbitrary constants. The remaining terms are

Z:[(n+r)(n+r+5)+6]anxn-"r + Zanxn+r+2 =0.
n=2 n=0

Setting n-2 =t in the first sum and changing the dummy variable t to n, we get

i{[(n +T+2)(n+r+7)+ 6,0 +a, X2 =0,

n=2
Setting the coefficient of x™™** to zero, we get
ap
a =— ,HEO
02T mtr+2)(n+r+7)+6
We have a, =— a0 , a3 =— 4 ernnn
r+2)x+7)+6 (r+3)(r+8)+6
ap a] ap a]

Forr=-3,weget ah=——, a3, =——,a4 =———,as =———,......

B A T A E T M T T 1 T T 0

The solution is given by

2 4 3 5
_ 3 _x X _x L
y(x)=x !ao{l o + TR ]+a1{x 3 + 5 H

= (aox_3 COSX + alx_3 sinx) =agy(x)+a;ys(x)
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For r=-2, we get

a a a a
3.120,3.22——0,3.3:——:0 =— 2 —0

,Ay =——== e
6 12 4700 120
Therefore, the solution is

2 4 3.5
_ X X - X X
Y*(X)=aox {1—?+?—--}:a0x 3{)(_ 3! * 5! —..}:aoyz(x)

We find that the indicial root r = -2, product a linearly dependent solution.

Q.47 Express f(x) = x* +2x3 —=6x% +5x -3 in terms of Legendre polynomials. 3

Ans:

We know that, various powers of x in terms of Legendre polynomials can be written as

Py(x) =1,P[(x) =x,x° :%(21)2 +Pp),

x> :%(2P3 +3%) :%(21)3 +3P)),

x4 _1[8P4 +30x> —3]:i[81>4 +10(2P, +Py) - 3P|
35 35
1

= —[8P4 +20P, + 7P, ]
35[ 4 2 O]

1

Therefore, f(x)= §[8P4 +20P, + 7P0]+§(2P3 +3P)—2(2P, + Py) + 5P, 3P,

f(x) =3—15[8P4 +28P3 —120P, +217P; —~168P; .

Q.48 Evaluate .[ X717 4(x)dx , where J,(x) denotes Bessel function of order n. 8

Ans:
Using the recurrence relation,

di [X_3J3(X)]: —X_3J4(X) = jx_3J4(x)dx = —x_3J3(x)
X

.‘.IX_1J4(X)dX =Ix2{x_3J4(x)}dx = X2{*X_3J3(X)}—J‘2X{*X_3J3(X)}1X
[x71400dx = 711300 +2[ x 2I3(0)dx
Using the recurrence relation,

di [x‘sz(x)]z X130 =[x T(0dx = =xT5(x)
X

w x4 00dx = x50 -2x 15 (0)
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Q.49 Find the stationary value of a’x? + b3y2 +c322 subject to the fulfilment of the condition
1 1

1 .
—+—+—=1, given a, b, ¢ are not zero. 7
X y 2z

Ans:
Letu =a’x” + b’y* + ¢’z*

I 1 1
p=—+—+—-1
Xy z

Let F =u+ A@ where A is constant using Lagrange’s multiplier method.

For stationary values,

ox dy oz Xy z
=> 2a3x—12:0
X
A
2b3y——2:0
2C3Z—iz=0
Z

=> ax=by=cz=k

Then,l+l+l:1 gives a+b+c=k
X y z
Therefore. x:a+b+c’ y:a+27+c’ Z:a+b+c
a c

Stationary value of u is

e 3
u=(a+b+c)| L+ +S | =(a+b+c).
(@ebre) | S| (arbed
Q.50 Find the volume enclosed by coordinate planes and portion of the plane Ix+my+nz =1
lying in the first quadrant. ©))
Ans:

The region of integration R is bounded by x =0, y =0, and Ix + my =1

{projection of Ix + my + nz=1onz =0}z _1-lx—my
n
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1/1%1_lx_my 11/1 my2 %
|% =J-Izdxdy=j I—dydx=—.[[y—lx ——} dx
R 0 0 n n 0 2 0
1/1 2.2
=lj{1 bk b, Ix —L(1+12x2—21x)} dx
nyl m m m 2m
11 2 2 2 2.3V
mn 3\ 2 2 mn|2 2 6 o
2 B L IR S L
Imn|2 2 6 6mlin
Q.51  If the directional derivative of ¢ = axzy + byzz +cz%x at (1, 1,1) has maximum magnitude
15 in the direction parallel to line X—_l = y_—23 = E, find the value of a, b, c. 7
Ans:

?(o:(2axy+cz2)f+(2byz+ax2)f+(2czx+by2)Ig

A

V. =(2a+c)i+(2b+a) j+(2c+b)k

(111
This is along normal to the surface andW (p‘ is the maximum directional derivative. Thus V¢

2
T

is Il to line X1 =2=3
2 2

2a+c _2b+a

Therefore, =2c+b

=> 3a+2b+c=0

a+4b+4c=0
a_b _c_
4 -11 10

Therefore, a=4A, b=-11A, ¢=10A and W(p‘:lS

=  (2a+c) +(2b+a)’ +(2c+b) =15

= A 15 Y
18° +18° +9? 9
Therefore, a:iE, bziﬁ, c:iﬂ.
9 9 9
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Q.52  Verify divergence theorem for the vector field F=4xi- 2y23+ 2%k taken over the region
bounded by cylinder x2 +y2: 4,2=0,z=3. @)

Ans:
By Divergence theorem,

m V.Fdv = jsj F.ds

Now, V.F= (4—4y+2z)

2 a3
H V.Fdv = I j I(4—4y+2z) dzdydx
v -2y 42 =0
Jasy? 2 fami?
—j [ (4z-4ye+22?) ayax =[] [ (21-12y) dydx
2y=fa- 2 y=—4-y’
_j 21y-6y°) dx—J-42\/4 X dx _84j\/4 X dx

Let x =2 sin@ then dx = 2cos @, forx =0, & =0 and for x =2, 6=§

V4

jijde _84j4cos 0 do=84.— =4 = 84r

| N

r
2
Now Surface S consists of three surfaces, the one leaving base S; (z = 0), second leaving top S,

(z = 3), third the curved surface S; of cylinder X2+ y2 =4 betweenz=0,z=3

ijnds— [ Fads

§,+5,+5,

A

onS, : z=0, n=—k , Fn=0
onS, : z=3, n F

k., Fn=9

On S; the outer normal is in the direction of V.F . Therefore a unit vector along normal to the

curved surface is given by
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il
=3
=y =4 /
=10
X
n= 2xi +2) = XH_yJ,thus Fn=2x"-y’
4x* +4y°
j Fan dsSs, =H(2x —yg) ds,
3 S5

Q.53

_ jj[z(zcose)z—(zsineﬂ 4dzd

3
= [(8cos*6-8sin’6) d6 [ 4dz
0 0

/2
= 48X 8 jcoszede = 847

0

Hence divergence theorem proved.

1 and hence deduce that I (:o Jo(ax)dx =—.

Show that on e_bXJO(ax)dx =
0 [2, 2
a“+b

Ans:
We know that

X 1
62(& Z] = J0+J1(z—lj+J2(Z2—L
4 4

&)
N—
+
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Putting, z=¢", Then
e = J +2isingJ, + (2cos2¢)J, +———————
Comparing real and imaginary part

cos(xsing@)=J, +(2cos2¢)J, + ———————
Let ¢ = %—0 and x=ax

cos(axcos8)= J,(ax)—2cos20J,(ax) +———————

[cos(axcos6) d6 = [ (an)do = zJ,(ax).
0 0

1 Vi
Therefore, Jolax) = — .[ axcos0 dé. Letb >0, then
7 0

oo T

.”e_b" cos (axcos 6)dO dx

00

I 1
I= J-e_beo(ax) dx —
0 T

= l.”e cos(axcos8)dxd6
7[00

[ ~bcos(axcos@)+acosB.sin(axcos6) || d

0

—bx
e

7[;[ b*+a’cos’ 6

Let tan@ =t

2 "% deo
= .[2— dt
V.4 b -+a cos @ de = >
1+¢
5 =
__b'([ 2 a +b2
b2
2 o |

.tan™' =
mNa’ +b’ \/012+b2 ‘0 \/az+b2

Hence, I e ™ J (ax)dx = !

0 ’ \/a2+b2

72

MATHEMATICS-I



AE01/ACO01/ATO1 MATHEMATICS-I

r 1
Putting b=0, we get J-Jo(ax) dx = —
a
0
d%u  9%u
Q.54 Solve t— = 0 in the interval 0 < x <7 subject to the boundary conditions :
ox~ dy
(i) u(0,y)=0 (i) u(my)=0
(iii) u(x,0)=1 (iv) u(x,y)—>0asy —ooforallx. (7)
Ans:
Let U = X(x) Y(y), then equation becomes
1 d&’X 1d°%
—— =0.
X dx* Y dy’
2
Let id )2( =—[*, then 1d I;:lz
X dx Y dy
Therefore, X =Acoslx + Bsinlx
Y = Ce" + De™
U (x,y) = (Acoslx + Bsinlx) (Ce"” + De™)
(iv) condition gives U (x,y) — 0 as y— o = C=0
. U=(AcosIx +Bsinlx) e
(1) givesU (0, y)=0 = A =0
Hence, U=Bsinlx .e?
(i) gives U (x,0) = 1 => 1 = b;sin/x
27 2 x
b, =—|sinlxdx =—/|-coslx
: xJ- 7l | b
2 4 if lis odd
:_1{1—(—1)’} 7l
& 0 if | is even

~U(x,y)= Zb, sinnx e =— z —sm nx e "

n=0 noddn

)

2m+l)

sm 2m+1)
2m+1
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Q.55 Use Cayley - Hamilton theorem to express A —4A* —7A3 +11A%2 = A-10T in terms of

1 4
A and the identity matrix I, where A = {2 3} . 7

Ans:
The characteristic equation of A is IA-All =0
= A —4r-5=0
=>  A’—4A -51=0, by Cayley Hamilton Theorem.
Thus A° — 4A% = 7A* + 11A7 — A — 101
=(A’—4A-5D (A’=2A+3D) + A+51 =A+5L

Q.56 Solve (D2 +5D+6)y =e X sec? x (1+2tan x). 7

Ans:
(D*+5D+6)y = e**sec’x (1 + 2 tan x)
AE: m*+5m+6=0
m=-2,-3
CF. =cie® +ce™
1

Pl.= D+2)(D+3) [e’“ sec’ x(1+2tan x)}

e‘z"J-ezx.e_z" sec’ x(1+2tan x) dx}

I
S
+
N
— —

e (tan x+tan’ x)] { D;—a' X = e””.[ Xe ™ dx}

:e_3"je" (tanx+sec2 x—l)dx:e"“‘ [ex tanx—e"] =e (tanx—1)

3

Thusy = cie™ + ¢, e* + e tan x.

sin 2x

Q.57 Find analytic function whose real part is 7

cosh2y —cos2x

Ans:

Let u= Sin2.x and f(z) =u + iv
cosh2y—cos2x
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Q.58

ou _ (cosh2y—cos2x)2cos 2x—2sin” 2x
ox (cosh2y —cos 2x)’
odu  2sin2xsinh2y

Iy (cosh2y —cos 2x)’

ou v Jdu .du

f'(z)=—+i—=——i—, since u is an analytic function, thus it must
ox odx Ox dy
e ) 0 0
satisfies C-R equations, thus v
ox  dy

(cosh2y—cos2x)2cos2x—2sin’ 2x+i2sin 2xsinh 2y

f(@)= 2
(cosh2y—cos2x)
, ou . du
)=———i—
') oy
£ (cosh2y—cos2x)2cos2x—2sin® 2x+i2sin 2xsinh 2y
Z =

(cosh 2y —cos 2x)’

Using Milne’s Thomson method, Letx =z ,y=0

2 2z-1 -
[l = (cos2z 2)= 2 _ cosec’s
(1-cos2z)” 1l-cos2z

- f(z) =cotz+c, where c is a constant of integration.

sin ax

Evaluate j ~

dx,a >0, using contour integration. 7
Y X

Ans:

aiz

° . lthas simple pole at z = 0. j f(z) dz where C consists of
Z C

Consider the function f(z)=

the part of real axis from —R to -r and from r to R, the small semi circle C; from —r to r with
center at origin and radius r, which is small and large semi-circle Cg from R to —R as shown in
Fig. f(z) is analytic inside C (z = 0, the only singularity has been deleted by indenting the
origin by drawing C,).
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%__

Therefore, by Cauchy’s Theorem,
[ feodx+ | f(z)dz+] fdx+ [ f(dz=0 =)

For Cg, we have z=Re® ,0<0<mand C,,z=1®,0<0< T

7 aiRe®” jn
. j f(Z)dZ = J- eRe“g .Rieie dé =i '[eazR(coseﬂsmG)de
cr 0

0

V.4 /2
If( j —aRsdeH — Ie_aRSingdH
Cr 0 0
Since sin 6 decreases from 1 to 2 as 0 increases from O to z . sin@ Zﬁ
T 2 T
wl2 26 T
2)dz <2j a6 = —[1-e"] >0asR—>eo
2aR
jf J’ air cosH-HsmH)dH
0 0
l_[e“" (cor0risind) 19 s lI 'dO=—ir as r—0
R Reaix
J-f (x) dx =J- dx
r r x
-R azx —alx
I fR)dr==] = I dx
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sin ClX

jf dx+jf(x)dx fi( W — ™) dx _2j

r

Putting values in (1) and applying limits r—0, R—co, we get

dx=—
X 2

T sin ax T

—oo

Q.59 In a normal distribution 31% of the items are under 45 and 8% are over 64. Find the mean
and standard deviation of the distribution.

0 1.4
[Given that J’ 2)dz =0.19, J’ 2)dz =042,
-0.5 0
where ¢ (z)is pdf of standard normal distribution. ] @)

Ans:
Since 31% of items are under 45. Hence 19% of items lies between X and 45. Since

0
[ o(z)dz=0.19,
-0.5

45-X 64— X

thus, =—0.5 .Similarly =14
o

-~ X—-0.50=45
X +140 =64

Solving, we get ¢ = 10, X =50.

Q.60 A can hit a target 3 times in 5 shots, B 2 times in 5 shots and C 3 times in 4 shots. All of
them fire one shot each simultaneously at the target. What is the probability that (i) two

shots hit (ii) atleast two shots hit? 7
Ans:
p(A) = Probability of hitting target by A =3/5
p(B) = Probability of hitting target by B =2/5
p(C) = Probability of hitting target by C =3/4
(1) pi = Chance A, B hit & C fails
321 6
=p(A).p(B).p(C)==.—.—=—
= p(A).p(B).p(C) 557100
P2 = Chance B, C hit & A fails = 12/100
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p3 = Chance C, A hit & B fails =27/100
Since all these events are mutually exclusive, therefore,
P(two shots hit the target) = p; + p2 + p3 =0.45
(i1) In case atleast two shots may hit target, we must also consider case when all hit the
target.
jon = Probability A, B, C hit target = 18/100.
Therefore, P(atleast two shot hit the target) = p; + p2 + p3 + ps = 63/100 = 0.63.

1 1 3
Q.61 Diagonalize the matrix |1 5 1. 7
311

Ans:
The characteristic equation is [A — Al =0

ie. A-7A%2+36=0
=>A=-2.3,6

These are eigen values of given matrix A. For eigen vectors we find X # 0, such that (A - Al)

X=0
For A=-2
3x+y+3z2=0

x+7y+z2=0

0 1

Therefore, for A = -2, eigen vector is (-1, 0, 1)’
Similarly for A = 3, eigen vectoris (1, -1, 1)"
for A = 6, eigen vectoris (1, 2, 1)”

The modal matrix P is given by

-1 1 1
P=10 -1 2
I 1 1
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-3 0 3
=> P =é 2 -2 2
1 2 1

The diagonal matrix D is given by

-2 0 0
D=P'AP =10 3 0
0 0 6

Q.62 Investigate the values of A and p so that equations
2x +3y+52=9,
7x+3y-2z =38,
2X +3y+Az=p.
have (i) no solution (ii) a unique solution (iii) infinite number of solutions. (7)

Ans:
2 3 5| |«x
Wehave |7 3 2| |y]| =
2 3 Az Y7,
ie. AX=B
23 5 :9
(1) (A:B)=|7 3 -2 :8
2 3 A :u

R3—>R3 — Rl, R2—>7R1 — 2R2
2 3 5 : 9
=0 15 39 : 47
0 0 A-5: u-9
If A =5, system will have no solution for those values of W, for which rank A # rank (A : B). If
A=5,u#9, then rank (A) = 2 and rank (A : B) = 3. Hence no solution

(ii) The system admits unique solution iff coefficient matrix is of rank 3

23 5
7 3 —2[=15(5-1)%0
2 3 A
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Thus for unique solution A # 5 and . may have any value.

(iii)) IfA=5,u=09, system of equation have infinitely many solution

Q.63 The height h and semi vertical angle o of a cone are measured and the total area A of
surface of cone including that of base is calculated in terms of h, a. If h and o are in error
by small quantities dh and da respectively, find the corresponding error in the area.

Show further that if o :g an error of +1% in h will be approximately compensated by an

error of —0.33 degrees in o. @

Ans:
Let r be base radius and 1 be slant height of cone.

Total area A = area of base + area of curved surface

=+ 7l =7r r+1 = Tth? tan o (tan oL + sec o)

SA = 27h (tan® o + tana seco) Sh + th? (2tana sec’al + sec’a + tan’oL secar) dot

§h:L, 0{:1
100 6
Tk

S OA= < 23 7h.0a

The error in h will be compensated by error in o, when

h®

SA=0 => 2.1 . +237xh’0a=0

00+/3

= oo = radians = -0.33° .
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Q64 If0=t"e a , what values of n will make ii[rz @} _29, )
(20r| dr] ot
Ans:
0= tne—rz/4r _ (A)
Differentiating (A) partially w.r.t. t, we get
06 -r*/4 N S
— = " +—rt" — 1
ot [ 4 M

Differentiating (A) partially w.r.t. r, we get
06 _ 1 n—le—r2/4r

g_
rza_e _ _lr3tn—le—r2/4t
or 2
i rz% :_ErZIn—le—rth +r_4tn—26—r2/41‘
or\ or 2 4
1 a ) ae —r2/4 _3 -1 1”2 )
——|rr— =" | =" +—1" - 2
r’ ar( arj 2 4 =

equating (1) and (2), we get n =-3/2.

A

Q.65 A vector field is given by F:(Xz—y2+x)f—(2xy+y)3. Show that the field is

irrotational and find its scalar potential. Hence evaluate line integraljls-df from (1, 2) to

2, . (7
Ans:
Curl F=VxF
i J k
_| 9 9 9
ox dy 0z
=y +x —(2xy+y) O

= 1(0)= j(0)+k(=2y+2y) =0.

<. vector field F is irrotational then 3 a scalar function ¢ s.t. F= Vo
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Integrating, we get

3 2 2

X , X 2 )
=— -+ —+ , =—x?-—2+
p="Z-w+3 f(y), o=-xy 5 g(x)

3 2 2

X , X' —y
==y +

=737V 2

Because, field is irrotational

+c

ey @y _
Fdr= | Vo-dr
) (1.2)

(12 2

Xyt 2D
1,2 3 2 .

Q.66 Solve E + (E

dx

jlog z =£(log 2)2.
X

X

Ans:
L de, 111
z(logz) dx logz x «x

Let

=t
log z

1 dz dt

Z(]og Z)z dx _E

ot 1

dx x X

=

Therefore, solution is
t.l = Il(—lj dx+c
X X\ x

=> t=1+cx

=> (log z)'1 =1+cx or z=e"* |
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Q.67 Express J4(x) in terms of JO(X) and J;(x).

Ans:
We know

X
Jn ('x) = _(‘]n—l + JVH—l )
2n
=> Jn+1 ('x) = 2 Jn - Jn—l
X
Forn=1,2,3

2
J,(x)=—J, - J,
X

4 6
Ji(x)=—J,—-J,, J,(x)=—J,(x)=J,
X X
24 2 6
1= 21 2000109 |-
X X X
48 8 24
h(x)z(———j]l(x) (1——2jlo(x)
X X X
. : . 273 +1 . .
Q.68  Find Taylor’s expansion of f(z)= 5 about the point z = i.
z2°+z
Ans:
270 +1 27+1
fr) =T =27-24°
z(z+1) z(z+1)

We have to expand about z = i

Let z—i=t -'-f(Z)ZZi—2+2(Z—i)+l+L
z z+1

1 1 1 2

- = —— = it

Z t+1 1 l
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Q.69

o

.-.f(z>—§+(3+§j<z—i>+n2(—1)"{,L %}()

(14

Examine the following system of equations for consistency :
3x+3y+2z=1

Xx+2y=4
10y +3z=-2
2x-3y—-z=5

Reduce the augmented matrix of the above system of equations to Echelon form and find

the solution of the above system, if it exists.

Ans:

The system of equations can be written as AX =B

3 3 2 1
X
1 2 0 4
where A= X=|y B=
0 10 3 -2
<
2 -3 -1 5

Augmented matrix = [A : B]

3 3 2
1 2 0: 4
[A : B] =
0 10 3 : -2
2 -3 —1: 5
R, «——R,
1 2 0 4
~ 3 3 2 1
B 0 10 3 -2
2 3 -1 5
R,—>R,-3R, i R,—R,-2R,
1 2 0 4
~ 0 -3 2 ~11
B 0 10 3 : =2
0 -7 -1 : -3
R,—3R,+10R, R,——7R, -3R,
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Q.70

1 2 0 4
0 -3 2 -I1
[A:B] =
0 0 29 —116
0 0 17 -68
R,—29R, —17R,
1 2 0 4
0 -3 2 -1
[A:B] =
0 0 29 -116
00 0 O

This is row Echelon Form of A. Since the number of non-zero rows in the row-echelon form is
3. So,
p(A:B) = 3 = p(A)
Hence system of equations has unique solution, and is given by solving
x+2y=4
-3y+2z=-11
29z=-116
=> z=—4, y=1, x=2

Find the eigen values and the corresponding eigen vectors of the matrix A defined by

A=

e i \ ]

1
1
2

(SIS ERNCS I o)

Obtain the modal matrix and reduce the given matrix to the diagonal matrix. @

Ans:

Characteristic equationis |A —AIl=0

2-4 2 1
lA-AIl = 1 3-4 1 =0
1 2 2-1

= A -7 +111-5=0
A=115

Eigen values of matrix A are 1, 1, 5
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For A = 5, eigen vector is obtained by solving the system of equations

-3 2 1 X 0
1 2 1 y| =10
1 2 -3|]|z 0
ie. -3x+2y+z=0
Xx=-2y+z=0
Xx+2y-3z=0
. Xy z
Solving, we get —=—=—
s s 4 4 4

i.e. eigen vectoris (1, 1, 1)’

For A = 1, eigen vector is obtained by solving the system of equations

12 17 [x 0
12 1] |yl =10
121 0

i.e. Xx+2y+z=0

There are two linearly independent eigen vectors for A = 1 . These are obtained by putting x=0

and y =0 respectively in the equation.

Forx =0, 2y +z2=0

Eigen vector is (0, -1, 2)’

For y = 0, Eigen vector is (-1, 0, 1)’

Modal Matrix =

Diagonal Matrix =

D

0 -1
-1 0
2 1
P!AP
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Il
=
o = O
wm O O

; -y
COosX +sinx —e . . . e
Q71 If u—-v= and f(z)=u+iv is an analytic function of z = x +1iy, find
2cosx —e¥ —e™?

f(z) subject to the condition that at z=—, f (Z) =0. 7

(SRS

Ans:

+sinx—e™” e
oy SosxFsinx—e {-.'e’ te >:2coshy}
2(cos x—cos hy)

Then 2% _ 9 _ (sinx—cos x)cos hy + l—ze’y sin x -
ox Ox 2(cos x —cos hy)

ou ov (cosx—coshy)e™ + (cos X+sinx—e”’ ) sin hy

dy dy 2(cos x—cos hy)®

ou dv ou v
Bv C.R. tions, — = —, = __
y equations

. dv du _ (sinx+cosx)sinfy+e " (cos x—coshy —sinhy) @
- ox Ox 2(cos x—cos hy)’

Subtracting (2) from (1)
| (sin x—cos x) cos iy —(sin x+cos x)sin iy + |

5O _ 1— e (sin x+ cos x —sin hy — cos hy)

0 _ -@3
ox 2(cos x —cos hy)* ©)

Adding (1) and (2)
[ (sin x —cos x) cos hy + (sin x +cos x)sin Ay |
dv | +1+e™ (—sinx+cosx—sinhy—coshy)

Iy B .
0x 2(cos x —cos hy)

—-(4)

B
f@= 8x+lax
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Using Milne’s Thomson method, putting x =z, y=01in (3) and (4), we get
I-cosz

()= —Losec?[ £
f(Z)_2(1—c0sz)2 40 (2j

1z
Z)=——cot—+c
f(@)==7cotZ

V1 1 Z
i=—, z)=0 =c=1 z)=—|l-cot=
"5 (2) Y r(e)=3[1-c0t ]
Q.72 Prove that the relation W = f+ 2 transforms the real axis in the z-plane into a circle in the
z+i
w-plane. Find the centre and the radius of the circle and the point in the z-plane which is
mapped on the centre of the circle. @)
Ans:
Since, w= iz+2
4z +i
2-iw
=> 7=
4w—i
C2—i(utiv)  [Au(24v)—u(dv=1) =i 40’ +(2+v) (4v-1) |
=> X+iy= —— = > -
4(u+iv)—i (4v—1)" +16u
ou 4(u2+v2)+7v—2
X = 2 2 y = 2 2
16u” +(4v—1) 16u* +(4v—1)

Thus image of real axis in the z plane (means y = 0) is given by

AW +v) +Tv=-2=0

=) )
Le. u+v+—| =/ =
8 8

which is an equation of circle with centre at (O, —%j and radius 2

7 1 . . - .
Foru=0,v= Y wegetx=0,y= R Thus centre of circle in ® plane is image of point

1
0, — | in z plane.
( LJ P

Q.73  Solve in series the differential equation :

88



AE01/ACO01/ATO1 MATHEMATICS-I

2
x(1-x)9Y y+4jy+2y 0 8)

Ans:
x = 0 is a regular singular point.

Let y(x ZCx , G, #0

m=0
Z m+ r m+r—l

m=0

y —Z (m+r)(mEr=1)x"

m=0

Substituting in the given differential equation
= | C, (m+r)(m+r=1)x"""=C, (m+r)(m+r—1)x""

-~ +4(m + r) C xm+r—1 + 2mem+r

=0

=

—>Z[ (m+r)(m+r- 1:|C x””'+Zmem+’_l(m+r)(m+r+3)=O

m=0
The lowest power of x is x". Its coefficient equated to zero gives Cor(r+3) = 0. Because Co # 0
=>r= O, r=-3
The coefficient of x™" is equated to zero gives

_(m+r)(m+r-1)-2

m+1_(m+r+1)(m+r+4)
m+1:m+r—2cm
m+r+4
C1=r_2C0 , c, = r—1 C = r—ltr—ZCO
r+4 r+5 r+5 r+4
C3:r—1.r—2' r :
r+5 r+4 r+6
1 1
Whenr =0 Cl:—ECO, CZZECO’ C,=0, = ————————

y=x" (CO +Cx+ szz) , forr = 0. Thus one solution is
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Y =C0(1—%x+ix2j

10
Whenr = -3: C,=-5C, C, =10C, Cs;= -10Cy, C4=5C¢------
Thus y, =Cyx™ (1 —5x+10x* —10x’ ————— ) is another solution.

y=C,y, +C,y, is general solution.
Q.74 Prove that
1
j X JS (x)dx =5x2 {Jé (x)+le (X)}+C

where c is an arbitrary constant. 6)

2

:%Jg(x)+jle(x)%(xJ1)dx {'.'(le)'=xJ0}

2 2
=X 2(x)+ 02 (x)+c

2 2
Q.75 Show that the vector field represented by
%

(.2 ~ = >
F=z"+2x+3y)i+(3x+2y+z) j+(y+2zx)k

%
is irrotational but not solenoidal. Also obtain a scalar ¢ function such that grad ¢=F .

)
Ans:

f:(zz+2x+3y)f+(3x+2y+z)j+(y+2zx)l€

aivF=v. F=| Li+ 25,9 p | F
ox dy 0z

V-F=2+42+2x # 0 except for x = -2.

Therefore, given vector field is not solenoidal.
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Q) o
QU

i

0

ax ay P
22 4+2x+3y 3x+2y+z y+2zx

Curl F=VxF =

=i(1-1)-j(2z-22)+k(3-3)= 0

.. Given vector field is irrotational. Thus it can be expressed as F = V¢, where ¢ is scalar

function.

%=z2+2x+3y , a—qj:3x+2y+z, %=y+2zx
ox dy 0z

Integrating w.r.t. X, y, z we get

Zx+x+3xy+ £, (,2)
2

3x
9= 7+y2+zy+fz(m)

yZ+ 27 x+ f, (x,y)
Since these three must be equal

AP =X"+ Y +3xy+ yz+ i x4

Q.76 If u=f(r) and r’>=x>+y?+z2, show that Vzuzf”(r)+zf'(r).
r

Also show that

B . . . .
u = A+— is a possible solution of V2u =0 where A and B are arbitrary constants.

5)
Ans
u=f(r)
)=S0
vu =9{ 0|5 L0 L5
_1d S 3f'(r):1(rf"( )= £ )j SVAG

rdr r r r 7 ’

:f"(,,)_,_zf'(”)
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2 1
r r
2
v =29 (A+B) 2d (“”Ej _B 2B
dl” r) rdr r P

- >

- - - )
Q.77 Evaluate II F-ds where F=z i+x j—3y“zk and s is the surface of the cylinder
A

X2+ y2 =16 included in the first octant between z=0andz=>5. @)
Ans:
J- Fds = ” divFdy ='m-—3y2dxdydz

N |4 \%4

V16-x?

- I

h %
[-5(16-x) dx. Letx=4cos6,dx=—4sin6
0

5
j —3y’dxdydz
0

when x -5 0,0 =0, andasx > 4,0 > 7w /2

A
-5 j 4 cos* 0d0=—5x4* L — a0
422

2 2 2
Q78 1f x+y=2¢"os0, x—y=2+_Te" sin¢. then show that ° 121+a ;‘ _ay 2L )
00° 90 oxdy

Ans:
Given x+y=2e’cosg

x—y=2ie’sing
Adding & subtracting respectively, we get
X :ee+i¢7 , y= ee—iqa
Let uzu(x,y) , x=f(0,(p) , y=G(49,qo)

ou _ du Ox au ady

0 ox oo dy 96

:a_ue€+i¢7 +a_ue€—iq)

ox dy
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Q.79

ou ou ou

w0 a7y

- ou [ ou  du
Similarly — =il Xx——y—
0 ox dy

Y2 (3 o)
06’ 0x\ d6 )06 dy\db )db

u 282u+ d’u y 82u+ 8_u+ 2&
ox* oxdy yaxay Y dy Y oy’

X

o’u ,0'u  ,0%u o’u ou  Ju
> =Xty 5 +2xy +tx—+y—

00 X dy oxdy  odx =~ dy

i o’u Ju  du du  ,0u ,0u
Similarly —  =-|x—+y——2xy +x'—+y —
¢ ox ~ dy 0xdy ox dy
Adding, we get
u  du ’u

—4
20" 9g’ oy

The Luminosity L of a star is connected with its mass M by the relation L =a M (1-B),

where 0<B<1 and 1-B= bB4M2; a, b being given constants. If p is the percentage

error made in the estimate of M, express the resulting percentage error in the calculated
luminosity in terms of p and B and show that it lies between p and 3p.

(7)

Ans:
L = aM(1-P) : 1-B = bp*M?
=>In(L) =In(a) +In(M ) +In(1- f3),
2In(M) =In(1- ) —In(b) - 41In(5)
:>£=%—£, (1) and

L M 1-8
AM __AB_AB_ 3P4 g (o

M 1-p B pU-p)

Eliminating Af from (1) and (2), we get
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_>£_ p—-4 AM
L 3-4 M
Hence, E><100 :ﬂ
L 3-4
is the required expression of percent change in L. Since 0 < f < 1, we have
1< B4 5 o p<£x100<3p.
3-4 L
Q.80 Solve the following differential equations :
. d
() > +>logy =-2-(logy)*. 5)
dx x X
(i1) x4ﬂ+x3y:—sec(x y). 5)
dx
Ans:
. ldy 1 1
(i) ——y+—logy =—(log y)2
ydx x X
=> ! 2ﬂ+ 1 :iz
y(log y) dx xlogy X
Let ! =t
log y
1 1 dy dt
= - s ———=—
(log y) y dx dx
dr t 1
dx x «x
dr t 1
=> _—____2
dx x X
1
IE. 0=l
X
1 11
t—=—|—.—dx+ ¢
X J-x2 X
t 1
= —=—+c
x 2x
=> (xlogy) ==x7+ ¢
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Q.81

(ii) x4%+x3y:—sec(xy)

xdy+ydx+ secsxy dx=0
x
d
=> () d)f =0
secxy X
Integrating,

ZSin(xy)—izzc

C))

X
Change the order of integration in the following integral :
2a 2ax
J- f (x, y)dx dy
0 V2ax-x2
Ans
2a 2ax
I = J. '[ f(x,y)dxdy
0 \2ax—x?
This integration is first w.r.t. y and then w.r.t. X. On changing the order of integration, we first
integrate w.r.t. X and then w.r.t. y. This divided into three regions.
Region I: The strip extends from parabola y* = 2ax i.e. x=

Theny=atoy=2a

PEINS

(a a)

=

P(2a, 2a)

(2a, O)

95
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Q.82

2

Region II: The strip extends from x = ;— to circle x=a—+ja’ -y~ .
a

Theny=0toa

Region III:  The strip extends from circle, x=a++/a’—y” tox =2a

Theny=0toy=a

2a 2a aa—m a 2a
.'.I=J- .[ f(x,y)dxdy+J- '[ f(x,y)dxdy+j J- f(x,y)dxdy
a y%a 0 }‘72‘1 0 gyfa?-y*

A string is stretched and fastened to two points at distance £ apart. Motion is ensued by
. . . . . X . o . .
displacing the string into the form y =y, sm7 from which it is released at time t = 0. Find

the displacement at any point x and any time t. S

Ans:

The vibration of the string is given by

0’ 0’ .
=3 SO
ot ox

As the end points of the strings are fixed, for all time

y@,n = 0 = y@1t - (i1)

Since initial transverse velocity at any point of the string is zero.

(a_yj =0 - (iii)

or ),
Also, y(x,0)=y, sin% - (iv)

Using method of separation of variables and since the vibration of the string is periodic,

therefore, the solution of (i) is of the form

y(x,1)=(c, cos px+c, sin px)(c, coscpt +c, sincpt) - (v)
By (ii), y(0,¢) = ¢, (c; cos pct+c¢, sinept) =0

This should be true if ¢; =0
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Hence y(x,t)=c, sin px(c, coscpt +c, sincpt) - (vi)

dy ) .
—= =, sin px(—cp ¢, sincpt+cp ¢, coscpt)

ot
o [ Dy )
By (iii) " =c¢,sinpxcep=0 => c,c,cp=0
t t=0

If c; =0, then (vi) willbe y (x,t) =0
C4 =0
Thus (vi) becomes

y(x,1)=c,c,sin pxcoscpt, Vi

By(ii) y(L,t)=c,c,sin pLcoscpt =0, V't
¢, ,c; 70, sin pL =0
pL=nrx

Hence (vi) reduces to

. NTX nz
y(x,1) =c,c, sin——.cos —ct
; L L

. . N . T
From (iv) y(x,0)=c,c, smn—Lx =Y, sin -

=> =y, , n=l1
. . Tx zct
.. Solution is y(x,t) =Y, smTcos—

Q.83 The ends A and B of an insulated rod of length /, have their temperatures at 20°C and
80°Cuntil steady state conditions prevail. The temperatures of these ends are changed

suddenly to 40°C and 60°Crespectively. Find the temperature distribution in the rod at
any time t. 9

Ans:

Let the equation for conduction of heat be

ou 0’u .
e -0

Prior to temperature change at end B, when t = 0, the heat flow was independent of time (steady

state condition), when u depends only on x i.e.
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2
a—bz[:O => u=ax+>b
ox
Sinceu=20forx=0and u=80forx =L
S b=20 , a=@
L

Thus initial condition is expressed as
u(x,0)=6—lf)x+20 - (ii)

The boundary conditions are

u(O,t)=40}

u(L,t)=60

- (iii)

The temperature function u (x, t) can be written as

u(x,t)zus(x)+u,(x,t) - (iv)

where uy(x) is a solution of (i) involving x only and satisfying boundary conditions (iii), which
is steady state solution, u; (X, t) is a transient part of the solution which decreases with increase
of t.

Since, uy(0) =40, uyL)=60 .. using (ii), we get

u(x)=40+2x = ()

From (iv), we get

u,(O,t)zu(O,t)—ux(0):40—40:0 '
”r(L’t):“(LJ)—uS(L):60—6():0} - (vi)

oo, (x,O) = u(x,O)—uS (x)
=@x+20—(40+ﬂx]
L L
o, (x,0) =2—L0x—20 - (vii)

General solution of (i) is given as

u, (x,t) = (c, cos px+c, sin px)e™ "
u, (0,1) = e =0 Vi = =0
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2t

o, (x,1) =c,sin px e’
. —C2 2
u,(L,t)=c,sinpL e "' =0 Vi
=> sin pL=0 => pL=nrx
_Cznzﬂzf

u, (x,1)= ibn sin%xe L

n=l1

nrw 20
u, (x,0 =>» b sin—x=—x-20
I‘( ) Z n L L
252
where bn:—j(—ox—ZOjsinﬂxdx
LI L L
__4
ni
=( 40\ . nx -
sou(xt)= —— |sin—ux.e T
() =322 Jin
'.u(x,t):40+ﬂx—ﬂ lsinﬂx.e_ a

T =n

4z +4

Q.84 Represent the function f(z)= m

in Laurent’s series
(i) within 2] =1
(i1) in the annular region within |Z| =2and |Z| =3

(iii) Exterior to |z =3.

Ans
4(z+1 A B C
flo)=—e)
z2(z-3)(z+2) z z-3 z+2
=> A:—— s :E’ —_—
3 15 5
21 16 1 2 1
flz)= 3z 157-3 5z+2
i) <1
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Q.85

2 16(. z Z* 1, z 2
=+ ==+ |—= l-——4+————-
3z 45 3 9 5 4
( 2 5 1 29 , j
=l ———— {———Z& —————
3z 9 547 324
(i)  2<|z[<3

3z 45 39 5z Z Z
8 4 16 16 16 16 ,

z) =|————— + - -—— 77— ————-
f(2) { 52 5z% 15z 45 1357 405 }
(i) |z|>3

2 16, 3 2(. 2)'
-2 1012 2(1.2)
(2) 3z 15z Z 5z Z
2 16 3 9 2 2 4
=——t— |ttt |- —|l-—t——-——-
3z 15z Z Z 5z Z Z
4 8
e
I X2 —x+2
Apply the calculus of residue to evaluate I ﬁdx. 6)
o x +10x7+9
Ans:
T X —x+2
J X +10x7 +9
2 2
Let /()= ao = L Et2

2 +10z22 49 - (z2 +9)(z2 +1)
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- =P

R x

The pole of f(z) enclosed by contour C, which consists of semicircle Cr and real axis segment
from —R to R taken in counter clockwise directions, are z = 1, z = 31 each of order 1.

—i) (2" —z+2 i+1
Residue at z=i =1z (Z.l)(z. Zz ) :_(l )
Z—"(z—l)(z+l)(z +9) 16
=3i)("—z+2 ~7i
Residue at z=3i = It (Z l)(z - 2) :3 7
=3 (2-3i) (2 +3i)(2* +1) 48
22—z42 [=i-1 3-7i] 57
B j 5 5 dz =27i| ——+ =
¢ (22 +1)(2 +9) 16 48 | 12
X —x+2 2—z4+2 Y4
I 3 3 dx+j 3 5 7 =—
R(PH)(P49) (2 +1)(2+9) 12
LetR —
T —x+2
J- zx al > dx:S—”, since second integral on the left hand side tends to O.
(1) (¥ +9) 12
X2 y2 2
Q.86 Show that the stationary values of u=—rtrt where /x+my+nz=0 and
a b c
2 2 2 2.4 2.4 2 4
X_2+y_2+z_2:1 are the roots of the equation ¢ a2 m b2 + n C2 =0. @)
a b c l1-a“u 1-b“u 1-c“u
Ans:
x2 y2 Z2
Let f =Ix+my+nz , g:?.p?.,_?_l
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Q.87

Let F=u+Af+4g Using Lagrange’s method of multiplier, for extreme values,
Y0 Y
ox dy 0oz
X2 y2 Z2 x2 y2 Z2

F:;+?+?+Am+mwmh@zgvzﬁ74
=> 2—f+ﬂll+ﬂzz—f=0 D

a a

2y 2y

? + ﬂlm + 22 ? =0 (2)

2z 2z

— + /7.,n + lz — = 0 (3)

c c

Ix+my+nz=0 (4)

x2 y2 Z2

AR ®

Multiplying (1), (2), (3) by X, y, z respectively and adding, we get
2u+24,=0 => A =—u

a‘*Al b*Am c*An
T2y YT T YT
2(1—a u) 2(1—b u) 2(1—c u)
Substituting in (4), we get
472 4 2 4 2
A al N b'm L B

211-d’u 1-b*u 1-c’u

442 4 2 4.2
a'l b'm c'n

+
1-d’u 1-b*u 1-c’u

A4 #0

=0 is satisfied by stationary points.

Expand f(x,y)= x2y +3y—2 in powers of (x —1) and (y +2) upto 31 degree terms.

7)
Ans:

f(xy)=x"y+3y-2, f(1,-2)=-10
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Q.88

fo(xy)=2xy f.(1,-2)=—4
fy(xy)=x"+3 £ (1,-2)=4
fo(xy)=2y fa(,-2)=—4
fo(xy)=2x £, (L,-2)=2
f:(x.)=0
fo(xy)=0 fxyz(x,y):O
fa,(x.y)=2 f(xy)=0
Fay)= FO2)+[ (=) (1-2)+(y+2) £, (1-2)]
+é :(x—l)z [ (L2)+2(x=1)(y+2) £, (L-2)+( y+2)’ £ (1,_2)}

1| =1) £ (L=2)+3(x=1) (y+2) £, (1-2)
Bl43(x-1)(y+2)" £, (1L=2)+(y+2)' £, (L-2)

F(xy)=—10—4(x=1)+4(y+2)=2(x=1)"+2(x=1)(y+2)+(x=1)" (y +2)

A man takes a step forward with probability 0.4 and backward with probability 0.6. Find the
probability that at the end of 11 steps, he is just one step away from the starting point.
(7)
Ans:

Let us call a forward step “a success” and a backward step “a failure”.
Let X = no. of forward steps. Then X has binomial distribution with n = 11 and probability of

success p =0.4.

Required probability =P(X=6)+P(X=5)

:(?J (0.4)5(0.6)6+(161J (0.4)° (0.6)’

Q.89 In a certain factory turning out razor blades, there is a small chance of %OO for any blade to

be defective. The blades are supplied in packets of 10. Using Poisson’s distribution calculate
the approximate number of packets containing
(1) no defective blade (ii) one defective blade (iii) two defectives blades

in a consignment of 10,000 packets (e—0.02: 0.980# (7)

Ans:
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Q.90

Q.91

__L
500

~m=np=002, ¢e%=0.9802
@) Probability of no defective blade = P (X=0)

p =0.002, n=10

=e " =0.9802 (approximately)
.. Mean number of packets containing no defective blade is
= 10000 x 0.9802 = 9802

(i) The mean number of packets containing one defective blade
= 10000 x me™ = 196

(iii))  The mean number of packets containing two defective blades

2

=10000 x e
2

=2
Show that at the point on the surface x*yYz”=C, where x = y = z, we have
9%z |
oxdy xlog(ex)’

Ans:
It is given that x*y’z"=c, taking log we get

7

x log x+ y log y +z log z=log c

Differentiating the above equation w.r.t. y respectively, we get

% = _ltlogy , now differentiating w.r.t. X we get
dy I+logz
9’z -1 1 dz 1+lo 1+logx) |1
= (+logy)| — 1% __ (1+1log y)( og ) |1
0xdy (1+logz)” )z ox (1+logz) Z

9’z -1
At the point x=y=z, we get =
P Y s oxdy ( x(log ex) J

Find the volume of greatest rectangular parallelopiped that can be inscribed inside the
2 2 2
. Lo XT oyt oz
ellipsoid —+-—+—=1. 7
a’? b2 ¢?
Ans:
Let edges of parallelopipid be 2x, 2y, 2z parallel to the coordinate axes. The volume V is given

by V = 8xyz.
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2 2 2
Xy oz
Let ¢=| +—+—5-1 1
¢ [az ER. } @
Using Lagrange’s multiplier method, for maxima and minima, let

F=V + ¢ A, where A is a constant. For stationary values,

o _oF_oF ooy
ox dy 0z
2xA
=> 8yz+%=0
2
8xz+ Zfzo
2
8yx+ Zz/le
2y 2 2y 7 2oy 2
:?:?:C—z, substztutzngln?+—2+c—2:1 gives _ZZ?ZC_ZZS
= X= and MaxV :_8abc

a b c
t—, y=t—0, z=t—
BB NE] 33

L]

=X

1
Q.92 Change the order of integration and hence evaluate I dy dx . @
0

ey

< | >

Ans:
On changing order of integration, the elementary strip has to be taken parallel to x

¥

(0, 2)
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axis for which the region of integration has to be divided into two regions Rjand R,. The region

R;:0<x<y, 0<y<IlandtheregionRy:0<x<2vy, 1<y<2.
e iy 2 P
= —dxdy = dxdy + dxdy = [ }d+[ }
[ ot [ [ S [ 2] w2

1 2! 2T

Y s (2o 1 y
_ (2 dy=|2—| +=|4logy—4dy+>| =2log2-1.
[ore [ o e | g ser-sre | -2

1

Q.93 Find the volume common to cylinders x2 + y2 —a% and x> +2z% =a’. 7

Ans:
The volume V is given as

a Vo= =
Volume =V = 8ﬂ .[ dxdydz = 8J- j j dzdydx

x=0 y=0 z=0

3
=8I\/a2 — a® —x dx =8J‘(a2 —x%)dx _16a”
0 0
Q.94 Solve the differential equations
ﬁ)(DZ—MD+”y:8&2+ehwwm2x) 8)
.. d 3y—=Tx+7
(i) L=-2 20 ©6)
dx Ty—=3x+3

Ans:
(1)The auxiliary equation is m?-4m+4 = 0, which gives m = - 2, -2.
Thus C.F. is given as (C; + C; x) e
1

P.J.=—————8x" +8sin2x+8¢™ |
D*-4D+4

2

—2l1-p+ 2 x2+—%——————[8ﬁn2x+86“]
4 D*-4D+4

=1 +1,+1,

2
I, =2{1+D+3§ Foen, }cz =2(x" +2x+%)

1

1,= 82—€2X , since 2 is a root of order 2.
D" —-4D+4
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=8 —¢™ =4x°e™
2
1 . 1 . I .
[, =8—F———sin2x=8—————sin2x =—-2—sin2x =cos 2x
D" -4D+4 —4-4D+4

S PI1.=2x" +4x+3+cos2x+4x%e™

Therefore, general solution is
y=(c,+c,x)e " +2x7 +4x+3+4x°e> +cos2x.
(i)LetY=y+k, X=x+h,
Ldy _dY  3Y-T7X
dx dX 7Y -3X
where h, k are so chosen so that
-7Th+3k+7=0
-3h+7k+3=0
Solving, we geth =1,k =0. Let Y = VX,

LAY AV 3V T

Tdx dax IV -3
— 2 —
Ly 4V _70-V) _ 7dX 7V 23 o
dX 7V -3 X  (1-V?

Integrating, we get

log(X'(V-D’(V+D’)=c = [y—x-1] [y+x+1] =k

Q.95 Discuss the consistency of the following system of equations for various values of A
2Xx1 —3xp +6x3—5x4 =3
Xo —4x3+x4 =1 (7)
4x] —5%x5 +8x3 —9x4 =A
and, if consistent solve it.
Ans:
The augmented matrix is given as
2 -3 6 -5:3
A:B)=|0 1 4 1 :1
4 -5 8 -9: 1

Applying R3; 2R3 — 2Ry,
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0O 1 -4 1:1-6

R, >R, —R,
2 -3 6 -5: 3
0 1 —4 1:

0 0 0 0 :A-7

If A # 7, rank (A:B) =3 # rank A = 2. Hence system is inconsistent.

If A =7, rank (A:B) =2 =rank A . Hence system is consistent. The solution is obtained as
follows :

Set x3 =ty, X4 = ty, t, t, arbitrary, then

Xo =4t-tp+ 1, X1 =3t1+ tr+ 3.

2 1
Q.96 Find the characteristic equation of the matrix A=|0 1 and hence, find the matrix
11

N O =

represented by A8 —5A7 +7A% —3A% + A* —5A3 +8A% —2A +1. 7)
Ans:
The characteristic equation of A is IA-All =0
= A’ - 502 + 7 — 3 = 0, is the characteristic equation.
By Cayley Hamilton theorem, A must satisfy this equation i.e.
A’ —5A*+7A-31=0
Thus A® — 5A7 +7A° -3A° +A* - 5A” + 8A> - 2A +1
=(A+A) (A SA°+TA-3D+ AP +A+1 = A" + A +1
55

8
=10 3 0
55 8

Q.97 Show that the vector field Fz% is irrotational as well as solenoidal. Find the scalar
r

potential. 6)

Ans:
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6(a) divfzv(%j
r
0 X 0 y 0 Z
:a_ S, 32 +a_ S, o2 +a_ 5 32
x(x+y+z) )’(x+y+z) Z(x+y+z)

3 3

x2+y2+z2)3/2 _(x2+y2+zz)5/2 (x2+y2+z2):()

~V-F=0 .. F vector is solenoidal.

=2
RGP

Therefore F is irrotational. Thus F = V¢, where ¢ is a scalar function.

~F=V¢ =Fdr=d¢ :>d¢:r'_‘fr:d_z
r r

= ¢=—l+c
r

Q.98 Evaluate J-j F-ds where F= Xyl — x2j +(x+ z)lA( and S is the region of the plane 2x + 2y +

S
z = 6 in the first octant. 8

Ans:
Hi.ﬁdsz ”F.di
S S

Unit normal to the plane 2x + 2y + z = 6 is along the vector 2i+ 2}' +k , 1s given as

2=M —Fun zzxy—gx2 +l(x+6—2x—2y) .
3 3 3 3
Thus projection of given plane z=6-2x-2y on z=0 is region bounded by x=0, y=0,

y=3-X.
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33—x

”fﬁdS =£ { (%xy—%xz+%(x+6—2x—2y))dydx

3 2
=0 1 2 Xy Y s
.'.”F.ndSzg(gxy2—§x2y+2y—?—?)g dx

—~ ; xt4x ’ 9
.'.”F.ndS='[(x3—4x2+2x+3)dx={7—7+x2+3x} =
0

0

Q.99 The odds that a Ph.D. thesis will be favourably reviewed by three independent examiners
are 5 to 2,4 to 3 and 3 to 4. What is the probability that a majority approve the thesis?

(7
Ans:
Let p1, p2, p3 be the probabilities that thesis is approved by examiner A,B,C
p1= 5/7, p»=4/7,p3 =3/7. A majority approves thesis if atleast two examiners are favorable.
P = pip2gs + p1p3qz + p2p3qi+ pip2ps

544 533 432 543

= 222 o m 2 T2 0009/343.
777 777 177 177

o . L h _p242
Q.100 If the probabilities of committing an error of magnitude x is given by y = hox

—e s
Jn
compute the probable error from the following data :

m; =1.305, my =1.301, m3 =1.295, my =1.286, ms =1.318, mg =1.321, m; =1.283,
mg = 1289, mg = 13, mig = 1.286.

(7
Ans:
Mean = %Zmi =1.2984, 0* = %Z (m, —mean)” =0.0001594
0 =0.0126,
We know that probable error is given as (2/3) o =0.0084.
2
Q.101 Solve by method of separation of variables E - 2% + % =0. 5)
ox2  ox dy

Ans:
Let Z=X(x)Y(y), then given differential equation becomes

X"Y-2X"Y+XY'=0, where X",Y', X" Y"" are first and second order derivatives.
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= —X”_ZX, —K =a(say)
X Y Y

= X"-2X"—aX =0and Y’ +aY =0.

X= Cle(HM)X + Cze(l_m” and Y= C3€_ay
2 Z =" (Ce VT 4 C e )

2
Q.102 Solve B_ltl = a2 2 for conduction of heat along a rod without radiation subject to
0x
(i) wuis not infinite for t — oo (i1) g_u =0 forx=0,x=/
X
(iii) u=/x—x> fort=0betweenx =0and x = /. 9)
Ans:
Let U=X(x)T(t), then given differential equation becomes
XI/ T/
=>—= =—k’(sa
X oT (say)

= X = Acoskx+ Bsinkx and T =Ce **". Condition (i) is satisfied.
If k? =0, X=ax+b, T=c, thus by condition (ii), we get a=0

Thus U = be.

Now U= (A cos kx + B sin kx) Ce "

By (ii) condition, we get B=0, kl=nz. Thus

zrlﬂ'

n . .
Ce v cosTx is solution for all n.

2.2
nx

- 2 ! wn
~U=a,+ Zane " cos—x
n=0 l

. - zn
Since [x-x* =U = a, + Zan COS—X
[
n=0

2

.l[(lx X )dx——

2

Z . .
a, =%I(lx—x2)cos%xdx = z 7 if niseven
0

0 otherwise
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2 2 e L Am’T’
__ l— Lz e ' cos
16 7[ m= l

d2y

Q.103 Obtain the series solution of equation x(1—x)—2 —(1+ 3x)ﬂ -y=0.

dx 2 dX
Ans:

Since x = 0 is a regular singular point

Let y(x ZCx , Cy#0

m=0

=

Z m + r m+r—l

"o

-2

y —Z (mEr)(m+r=1)x"
m=0

Now the given differential equation becomes

oo

®)

Y[C,(m+r)(m+r=1)A=0)x""" =C, (m+r)1+3x)x""" =C,x"" | =0

m=0

The terms with lowest power of x is x". Its coefficient equated to zero gives Cor(r-2) = 0.

Because Co# 0
=r=0, r=2
The coefficient of x™" is equated to zero gives

C1:r+1C0 ’ C2:r+1r+2
r—1 r—1 r

,{ r+1 r+lr+2 , }
sy=ax' |1+ x+ X"+

r—1 r-1 r

Leta,=byr, ..y, =byx" {r+r:—jx+%(r+2)x +. }

Now%

Q.104 Express J5 (x) in terms of JO(X) and J;(x).

Ans:
We know
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Jn ('x) = zi(Jn—l + Jn+1 ) => Jn+1 ('x) = 2 J - J

n n-1
n X

Forn=1,2,3

2
J,(x)=—J,=J,

X

4
Jy(x)=—J,-J,

X

6
J4(x)=;.l3(x)—.l2

Js(x)=§]4(x)—]3
X

Js<x>=(¥—§jfl(x>+[‘1?2+2jfo(x>
X X

X X

07 _1 SO
Q.105 Express f(x)as = iPO(X)"'lPl(X)‘F%Pz (x) where f(x):{ <X o

2 x, O0<x<l1’
Ans:

If f(x) =) c,Pn(x), then

where we have used the fact that B, (x) =1, F(x)=x, P(x)= %(3)62 - l)

1 1 5
A f(X)=—P +—P+—P +........
J ) 4% 27" 16 °

. . . . in 2
Q.106 Find analytic function whose real part is S =X

(7

cosh 2y —cos 2x

Ans:

Let u= sin2.x ,and f(z) =u +iv
cosh2y—cos2x

113



AE01/ACO01/ATO1 MATHEMATICS-I

ou _ (cosh2y—cos2x)2cos 2x—2sin” 2x
o (cosh 2y —cos 2x)’

du  2sin2xsinh2y

Iy (cosh2y —cos 2x)’

ou .ov OJu . du

f'(z)=—+i—=——i— since u is an analytic function, thus it must satisfies
ox dx Jdx dy
. 0 20
C-R equations, thus dy__a
ox  dy

(cosh2y—cos2x)2cos2x—2sin’ 2x+i2sin 2xsinh 2y

[(2)= 2
(cosh2y—cos2x)

Using Milne’s Thomson method, Letx =z ,y=0

2 2z-1 -
f'z) = (cos22 2)2 2 =—cosec’z
(1-cos2z)” 1-cos2z

- f(z) =cotz+c, where c is an arbitrary constant.

. z—i . . .
Q.107 Show that under the transformation w = -, real axis in the z-plane is mapped into the
Z+1

circle |w| =1. Which portion of the z plane corresponds to the interior of the circle?

(7
Ans:

|W|:|Z—i|:|x+i(y—1)|: -1’
|z +i] |x+i(y+1)| X+ (y+1)?

For the real axis in the z plane y=0, i.e. |w| =1, Also |w| <1 implies y>0. hence the result.

2
Q108 Let F(g)=[ dz7tzts
c 2768

F(-1). (7)

2 2
dz where C is ellipse (gj +(§j =1. Find value of F(3.5) and

Ans:
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2
F@3.5) = I4Z+—Z;5dz , since 3.5 is a point which lies outside C, thus F(3.5) = 0 by Cauchy
c <72
theorem.
Also -1 lies within C, by Cauchy Integral Formula
2
[2EEE3 g —omi(4e 4 E+5) = F(&)
c <~ ég
F'(&)=27mi(8E+5), F'(-1)=—-67i.

Q.109 Compute fyy(0,0) and fy,(0,0) for the function

3

Xy
£ y) =151 y2 ey 00 (©6)

Ans:
fx (0,0) — 111'1'01 f(.x,O)—f(0,0) =0

X

y—0 y

—_— 3_
fOY _ o 0 =0 _

/. 0,y) =lirrgf(x’y)

X =0 x(x+y%) B
e Sy - f(x0) . xy3 B
S 0= y = y(x+y*) 0
£ 0,0 = lin L EO=500
x—0 X
/. (0,0) =lim LONZLO0 ¥
) y—=0 y y—0 y

Q.110 Let v be a function of (x, y) and x, y are functions of (0, ) defined by
X+y= 2¢% cos 0

x—y =2ie? sin ¢

where 1 =+/—1. Show that xa—V+yi=ﬁ. 8
ox ~dy 06
Ans:
Because x + y = 269c05(p, X—-y= 2ieesin(p

Adding & Subtracting, we get
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Q.111

2x = 2¢% (cos + ising) = e+
= X — ee +iQ
Similarly y = e? e

Let v=f(x,y), x=g(,¢), y=h(6,0)
v dv ox ov a_y

90  0x 06 dy 9@
— ﬂ(69+i¢) + Q(eg—i(ﬁ)
ox dy
ox dy
Expand x” near (1, 1) upto 31 degree terms by Taylor’s series.
Ans:
f(x,y) =x’ , f(1,1) = 1
fy (x, y) = yx! : fiu(1, 1)= 1
fy (x, y) = x’log x , fy(1, D=0
fe oyp=y-DX? . f.(0,1)=0
fa (% y) =x" (log x)* , f,(,H=0
fy (X, y) = X T+yx logx fo (1, 1) =1
[y =y (D) (-2 %7, fa(1, D=0
fo, . ¥)=Qy-DxX7 +y (y-) x logx fo, D=1
fo )=y (ogx)’+2logx x| f. (1, D=0
(6 y)=x"(log x)’, £, D=0

By Taylor’s Theorem
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fxy) = fAD + %[(X—l) SHAD+(y-1D AL D]
1 » 2
+§[(X—1) Jo LD +20=D(y =1 fo(LD) + (y=1)" f . (1, D]

# =D £ D3 =D £, (LD

+3(x =Dy =D fo’ LD+ (=D £ LD+ —————

X = 1+(x—1)+(x—1)(y—1)+%(x—1)2(y—1)

Q.112 Find the extreme value of x2 + y2 +22 4+ Xy +xz+yz subject to the conditions
Xx+y+z=1and x+2y+3z=3. 7
Ans:

Let f:x2+y2+22+xy+xz+zy
g=x+y+z-1 =0
h=x+2y+3z-3 =0
Let A1, A, be two constants. Using Lagrange’s multiplier method, we get
F = f+Ag+Ah OR
F = XY+ XY +XZH 2y + ME +Y+2— 1)+ A(x + 2y + 32— 3)

For extreme values,

%zOz%—iz%—Z, x+y+z=1, x+2y+3z=3.

=> 2Xx+y+z+Ah+A, = 0 = X+M+M+1 =0
2y+Xx+z+Ah+20 = 0 y+A+20+1 =0 (A)
22+ X+y+A+30, = 0 z+M+30+1 =0

Adding (A) and using x + y + z = 1, we get

3M+6M+4 =0

Multiplying equation (ii) of ‘A’ by 2 and (iii) by 3 and adding all and using
x+2y+3z=1,weget 6L+ 140, +9 =0

Solving, 3A; +6A, +4 =0
O6A + 140, +9 = 0, we get
M o=-1/3, M =-1/2
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From (A), we get
x =-1/6, y =1/3, z=15/6
Therefore, (=1/6, 1/3, 5/6) is a point of extremum, with extreme value

F(=1/6, 1/3, 5/6)= (-1/6)* + (1/3)* + (5/6)* = 1/6*1/3 — 1/6 * 5/6 + 1/3 * 5/6 =11/12

Q.113 Find the rank of the matrix

9 3 1 0
3 0 1 -6 ©
1 1 1 1
0 -6 1 9
Ans:
Applymg R1 Aad R3, R2 <—>R4
1T 1 1 1]
0 61 9
A =
9 3 1 0
3 0 1 —6|
R; > R,
1T 1 1 1]
0 61 9
A =
3 0 1 -6
9 3 1 0|
R; OR; - 3R, Ry > R, -9R,
1 1 1
0 6 1 9
A =
0 -3 2 -9
0 6 -8 -9
R;ORs-R,, R; > R, - 2R;
1 1 1 1
0 6 1 9
A =
0 0 5 27
0 0 -9 -18

R4 > 9R3 + 5R4
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I 1 1

0 61 9
A =

0 0 5 27

0 0 O 153

Thus IAl #0 Hence, rank of A =4.

Q.114 Let y; =5x;+3x, +3x3
\&) =3X1+2X2—2X3
¥3 =2X1—X2 +2X3

be a linear transformation from (Xl,Xz,X3) to (yl, yz,y3) and

z] = 4x;) +2x3
Z9 =Xp +4x3
z3 =5x3,
be a linear transformation from (x,x,,x3) to (z,2,,23).
Find the linear transformation from (21,22,13) to (yl,yz,y3) by inverting appropriate

matrix and matrix multiplication. 8
Ans:

Let

B 5 3 3 ||lx

y2f = |3 2 2||x

RE 2 -1 2 ||xs

21 4 0 2][x

22| = [0 1 4| x

| 23 0 0 5||x3

B 5 3 374 0 2T'[a
vl = |3 2 =2[l0 1 4] |2
¥ 2 -1 21l0 0 5| |z

5 3 3|5 0 2|

= €L 3 2 =2(|0 20 -16]|z2
20

2 -1 2(/0 0 4 ||z
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25 60 46|z
€L 15 40 -46||z2
20

10 =20 20 ||z

125 3 23|z
075 2 =23||z2

0.5 -1 1 Z3

Y1 = 1.25 Z1+322—2.3 73
Y2 = 0.75 7 + 2 7y — 2.3 73
y3 = 05z1-2,+ 23

Q.115 Prove that the eigenvalues of a real matrix are real or complex conjugates in pairs and
further if the matrix is orthogonal, then eigenvalues have absolute value 1. (6)

Ans:
Let A be a square matrix of order n.

Then IA — ALl = (-1)"A" + kA" + - + ko=

where k’s are expressible in terms of elements a;; of matrix A. The roots of this equation are
eigen values of matrix A. Since this is n" polynomial in A which has n distinct roots which are
either real or complex conjugates.

Hence, eigen values of matrix are either real or complex conjugates.

If A is an eigen value of orthogonal matrix then 1/A is an eigen value of A™'. Because A is an
orthogonal matrix. Therefore A is same as A",

Therefore 1/A is eigen value of A’. But A and A’ have same eigen values.

Hence, 1/A is also an eigen value of A. The product of eigen value of orthogonal matrix = 1
and hence if the order of A is odd it must have 1 as eigen value. Since product of eigen
value of matrix A is equal to its determinant. Therefore Al = £1.

-2 2 -3
Q.116 Find eigenvalues and eigenvectors of the matrix A =| 2 I -6/ 8
-1 -2 0
Ans:
IA-ALI=0
—2-4 2 3
=> 2 1-4 -6/ =0
-1 -2 -1
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= AM+A-21r-45 =0
=> A=5,-3,-3
Eigen values are 5, -3, -3
For A = 5, eigen vectors are obtained from
=7 2 3 |x 0
2 -4 -6 |y =10
-1 -2 -5 |z 0

=> Ix+2y-32=0

2x—4y—-62=0
-x-2y-52=0
. X y Z
Solving we get, — = — = —
SWEE -1 -2 1

i.e. (1,2,-1)"is an eigen vector
For A = -3, eigen vectors are obtained from

I 2 3 |x 0

2 4 -6/ [y =1|0

-1 2 3| |z 0
ie. x +2y—-3z2=0
There are two linearly independent eigen vectors for A = -3. These are obtained by putting x =
0 and y = 0 respectively in the equation.

Letx =0then2y-3z=0

0

i.e. | 3| is an eigen vector
2

Lety=0,thenx-3z=0
3

0 | is an eigen vector.
1

Eigen vectors corresponding to 5, -3, -3 are

[19 29 _1], s [09 39 2], and [37 0’ 1],'
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5 4
Q.117 Find a matrix X such that X IAX is a diagonal matrix, where AzL 2}. Hence
compute A0, ®)
Ans:
5 4
A=
1 2
[A-AIl = 0
=A-TA+6=0
= A=1,6
ForA=1,
4 4| |x
=0
I 1]y
Therefore, x +y =0

Eigen vector is (1, -1)’

For A =6,

-1 4 X
=0

I 4|y
Therefore, x - 4y =0

Eigen vector is (4, 1)’

1 4
Therefore, modal matrix is X = { { } and

N 1 —4
RN

B 1|1 -4||5 4 1 4 1 0 L )
D=X"AX=— = which is diagonal matrix
511 1 I 2] |-1 1 0 6

Also A = XDX!
ASO — XDSOX—I

107,
=X, | X

Q.118 Prove that a general solution of the system
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8x1—4x, +10x5 =1
Xy +X4—X5=2

X3 —3x4 +2x5=0
can be written as

(xl,xZ,X3,X4,xS>:(

are arbitrary.

Ans:

2,2,0,0,0
8

el

l,—1,3,1,0

o

The system of equation can be written as AX = B

8 -4 0 0 10
A=101 01 -1|,X =
0 0 1 -3 2

X1

X2

X3

X4

X5

3

—Z,l,—Z,O,lj where a,f

(6)

Rank(A) = Rank(A,B) = 3. Thus system is consistent. Homogeneous system AX=0, has 5 -3 =

2 linearly independent solutions. Clearly (_71, -1, 3,1, 0), (

_73, 1, -2, 0, 1) are linearly

independent and satisfy the homogeneous system AX = 0. Also (%, 2,0, 0, 0) is a particular

solution of non-homogeneous system AX = B. Thus general solution of non homogeneous

system is (X1, X2, X3, X4, X5) = (%, 2,0,0,0) + o (_71, -1,3, 1,00+ B (_73, 1,-2,0,1), where

o, B are arbitrary.

RX+y

1 1 . .
— 5 dxdy = “ 5 dy dx Recognise the region

R of integration on the r.h.s. and then evaluate the integral on the right in the order

1 2 2 2
Q.119 Let g{ . +y2dxdy+.1[£ oty
indicated.
Ans:
12 1
I = !!x2+y2dxdy
22 1
I2= 'sz+y2dXdy

123
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Q.120

For I, region of integration is bonded by the lines x=1,x=2,y=0y=1 i.e. region R; in

figure. For I, region of integration is bonded by the lines x =y, x =2,y =1, y = 2 i.e. region

R, in figure.

L

w=1 M ®=2

Now the region R of integration i.e. union of R; and R; is bonded by the lines y =0, y =x, x =
1,x=2

1 2 2 y x
dxdy = Sdydx = [—tan_1 —} dx
J;?J‘xz-i_yz le}jox +y v!‘ y X 0
2 2
S _rlz T
= _!‘;tan ldx = -!;Z (logx) = ZlogZ.

Compute the volume of the solid bounded by the surfaces z=+4/4- x% - y2 and
z=%(x2+y2). @
Ans:

Let V be the volume of solid. The two surfaces intersect at z = 1. Therefore

\/3 3—x? \ 4—x2—y2

V= J‘ J’ .[ dzdydx
x=—3 y:—\/g zzé(x2+)’2)

BB
= j I (J4-x" =y’ —l(x2+y2))dydx
i 3
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Let x=rcos@, y=rsin@. Then dydx = rdrd0, r varies from O to 3 and 6 varies from 0 to

2m. Then

2z

vel

Q.121 Let p(x,y) be an integrating factor for differential equation Mdx+Ndy=0 and ¥(x,y)=0
is a solution of this equation, then show that pG(¥) is also an integrating factor of this
equation, G being a non-zero differentiable function of V¥ . 6)

o'—.%

2
( 4—r ——jrdrd@—%

Ans:
Since W be an integrating factor for differential equation Mdx + Ndy = 0. Thus w(Mdx + Ndy) =

0 is an exact differential equation.

Also d¢=p (Mdx + Ndy) (given)
Because, @ = constant, is a solution.

Let G(¢) be any function of ¢

Therefore G(@)de = pu G(¢) (Mdx + Ndy).

Let j G(p)dp=F(9), then dF(p)=G(p)de

Since terms on left is an exact differential, the terms on right must be an exact differential.

Therefore, i G(9) is an integrating factor of differential equation.

Q.122 Solve the initial value problem j—y = y2 [ﬁ n (x)+lj +y, y(0)=1. 3
X X
Ans
ﬂ— y(Inx+—)+y
dx
11
yodx 'y X
LaTlo b
y y dx dx

Therefore, % +¢t =Inx+ 1 is the differential equation.
X X

dx . .
LF. = eI =¢" . Hence solution is
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te' =J-e)C (Inx + l)d)c +c=e" Inx+c
X

-1
=>—e'=¢"lnx+c = e (ylnx+1)+cy=0
y

Q.123 Find general solution of differential equation y”+y =secx . (7)
Ans:
y"+y" = secx

can be written as (D2 +D)y =secx
ie.D(D+1)y =secx

J . . 2
Therefore, auxiliary equationism“+ m =0

m=0, -1
CF. = C; + Cye™
Pl = ;secxz i— ! secx
D(D+1) D D+1
1 —x X 1 ax -ax
= —secx—e Ie sec x dx — X =e¢e J'e Xdx
D D—o

= In(secx + tanx)—e™* {%(seox — secx.tan x)}

= In(secx + tan x)—%(l—tan x)

Therefore, y =Ci+C2¢™" + In (sec X + tan x) + seex (tan X— l)
Q.124 Solve the boundary value problem
” ’ 1 1
x3y —X2y +xy=1, y(l)z—, y(e)=e+—. 7
4 4e
Ans:
The given differential equation is x’y” — xy’ +y = 1
X
: 1 d C o2
ie. (6(0-1)-6+1)y=— ,Bzz, x=e¢, 0°-20+1=0=60=1,1
X t

C.F. = x(C; +C, log x)
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pro 11
@-n" x
= L X l.izdx {Lsz“J' fHdX}
@-1 X X 60—« X
_ ;(_LJ_ j(i)l_i
6-1)\ 2x 202 ) x 4x
11
Therefore, y=x (C; + C; logx) + Z.—
X
1 1 1
D =—-— = —=C+-— = (C, =0
) 4 4 ' 4 :
v(e) = e+L => e+L=eC2+i =C, =
e de de
= x logx + i
Y g 4x
Q.125 Solve the differential equation yiV +32y"+ 256y =0. 5)

Ans:
vy +32y" +256y =0

ie. (D*+32D? +256) y =0
AE.ism®+32m*+256=0
ie. (m*+16)*=0

= m=z%4i+4

Therefore, y = (C; + C; x) (C5 cos 4x + C4 sin 4x)

Q.126 Using power series method find a fifth degree polynomial approximation to the solution of
initial value problem
(x=1)y" +xy +y=0, y(0)=2, y(0)=-1. )

Ans:
Let x = 0 be an ordinary point

Let y = Zanx”, a, # 0 be solution about x = 0
n=0

-1
y' = Znanx”
n=1
-2
y" = Zn (n-1a,x"
n=2
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Then given differential equation becomes
(x=1) Z:n(n—l)anx"_2 + xZn ax"" + Zanx” =0
n=2 n=1 n=0

=> Z:n(n—l)anx”‘1 - Z:n(n—l)anx"_2 +Zn a,x" +Zanx" =0
n=2 n=2 n=l1 n=0

oo

= (a,—2a,)+ Z:[(n+1)(nan+l +a, —(n+2)an+2)}x” =0

n=1
equating coefficient of x" to zero, we get
a
a, = ?O, (n+2)a,,,
Also y(0) =2 => a = 2

y'(0) = -1 => a; = -1

= nan+1+an ,

Therefore, ag =2 a =-1,a=1 a3 =0, au, =¥, a;s =3/20,

_ , xt 3
y=2—x+x+—4+—+.....
4 20

Q.127 Let J,(x) denote the Bessel’s function of first kind. Find the generating function of the
sequence {J v (x ), v=0,t1,+x2........ }. Hence prove that
cosx=1J (x)- PAD) (x)+ 214 (X)= oo,

sinx=2J1(x)—2J3(x)+2J5(X)— ........... 2

Ans:

)

Ju(x) is the coefficient of z" in expansion of ¢*

X, 1 2 2 2 2
A (yx 2 E Yk P e
27 4 ]2 2 4 [2

Coefficient of 2" ,n>0

(4 o )

= + :
|n n+l \ 2

Similarly we can get the result forn < 0. Set z =i . Then
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(=) :
- T— .
22 = ™ =cosx+isinx. Thus cosx+isinx= Z J, (x)@)"

e
Comparing real and imaginary parts and by using J_ (x) =(=1)"J (x) we get

cos(X)=JoX)-2 (X)+2JsX)+..........
sin (x) =2[J; (x) +J3 xX)+ J5 (X)+ --------- ]

Q.128 Show that for Legendre polynomials P, (x)
1
2
I xP, (x)P,_;(x)dx = 2n (7)

Ans:

1

[ xP,(x) P (x) dx

-1

We know that 2n-1) X P,.;=n P, + (n-1) P,»
Multiplying by P,(x) both sides and integrating, we get

1

nP} (x)dx +(n=1) [ P_,(x) P,(x) dx
-1

1

(2n—1) ijn (X) P, (x) dx = |

-1

1
=nIPnz(x)dx
-1
) 1 0 , m#n
=n. [P PG dx={ 2
2n+1 ° , m=n
2n+1

1
Therefore, I xP (x)P_,(x) dx = 1 22n N
n —

-1

M’ (x,y) # (0,0)

show that

Q.129 For the function f(x,y)= x4y
0, (x,y)=(0,0)

£,(0,0)% £,(0,0).
®)

Ans:
For obtaining f, and f, we need f, and f . For obtaining these derivatives we use the

definition of f and f,
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Q.130

= Lt f(x,y+5Y)—f(x,)’)
& —0 5y

f0,Ay)-f(0,0) _
Ay

; :&Ljof(ﬁc?x,g—f(x, »)
Thus

£.(0,0) = lim

],

0,

f(Ax, 0>A; LOD =0, 1,0,0=lim

Fny)=f Oy Y2085 =357 Jax

FEE 250 [(Ax) +97 |Ax =%
_ x| 22 =3(Ay)’ | Ay
£.(x.0) = lim fOA) = fO0) _ [ 2 ( 2) } e
by 0 [(0)7 +(Ay)* Ay
Ax,0)— £.(0,0
f 002 (L) L LA0O-L00 2,
ox ay ©.0) Ax—0 Ax =0 Ax
£,(0.0) =i(aij i SO L0.0) L Bay
dy \ ox 00 M0 Ay A0 Ay

Hence f,,(0,0)# f(0,0).

Find the absolute maximum and minimum values of the function
f(x,y)=4x"+9y> —8x—12y+4 over the rectangle in the first quadrant bounded by the lines
x =2, y = 3 and the coordinate axes.
8)

Ans
The function f can attain maximum/ minimum values at the critical points or on the boundary
of the rectangle OABC, such that O (0,0), A(2,0), B(2,3), C (0,3). We have
f.=8x—8=0, f, =18y—12=0. The critical point is (x,y)=(1,2/3). Now, since rt — s> =0 and
r >0. The point (1,2/3) is a point of relative minimum. The minimum value is f(1,2/3)=-4.0n
the boundary line OA, we have y = 0 and f(x,y) = f(x,0) = g(x) = 4x>—8x+4, which is a

dg g

function of one variable. Setting T =0, we get x = 1. Now, d f =
X RS

8 > 0. Therefore, at x =1,

the function has a minimum. The minimum value is g(1)=0. Also, at the corners (0,0), (2,0) we
have f(0,0)=g(0)= 4, f(2,0)=4. On the boundary line AB, we have x = 2 and f(x,y) = h(y) =

9y*—12y+4, which is a function of one variable. Setting % =0,we get y =2/3. Now,
y

d’h ) . . .

d_yz =18>0. Therefore, at y=2/3, the function has a minimum. The minimum value is

(2,2/3)=0. Also, at the corners (2,3) we have f(2,3)=49. On the boundary line BC, we have y =

3 and f(x,y) = g(x) = 4x” —8x+49, which is a function of one variable. Setting Z—g =0, we get
X

2
x =1. Now, cjj f =8> 0. Therefore, at x=1, the function has a minimum. The minimum value
X
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is f(1,3)=45. Also, at the corners (0,3) we have £(0,3)=49.0n the boundary line CO, we have x
=0 and f(x,y) = h(y) = 9y* =12y +4, which is the same case as for x=2.Therefore, the absolute
minimum value is -4 at (1,2/3) and the absolute maximum value is 49 at (2,3) and (0,3).

Q.131 If f(x,y)=tan"'(xy), find an approximate value of f(1.1,0.8) using the Taylor’s series

quadratic approximation. 8
Ans:
Using the Taylor series quadratic approximation, one can write
1
FO+hy+k) = f(x, )+ (f, +Kf, )+5(h2fxx TN 7Y N S N —— (1)

Here h=0.1, k= -0.2 Thus
fA.1,0.8)= f(LD)+(0.1f, — O.ny )11 +%((0.1)2 fo.+ 2(0.1)(—0.2)fxy +(=0.2)* fyy )1.1 ————— (2)

221 11
Now f(L1)= tan™ —tan =2 =221 — 07857
w f(L])=tan (xy)]Ll an 1~ 72 12
y 1 X 1 0.1 02
(fx)M:( J -~ (r) =( J =— . Thus (if, +kf,)=———=
1+x°y? . 20 L (14 xy? 0 2 ’ 2 2
1,1
2xy? 1 —2yx? 1
=-(0.05); (£,.), =—%] N fw“’l):(—fz)z] T2
(1+x y ) . (1+x y .
1_x2y2 )
fxy(l,l):—2 =0. On using the values of f(L1), f (Ll),
(1+x2y2) -
fy (171)7 fxx (1’1)7 fyy (1’1)7 fxy (1,1) in Eqn (2), we get

£(1.1,0.8) = 0.7857 - (0.05) +%[(0.1)2(—%J +0+(- o.z){—%j} ~0.7207

Q.132 Evaluate the integral ﬂ (x> +y*) dxdy by changing to polar coordinates, where R is the
R

region in the x-y plane bounded by the circles x*+y*> =4 and x° + y*=9. 8)

Ans:
Using x =r cos0, y = r sinf, we get dx dy =r dr d6, and

4 4 3 3 y4
1 zzvfj.r(rdrdé’)zzj[%%} dé’z%]‘dé’:?’—fﬂ'
02 0 2 0

Q.133 Find the solution of the differential equation (y-x+1)dy — (y+x+2) dx = 0. (6)
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Q.134

Q.135

Ans:

ﬂ_ y+x+2

When written in the form ; the differential equation (d.e.) belongs to the

dx y—x+1

category of reducible homogeneous d.e. of first order and can be integrated by reducing to the
homogeneous form. Before we indulge into this let us first examine the given differential
equation by writing it in the form M(x, y)dx + N(x. y)dy =0
Here M =-(y+x+2); N=y—-x+1

oM oN . oM oN

—=-1; —=-1, Since —=—

dy ox dy Ox
Therefore the given equation is exact, consequently, we write it as follows
ydy — xdy + dy — ydx — xdx —2dx =0
orydy +dy - (xdy + ydx) — xdx —2dx =0
2 2

Integrating y7 +y—xy _x? —2x=C

In fact, on observation for its exactness should have been made before classifying it to any
other category. If one fails to make this observation then it can be reduced to homogenous form
y making the transformation x = X + h, y =Y + k which yields

dY Y+X+h+k+2

dc Y-X+k—h+1
Choose h, k such thath+k+2=0,k—-h + 1 =0. Thus, we get h = —%,k: —% and the d.e.

Y+X vy - XdY - YdX - XdX =0

dy
reduces to — =
17).4

Y X’ 1
Integrating —— XY ——=C; X =x+—, Y=y+§.
2 2 2 2

Solve the differential equation cot 3x? —3y=cos3x+sin3x, 0<x< 7/2. (6)
X

Ans:
On dividing throughout by cot3x, the given differential equation can be written as

< 2
sin” 3x

ﬂ —3(tan 3x)y = (tan 3x)(cos 3x +sin3x) =sin 3x +
dx cos3x

Eqn(2) is a linear differential equation of the form

.2
sin” 3x

ﬂ+ P(x)y =Q(x); where P(x)=-3tan3x; Q(x)=sin3x+
dx cos3x

L, oJ7 g fmir _ proscosse _ o3y
Multiplying (1) throughout by cos3x and integrating, we get

ycos3x = .[sin 3xcos3xdx+ .[ sin® 3xdx+C

:ljsin6xdx+lj(l—cos6x)dx+C =—ic0s6x+£—isin6x+C.
2 2 12 2 12

Show that the functions 1, sinx, cosx are linearly independent. @)
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Q.136

Q.137

Ans:
For functions 1, sin X, cos x to be linearly independent the Wronskian of the functions given by

f(x) gx) hx)| [l sinx Ccos X
W) =|f(x) gx) K(x)|=|0 cosx -—sinx|=-1
f7(x) g’(x) KW(x) |0 —sinx —cosx

has to be non-zero. Here it is (-1) # 0. Hence the result.

Using method of undetermined coefficients, find the general solution of the equation

y' =4y +13y=12¢*"sin 3x. @)
Ans:

For obtaining the general solution of

y' =4y +13y=12¢*sin3x = —cmememememm- (1)

We have to determine y,, the complementary function that is the solution of (1) without the
RHS and the P.I. Here for determining the P.I. we have to use the method of undetermined
coefficients. For y we have to write the auxiliary/characteristic equation which 1is
m* —4m+13=0. The roots of the equation are m = 2+3i , 2-3i . The complementary function
s y.(x)= e**(Acos3x+ Bsin3x) . We note that " sin3x appears both in the complementary

function and the right hand side r(x). Therefore, we choose y,(x) = xezx(C1 cos3x+C, sin3x).
Consequently we have

¥, (x) = (1+2x)e*" (C, cos 3x+ C, sin 3x) + 3xe”* (C, cos 3x— C, sin 3x) ,

y/(x) = (4+4x)e** (C cos3x + C,sin3x) + 9xe* (=C, cos 3x — C, sin 3x)

+6(1+2x)e**(C, cos3x — C, sin 3x)
Substituting in the given equations, we get
y: - 4y; +13y, = e c0s3x(C,(4+4x)+6C, (1+2x)—9C,x —4C,(1+ 2x) —12xC, +13xC))

+e** sin 3x(C, (4 +4x) —6C,(1+2x) —9C,x — 4C,(1+ 2x) +12xC, +13xC,) =12¢** sin 3x
= 6C,e”* cos3x —6C,e”" sin3x =12¢*" sin 3x
Comparing, both sides we get C,=-2,C,=0. Therefore, the particular integral

isy, = —2xe**cos3x . The general solution is y(x) = e**(Acos3x+ Bsin3x—2xcos3x).

2 .
Solve LY 3, D 4y g SinU0EDH ®)

dx* dx X

Ans:
The given differential equation has to be transformed to the differential equation with constant
coefficients by changing the independent variable x to 7 using the transformation

2
x=e' ort=logx.Thus, xﬂ:ﬂ:Dy,xde:
dx dt dx

The given d.e. assumes the following form:

D(D-1)y
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Q.138

(D(D-1)-3D+1)y= (D> —4D+1)y=e"t(+sinr) oo (1)
Characteristic equation of (1) is m*> —4m+1=0 —ccceemmemmeemv ()
Roots of (2) are m = 2+4/3.

Thus, C.F. = clem‘/g)’ + cze(z_‘/g)’

Pl = ;e_'t(1+ sint)=e™" !

> > t(1+sint)
D" —4D +1 (D-1)"—-4(D-1)+1
:e’{ 5 : t+— tsint}
D -6D+6 D -6D+6
[— 2 _1
2; :l 1_6D—D l:l(l-i'D)l:l(l-l-l)
D"-6D+6 6 6 6 6
z—tsintzl.P.on;te”=I.P.0fei’ = ! - t
D" -6D+6 D -6D+6 (D+i)"—6(D+i)+6
it . 2\"! . .
=[.P.of ¢ 1+(Zl 6)D+D t=I.P.0f5+6l (cost+isint)(t—(2l 6)j
5—-6i 5—-6i 61 5—-6i

= i(5sint+c0st) +L(27sint+ 191cost).
61 3721

y= clemﬁ)’ + cze(z"ﬁ)’ +e’ {l(l +1)+ i(5 sint +cost) + L(27 sint+191cos t)}
6 61 3721

In an L-C-R circuit, the charge q on a plate of a condenser is given by
d’ : L L
Ld—? + qu +% = Esin pt . The circuit is tuned to resonance so that p> =1/LC .If initially
t t

the current I and the charge q be zero, show that, for small values of R/L, the current in the

circuit at time t is given by (Et/2L)sinpt. 8
Ans:
Given differential equation is (Lm2 +Rm +1/C)q =Esin pt. I's AE. is (Lm2 +Rm+1/ C)= 0
o R R* 1 . R’ .
which gives m=——+ || ———]. AsR/L s small, — = 0 therefore, to the first order
2L 41 LC 4L
in R/L, mz—ii'i ! =—£iip, where p2 :L.Thus,
2L 4 LC 2L L

Rt
C.F.=¢ ' (c,cos pt+c,sin pt)=(1—Rt/2L)(c, cos pt +c, sin pt), rejecting terms in (R/L)2
etc.

Thus P.I. = ! Esin pt = —icos pt.
Rp

Lm*+Rm+1/C

Thus the complete solution is g = (1—Rt/2L)(c, cos pt +c, sin pt) —R—cos pt.
P
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d . R . E .
i =d—q: (1-=Rt/2L)(—c, sin pt+c2cospt)p—z(clcospt+c2 sin pt)+Esm pt
t

Initially when t=0, q=0, i=o0, we get ¢, =E/Rp, ¢, = E/ 2Lp* . Thus, substituting these values of
constants, we get

E . E R E E .
i=(1-Rt/2L)| ———sin pt + ~cospt |p———| ——cos pt+ >sin pt
Rp 2Lp 2L\ Rp 2Lp

+£sin t—ﬂsin t
R P 2L P

Q.139 Find a linear transformation T from R? into R? such that )
1 6 1 2 1 6
T 1|=|2|, T|-1|=|-4|,T|2|=|6]|
1 4 1 2 3 5
Ans:
a, a, a, a, a, a,\(1 6
Let the matrix A=| b, b, b, |.Thus A=|b b, b | 1|=|2],
[ A ¢ ¢ ¢ )\1 4
a a, a;\1 2 a, a, a\l1 6 1 2 3
by b, b ||-1|=|-4||b b, b ||-2|=|6]| Solving, A=|-15/2 3 13/2].
¢ ¢ ¢ )1 2 ¢ ¢ ¢ )\ 3 5 1 1 2
-2 2 3
Q.140 Examine, whether the matrix A is diagonalizable. A=| 2 1 —6|. If, so, obtain the
-1 2 0
matrix P such that P~'APis a diagonal matrix. 8)
Ans:
The characteristic equation of the matrix A is given by
2-4 2 3
|A-All=| 2 1-4 —6|=00rA’+A*-214-45=00r 1=5,-3,-3.
-1 -2 -1

Eigenvector corresponding to A =5 is the solution of the system
-7 2 3| x 0

(A-51)X=| 2 -4 —6|| y|=|0].The solution of this systemis [, 2, —1] .
-1 2 5|z 0

Eigenvector corresponding to A =-3 is the solution of the system
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Q.141

Q.142

I 2 3| «x 0
(A+31)X=|2 4 —6| y|=|0| or x+y+z=0. The rank of the matrix is 1. Therefore,
-1 2 31|z 0
the system has two linearly independent solutions. Taking z = 0,y = 1, we get eigenvector as
[2, L O]T , and taking y = 0, z = 1, we get eigenvector as [3, 0, I]T. Thus the matrix P is

given by
1 2 3 1 2 3

P=|2 1 O|and P'=|-2 4 6 |and P_IAPzdiag(S, -3,-3).
-1 0 1 1 2 5

Investigate the values of u and A so that the equations
2x+3y+52=9, Tx+3y—-2z=8, 2x+3y+Az=u, has (i) no solutions (ii) a unique solution

and (iii) an infinite number of solutions. 8)
Ans.
2 3 5|« 9
We have |7 3 2|/ y|=| 8| . The system admits of unique solution if and only if, the
2 3 Az Y7,
2 3 5
coefficient matrix is of rank 3. Thus |7 3 -2/=15(5—A)# 0. Thus for a unique solution
2 3 A
A #5 and p may have any value. If A =5, the system will have no solution for those values of p
2 35 2 35 9
for which the matrices A=|7 3 —2|and k=7 3 —2 8 |are not of the same rank. But A
2 35 2 35 u

is of rank 2 and K is not of rank 2 unless p=9. Thus if A =5 and p # 9, the system will have no
solution. If A =5 and p=9, the system will have an infinite number of solutions.

Find the power series solution about the point x, = 2 of the equation y”+(x—1)y"+y =0.

an
Ans:

The power series can be written as y(x) = Zcm (x—2)" . Substituting in the given equation,

m=0

we get im(m—l)cm (x=2)"" +[(x—2)+1]i me, (x—2)"" + icm (x=2)"=0
m=2 m=1 m=0

2, 46+, Y mm=1)e, (=2 43 (m+ e, (= 2)" + Y me, (=2 =0

m=3 m=1 m=2

136



AE01/ACO01/ATO1 MATHEMATICS-I

Q.143

Q.144

Q.145

2e, +¢,+ ¢+ Y [(m+2)(m+1)c
m=1

coefficients of successive powers of x to zero, we get
(Cm+1 + Cm)
(m+2)

+(m+1)c,, +(m+1)c, ] (x=2)"=0. Setting the

m+2 m+1

2c,+¢,+¢,=0,c¢,,,=— ,m=1, where c,, c,are arbitrary constants. We obtain

1 1 1
c, = _E(Cl +c¢,), €= —g(c1 +c,)= —g(c1 —¢,)s--.. The power series solution is

Express f(x)= x* +2x’ —6x” +5x—3in terms of Legendre Polynomial. S

Ans:
As 1=P,(x), x=P(x), x* :§(2P2(x)+1):%(2}’2(x)+PO(x))

X’ =%(2P3(x)+3Pl(x)), x* =%(8P4(x)+2OPz(x)+7P0(x))

f(x)— (8P(x)+28P(x) 120P,(x) +217 P (x) ~168P,(x))

Express J,(x) in terms of J,(x) and J,(x) . 8)

Ans:
We know Jn(x)zzi(Jn_l(x)+]n+l(x)) ie. J,M(x)—ﬁJ (x)=J,,(x)
n

Putting n=1, 2, 3, 4 successively, we get J,(x) = g J,(x)=J,(x)
X

J3(x)=£J2(x)—J1(x) ]4(x)=§]3(x)—J2(x) Jy(x)= —J ,(x)=J,(x) Substituting the
X

values, we get J,(x) = [384 2 }J( )+ { 192}1( )
X x

4

0, -1<x<0

Iff(x):{x 0<x<l ShOWthatf(x)——P(x)+ P(x)+ > P(x) 3 P(x)+—— (8)

Ans:
As f(x)= ZCHPH()C) . Then ¢, is given by

c, = (n +%j :[ f(X)P (x)dx = (n +%j IxPn (x)dx, thus c, = (%j j xP)(x)dx = % ,

0 -1

137



AE01/ACO01/ATO1 MATHEMATICS-I

Q.146

Q.147

G =%,cz =%, c;=0,¢,=— 332 hence f(x)=— Po(x)+ P(x)+ > P (x)— 3 P (x)+—--
Find the extreme value of the function f(x,y,z) = 2x + 3y + z such that x*+y°=5 and x + z =1
®)
Ans.
We have the auxiliary function as
F,.=2+2Ax+4,=0, F,=3+24y=0; F,=1+4,=0 - (1,2,3)
Using (3) in (1) we get x = —1/(2/11) - @)
Using (2) we get y=——— ---—- (5).
g@2)weget y= 5 21 &)
Using Equations(4) and (5)in x*+y°>—-5=0 we get 4, ==+ For A, = we arrive at the
\/_ J_
following point.
For the extremum, ?)F ?)F %—F =0, givesx=-1/(24) and y=-3/(24) substituting in
X y Z

1 1
(x* +y*=5)=0, we get 4, =+— For A =— , we get the point
y get 4 > A NGl g p

V2o 2 2442 1
x,y,2)=|—,-3—, and f(x, v,z =1-5+2 For 4 =——— we get the point
(x,¥,2) ( 5 R f(xy,2) A 77 vee p
(xX,y,2) = £3£ 2-\2 and f(x,y,2)=1+5\2
2 2 2
) 1
) (x+ y)sin , x+y#0 ) )
Show that the function f(x,y)= x+y is continuous at (0,0) but its
0, x+y=0
partial derivatives of first order does not exist at (0,0). 8
Ans.
) 1
As |f(x,y)—f(0,0)| =[{(x+ y)sm(x+ y] < |x+ y| S|x|+|y| <2y +yH)<e

If we choose & <§then | (x,y)—0| < & whenever 0</(x* +y*)< &
Therefore( 1)1rr(10 0 f(x,y)=0= f(0,0) Hence the given function is continuous at (0,0). Now at

f(Ax,O)_f(O’ 0)
Ax

(0,0) £.(0,0)= EII% = lim sin (ij does not exist. Therefore f; does not exist

Ax—0
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Q.148

Q.149

at (0,0). Similarly £ (0,0) = lim F0,49)~ 70,0 = lim sin 1 does not exist. Therefore f.
Y Ay—0 Ay Ay—0 Ay ¥

does not exist at (0,0).

Evaluate the integral H I zdxdydz, where T is region bounded by the cone
T

x”tan” @+ y” tan® = z* and the planes z=0 to z=h in the first octant. 8)
Ans.
The required region can be written as

0<z< \/x2 tan” @+ y’ tan” B, 0< y<\/h* —x’ tan’ & cot 8,0 < x < hcotar thus
(\jhz—xztanza)cotﬂ

heota

J= .[ .[ %(xztan2a+y2tan2,8)dy x. Let xtan & = hsin @
0 0
cot B7 ., ., 1., h'r
J:T I {h sin 0(hcosl9)+§h cos H}hcotacosedé?: 16 cotacot
0

Show that the approximate change in the angle A of a triangle ABC due to small changes

da, ob, Oc in the sides a, b, ¢ respectively, is given by 5A:%(§a—5bcosc—5ccos B)

where A is the area of the triangle. Verify that 0A+ 0B+ 0C =0 8)
Ans.
For any triangle ABC, we have under usual notations
2 2 2 2 2 2 2 2 2
2cosA =2 T T 5 sB= T T S sc AT =
bc ac ab

Differentiating the first of the above, we get
bef2bdb +2c8 —2aa}— (> + > —a* fp&e + c b}
b*c’
3 &{szc —b’c—c’+ azc}+ {Zbc2 —b*—c’b+ azb}& —2abcoa
- b’c’
[(bzc -+ azc)ﬂ? + (bc2 -b*+ azb)& - 2abc5a]

2 2
b’c

22, 2 2, .2 32
_ 2a{b c +a }&4_2(1{(1 +c”—b }&_(&1)261

—2sin AdA =

B E 2ab E 2bc E

= %[cosC&+cosB§c—5a]
c

a

Or A= [6u—cos COb —cos Boe]

bcsin A
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A= % [6u— b cosC—&ccosB] (- 2A=besin A) QED (Ist part)

éB=i[&—5ccosA—§acosC]
2A

&:L[&—&COSB—&COSA]
2A

Adding the above three expressions for A, dB,0C we get
0A+0B+6C=0

o’u N o’u o’u

150 If x+y=2¢’cosg and x— vy ="2ie’ sing Show that — =
Q y ¢ y ¢ YT xy oxdy

®)

Ans.
It is given that

x+y=2e’ cosp,x—y=2ie’ sinp
Adding x = e°"?, subtracting y = e
a—u=a—u.£+a—u.a—y=eg”“’a—u+e€_i“’a—u
060 Jdx d6 ox 06 ox dy
du ou du d 0 0

— =X—+y—=—=X—+y—

00 Jdx “dy 90 Ix "9y
O ds by gy
0p OxJd¢ dyd@ ox dy

‘82u+82u: xi+ i xa—u+ % +i xi— ii)c%— %
7207 9 Tax Tay )\ Tax Yoy ax oyl Tax oy

. Ju
Alternative operate — operator on —
dy ox

Q.151 Using the method of variation of parameter method, find the general solution of differential
equation y”+16y=32sec2x 8)

Ans.

The characteristic equation of the corresponding homogeneous equation is m’+16=0. The
complementary function is given by y=Acos4x + Bsindx where y;= cos4x and
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Q.152

Q.153

y,= sindx are two linearly independent solutions of the homogeneous equation. The Wronskian
is given by

oy -

we=|", Tl=4 Am=-] 325eC2USINAY / _ cos2xte,
o n

B(x) = [223EC2XCOSIN 4 gin2x—41Infsce 2+ tan 24+,

(P.I = A(x)cos4x + B(x)sindx; where A(x) and B(x) are given by A(x) as above.
Also sindx=2sinxcosx and cosdx= 2cos’2x -1)
y=c,cosdx+c,sin4x+8cos2x—4sin 4x1n|sec 2x+tan 2x|

Find the general solution of the equation y”—4y +13y=18¢""sin3x. 8)

Ans.
The characteristic equation of the homogeneous equation is m” —4m+13=0. The roots of the
equation are m = 2+3i , 2-3i . The complementary function is y_(x)=e**(Acos3x+ Bsin 3x)

y,(x)= 182; (2" sin3x)=18¢>* - ! sin 3x
D" —-4D+13 (D+2)"-4(D+2)+13

= 18¢™ 719 sin3x (a case of failure)
+

= 18.e2".x$ sin 3x =18xe”" %(_ 0035 3xj =-3xe”* cos3x.

Thus y(x) = C.F. + P.L.
y(x) = e**(Acos3x + Bsin 3x)—3xe* cos3x .

3 2
d’y +5x° 4y

dy 2
+5x—+y=x"+Inx. (8
b dx? dx Y ®)

Find the general solution of the equation x’

Ans.
2 dzy

> =
X

d . .
Put x=¢' ie t=logx, xd—ysz, X D(D—-1)y. Thus the given equation becomes
X

{D(D-1)(D-2)+5D(D-1)+5D+1} y=e*+10r(D’+2D*+2D+1)y=¢*+1  which is a
linear equation with constant coefficients. It’s A.E. is

1—1iix/§

m +2m* +2m+1=0=>m=—1,

2
Thus C.F. = (¢, cos(/3/2)t +¢, sin(\/3/2))e™"? +c,e”", and
PIL= - ,} (@ +) = 112

D +2D"+2D+1 21

Thus y = (c, cos(\/g/ Dt+c, sin(\/g I2)t)e™? +ce” + %ez’ +1-2
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Thits y =—= (¢, cos(+/3/2)In x+¢, sin(3 /2)In 1) +Z 4 —— > +1n x—2
\/; x 21
Q.154 Solve (1+ y*)dx =(tan™' y—x)dy 8)
Ans.

x _tan"'y

dx S .
The equation can be written as —+ which is linear equation

dy (+y) (+y)

LIS -1
I.F.=ej”’2d) ™ Thus xe™ _,[tlan e Vdy+e, x=tan" y—1+ce™
+y

Q.155 The set of vectors {x;, X}, where x; = (1,3)T, Xy = (4,6)T is a basis in R”. Find a linear

transformations T such that Tx; =(-2,2,-7)" and Tx, = (-2,-4,-10)" 8)
Ans.

a b\ (a b | 2| (a, b 4 -2
Let the matrix A=|a, b,|,|a, b, L} =2 |la, b {6} =| —4

a, b, ) \a, b, =7| \a; b, -10
a, +3b, =-2; 4a,+6b, =-2
a,+3b,=2; 4a,+6b, =—4
a,+3b, =-7; 4a,+6b, =-10
Solving the above system of equations we get
a,=1b =-l,a,=4,b,=2,a,=2,b, =3
Thus

1 -1
A=|—4 2
2 3
3 1 -1
Q.156 Show that the matrix A is diagonalizable. A= -2 1 2 |. If, so, obtain the matrix P such
0O 1 2
that P~'APis a diagonal matrix. t))
Ans.
The characteristic equation of the matrix A is given by
3-4 1 -1
|[A-All=| =2 1-2 2 |=00rA’—64"+114-6=00or 1=1,2,3.
0 1 2-1

Eigenvector corresponding to A = 1 is the solution of the system
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2 1 —-1|l«x 0
(A—I)Xz -2 0 2 || y|=]|0].The solution of this system is [1, -1, 1]T.
0O 1 11|z 0

Eigenvector corresponding to A =2, 3 are [1, 0, I]T and [0, 1, I]T Thus the matrix P is

I 10
givenbyP=|—-1 0 1| and P"'AP=diag(1,2,3).
I 1 1

Q.157 Investigate the values of A for which the equations
(A-Dx+BA+D)y+24z=0, A-Dx+(@4A1-2)y+(A+3)z=0,

2x+@BA+1D)y+3(A-1Dz=0
are consistent, hence find the ratios of x:y:z when A has the smallest of these value. 8

Ans.
A-1 31+1 24

The system will be consistent if |[A—1 44-2 A+3 |=0 or A=0,3 Thus if A=0, x=y=z;
2 34+1 3(4-1)
For A =3, system reduces to a single equation 2x + 10y + 6z = 0.

Q.158 Find the first five non-vanishing terms in the power series solution of the initial value problem
(I=x*)y"+2xy"+y=0, y(0)=1, y(0)=1.
amn
Ans.

The power series can be written as y(x) = z ¢, (x)" . Substituting in the given equation,

m=0

i m(m—1)c,, (x)" - i m(m—-1c, (x)" + 22 mc, (x)" + i ¢, (x)" =0

2c, +¢y+3(2¢; +¢))x+ i [(m +2)(m+1)c,,, —(m* =3m—1)c,, ] (x)" =0.

m=2

Setting the coefficients of successive powers of x to zero  where ¢,, ¢ are arbitrary constants.

. 1 1 . L
We obtain ¢, = —E(co), ¢, = —E(cl).... The power series solution is

Q.159 Show that [ xJ; (x)dx = %xz EREGENAG] (5)

Ans.
Integrating by parts, we get
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2 2 2
X X , X d ,
jx]édx=7.l§—j?2.]0]0dx=?J§+J‘xJIE(xJ1)dx (asJO :_‘]1)

[ 275 (oydx = %ﬁ EREGENA]

Q.160 Show that J;,,(x)=, /i [iz (3—x%)sinx —Ecos x} t))
niw| x x
Ans.
We know Ja(x)= 2n J,(x)—J,(x) Putting n=1/2, 3/2, successively, we get
x
1 3
S, (%) = T Jip () =I5 (x) 5 J5p (1) = ;Ja/z(x) —J12 (%)
2 . 2 I
J,,(x)=,—sinx and J_,,(x)=,—cosx  Substituting the values, we  get
nrw nrx
Js,n(x) = ‘/i [%(3—x2)sinx—§cos x}
niw | x X
Q.161 Show that J; +2J} +2J; +....=1 8)
Ans.
We have to use that J; +2J+2J; +—=1 oo (1)

We know that Bessel functions J,(x), n # 0, 1, 2 --- of various orders can be derived as

x( 1
coefficients of various powers of t in the expansion of the function 62( ’] ; that is

A >, () (7,0 =11, )
= Jo<X)+(t—%jJ1<x)+(t2+%)J2(x) ----------------- )

1 -1)"
Put t=c050+isin0,—=c0s0—isin0+———(t" +%]Jn(x)+———
t t

Thus, (t +lj =2cos8, (tz +i2j =2co0s26, (t —lj =2isin @
t t t
. D" {2 cosn@ for nan eveninteger
"

2isin@, for nan odd integer
1

Using the value of r—— in (2), we get
t

"% = cos xsin @+ sin(xsin 6) = J (x) + 2i sin @, (x) +2c0s 26/, (x) +————— +-——-
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Q.162

Equating real and imaginary parts in the generating function of Bessel’s equation,
cos(xsin @) =J, +2[J,cos26+J, cos46+...]

sin(xsin @) =2[J,sin@+ J,sin36+...|

Squaring and integrating w.rt. 6  from 0 to 7 and noting that
T

j cos m@cos nfdl = j sin m@sin nfdé =0, j cos’ mOdo = j sin mOdo :% . Thus
0 0 0

0

[Jo] 7+2[1,(0] 7+2[1, (0] 7+....= [ cos’ (xsin 6)d6

2[1, 0] #+2[J,(0] #+2[J ()] 7 +....= ]Esinz(xsin 6)do

Adding, we get [7,0T +2[J, T +2[ /o] 4= [a6=1
T 0
Compute f, (0,0), f,.(0,0)for the function
3
xy
» (6, y)#(0,0)
fy)=qx+y’

0, (x,y)=(0,0)
Also discuss the continuity of  f,_, f at (0,0).
8
Ans.
For obtaining f, (0,0) and f (0,0) we need the partial derivatives f (0,0) and f (0,0).
For obtaining these derivatives we use the definition of f, and f:
f o1y f(x+0x,y)—f(x,y) = f(x,y+0y)—f(x,y)
T x>0 ox ' dy = 0 dy

f(O,A)’)_f(O,O) —

0,

1 f(AX,O)—f(0,0)
1.0.0)= lim HE2

=0.£,(0.0)= lim

Ay
. f(A )= f(0,) . y'Ax
0, = l = 1 =
A - f(x,0) x(Ay)’
(x,0)=1 =1 =0.
f} X A%I_I}() Ay A}I—l;%) [)C+ (Ay)ZJAy
A AN0)-£,0,0)

1£,(0.0) = fim 2252 -0,

£,.0,0)= lim LOI=LOO _ 0 &y e £ 0.0)# £,.(0.0).
Ay—0 Ay Ay—0 Ay
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Q.163

Q.164

Q.165

Thus fxy, fyx are not continuous at (0,0).

Find the minimum values of x*+ y®+z” subject to the condition xyz = a’ 8)

Ans.

Let F=x*+y*+7*+ ﬂ(xyz —a3) . The necessary conditions for extremum is
oF F oF

—=2x+Ayz=0, a—=2y+/bcz=0, — =27+ Axy=0, thus we get
ox dy 0z

Axyz=-2x"=-2y* =-27". . x> =y’ =z".At each of these points, the value of the given

2 2 2
X +y +z
function is x* + y* 4+ z* =3a”. Arithmetic Mean of x°, y*,z” is AM = %,

3,

the Geometric Mean of xz,yz,z2 is GM = (xzyzzz) =a". Since AM >2GM, we get

x>+ y*+z> >3a’. Hence, all the above points are the points of constrained minimum and the

minimum value of x*>+ y*>+ 2> is 3a°.

The function f(x,y)=x>—xy+y> is approximated by a first degree Taylor’s polynomial
about the point (2,3). Find a square |x—2| <0, y—3| < 0 with centre at (2,3) such that the

error of approximation is less than or equal to 0.1 in magnitude for all points within the square.

®)

Ans.
Wehave f =2x-y, f =2y-x, f.=2, f =-1 f,=2
The maximum absolute error in the first degree approximation is given by

B
|Rl|SE[|x—2|+|y—3|]2,whereB:max.Ufm £y

y—3|< 0, therefore we want to determine the value of Jsuch

]:2. Also it is given that

b b

xy

|x—2|< 0,

that|Rl|S§[5+ 8]’ <0.1,0r 46” < 0.1 or §=0.1581.

2 2 2

Find the Volume of the ellipsoid x_2+?+z_2 =1 8
a c
Ans.
x2 y2
Volume = 8(volume in the first octant). The projection of the surface z=c 1——2—? in the
a

2 2

x-y plane is the region in the first quadrant of the ellipse x—2 +% =1.
a

Thus
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¥ Vb 1-x2/¢c? X2 y2
VZSJ.J-O Cdl—y-gdydx
0

Using the transformation x = aX, y = bY, z = cZ, the desired volume can be expressed as

a Al—x*/a’ s
savc] [ [T

dXdYdZwhere X*>+Y?+Z?=1 which is a sphere of radius 1.

0
Using spherical polar coordinates X =rsin@cos¢, Y =rsin@sing, Z =rcosé.

1 m2rx 1 V4 2z
1
V =abc r*sin @drd@de = | ridr|sin@d8 | dp ==2.2mabc .
1 pelrasmate o=
Q.166 Solve the differential equation (3x2y3ey +y+ yz)dx+ (x3y3ey —xy)dy =0 3

Ans.
Here M =3x*y’e’ +y’+y*; N=x"y’e’ —xy

. . oM oON .
For the given equation to be exact — = a5 Consequently, we determine

y X
oM , d
—=9x’y%’ +3x*y’e’ +3y* +2y, N =3x*ye’ —y.
dy ox
oM oN . . . .
As a—+a—, equation is not exact. Accordingly, we determine the 1.F. by examining
y X

1 {BM aN} B 3(3)62)126y +y2+ y) 3

M dy Ox - y(3x2yzey+y2+y) y
NE 1
~.thelF.=e R =g 3ley :F.

On multiplying throughout by % and integrating (using the rule of exact) d.e. we get
y

y(x3 e’ + x)+ x =ky, where k is constant integration.

Q.167 Using the method of variation of parameters, solve the differential equation
Y +3y +2y=2e". 8

Ans.

Auxiliary equation is m* +3m+2=0=(m+1)(m+2)=0,m=—1,-2

s the CF.=Ce ™+ Cze‘z". Its P.I. is given by A(x)e ™ + B(x)e "
Using the method of variation of parameters A(x) and B(x) are given by

—2x —-x
A= re e, B=- | re e,
W (x) W(x)
Where r(x) denotes the RHS of the given differential equation i.e. r(x)=2¢" and W(x) is the

Wronskian
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W(x)=

- -2
—et =2

x —2x

2e’e

_ e—3x

Thus, A(x) =—J. dx=+2j.ez"dx=ezx +C,

and the general solution is C.F. + P.L.

2 2
y=Ce  +Ce ™ + e_x{ezx + C3}+ e_2x{—§e3x + C4} =Ce " +Ce " +e' +=e".

Q.168 Find the general solution of the equation y”+4y +3y = xsin2x. 8)

Ans.
The characteristic equation of the homogeneous equation is m” +4m+3=0. The roots of the
equation are m = -1, -3. The complementary function is y_(x) = Ae " + Be ™" .

1

_ 2x _ 2ux 2 !
PL= o Imxe™ =Ime [(D+21)" +4(D+2)+3]

21x -1 21x
=Im ¢ {1—4(1+Z)D+ ...... } x=Im ¢ {x—4(1+l)}
81—1 81—1 81—1 81—1
1

=———| 65x(8cos2x+sin2x)—188cos 2x—316sin 2x:|
4225

Thus y=Ae™ + Be™ —L[6sx(8 cos 2x +sin 2x) —188.cos 2x—316sin 2x |
4225

1 B B F’(D) 1
—F(D) xQ(x) = Hx FD) J—F(D) (/’(X)}
Here F(D)=D>+4D+3 — F'(D)=2D+4;¢(x) =sin2x
_ 4D+1 _ 8cos2x+sin2x

———————sin2x=———=sin2x=
—4+4+4D+3 16D° -1 —-65

z—sin
D +4D+3

Thus the first term of the P.I. = _6—26(8 cos2x+sin2x)

Similarly, ﬁ —i(80052x +sin2x)} = —iwcos 2x
D" —-4D+3 | 65 65 (D°+4D+3)
_ L 2D+4 G oxi=A+B
65 (D* +4D +3)
A= —i.wcos 2x = —i. (2D + 4)2(4]) +1) COS2X = LZ{SD2 +8D + 4}cos 2x
65 4D-1 65 16D -1 (65)
8

=(65y{8@4)9n2x—36mn2x+4cos2x}
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- (~65)

1 2D+4)4D+1) . 1 [8D*+18D+4] |
— > sin2x=——<y———sin2x
65 16D* -1 65

32c0s2x—36sin 2x+4cos 2x}.
(65)

Q.169 The eigenvectors of a 3 x 3 matrix A corresponding to the eigen values 1, 1, 3 are
[1,0,—1]" J0,1,=1]",[1,1,0]" .Find the matrix A. (8)

Ans.

From the eigen values 1,1,3 we write the Diagonal matrix D as
1 00

0 |; From the eigen vectors we write the Modal matrix
3

1 |; For obtaining the matrix A = PDP™', we proceed as follows

P Adjoint P Transpose of Cofactor elements matrix
P [P
I -1 -1

1 where|P|

1

0 I -1 -1
0O)-11 =—|-1 1 -1
3 3 3 3

o = O = =

1 o0 11 =1 =1
A=PDP'=—|10 1 1|-1 1 -1|=

-1 -1 0|3 3 3

[\

N |~
= SN
o A~ N
NN

2 11
=11 2 1
0 01

Q.170 Test for consistency and solve the system of equations 3
Sx+3y+7z=4,3x+26y+2z=9,7x+2y+10z=5

Ans.
The given system of equations can be expressed as
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5 3 7]x]| [4
3 262||y|=|9|orAX=B
17 210z 5

Using row transformations A can be expressed as
5 3 71x] [4

0 11-1y|=|3
0 00 Jz] [0

Which is of rank 2. The augumented matrix

5 3 7 4
0 11-13
000 O
is used of rank. Consequently, system is consistent. On solving we get
7 16 3 1 . 7 3
x=———23, y=—+—2z. where z is a parameter. Thus x=—, y=—,z=0.
11 11 11 11 11 11

0 1+2i

Q.171 Given that A=
-1+2i 0

} show that (I — A)(1 +A)™" is a unitary matrix. 8

Ans.

1 0 0 1+2i 1 1+2i
I[+A= + = ;
{0 J [—1+2i O} [—1+2i 1}

{ 1 1+2i}:1_(4l.2_1):6_

—1+2i 1

I+ A)_l _ Adj(I1+A) _ Transpose of Cofactor elements matrix

1+A] det(/ +A)

i —1-2i

T 6l1-2i 1

1 0 0 1+2i 1 —1-2i
[1-A]= - . =l

0 1| |=1+2i 0] [1=2i 1

L[ m=2a] o —1=2i) -4 -2-4]
[r=alr+a] {1—21' 1 }6[1—21' 1 }6{2—4;’ —4} M

For proving that [I— AJl+ A]" is a unitary matrix we need the transpose of the above
matrix. Consequently

1[4 —2-4i| 1] -4 2+4i o
6|2-4i —4 | 6|-2+4i —4

1 0
The product of (1) and (2) is a unitary matrix. [ = (O J .
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Q.172 Show that the transformation
V=X —X+x, y,=3x,—x,+2x;, y,=2x —2x,+3x;, is non-singular. Find the inverse
transformation. 8

Ans.
Writing the given transformation in matrix form Y = AX.

Y I -1 1]|x
v, =3 -1 2|x,|~ |A| = 2. Therefore the given matrix A is non-singular and hence the
Vs 2 =2 3| x

given transformation is also regular. Thus, X = AlY .

X, . 1 1 -1| y
X, :E =5 1 1|y
X, -4 0 2|y

Hence we arrive at the following expressions for the inverse transformation

1
X :E(yl"'yz_ys)’

1
X, =5(—5y1+y2+y3)’

Xy = (_4)’1 + 2)’3)

2 2 2 2
Q.173 If u =Af(x,y), x =rcosb, y = rsin6, then show that (a_uj + a_u = (a_uj +i2(8_uj
ox dy or r’\ 06
®)
Ans.
du_dudr udo
ox Jdr dx 00 ox
ou Ju sin@ a_u

U _osgt_Shoow 1
ox cos or r d6 )
Similarly,

ou_ouwor oude

dy drdy 96 dy

O _ ngdt o8O )
dy or r 06

Squaring (1)and (2) and adding, we get

(auf ouY z(aujz sinzé’(aujz 2sin@cos@ du Ju
— |+ = | =cos’| = | +——| = | T —
ox dy or r 00 r or 00

. 2 (aujz cosze(aujz 2sin@cos @ du du
+sin” 6] — | + +—

or Y r or 96
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(au jz 1 ( ou jz

= | — + —| —

or r*\ 08

Q.174 Find the power series solution about the origin of the equation
x*y +6xy +(6+x*)y=0.

amn
Ans.
The point x = 0 is a regular singular point. The power series can be written as

y(x)= Z ¢, (x)™" . Substituting in the given equation, we get

m=0

i (m+r)(m+r—1c, (x)"" + 62 (m+r+1Dec, ()™ + i c, (x)™"? =0
m=0

m=0 m=0

D [(m+r)(m+r+5)+6]c, ()™ +6_c,(x)""** = 0The indicial roots are r = -2, -3.

m=0 m=0

Setting the coefficients of X" to zero, we get
[(r+1)(r+6)+6] ¢, =0, For r = -2, ¢,=0 and for r = -3, ¢, is arbitrary constants. Thus the

remaining terms are Y [(m+r)(m+r+5)+6]c,(x)" +6D ¢, (x)""* =0 We obtain

m=2 m=0

i{[(m+r+2)(m+r+7)+6]c +cm}(x)'”+"+2=0. Thus
m=0

m+2

= o ,m>0.Forr=-3, czz—ﬁ,c3:_ﬁ, ________
(m+r+2)(m+r+7)+6 2

The power series solution for r = -3 is

(1) = l_x_2+x_4_ N _x_3+x_5_ _ . [cosx), (sinx
y(x)=x"1¢, TR TIE ] Tl [ k] e a3

=coy (X)) + ¢ y,(x)

m+2

For r=-2, we get ¢,=0, ¢, = —&, ¢, =0 The power series solution for r = -2
6
2 4
5k — -2 _x_ x—— =
yE(x)=x co[l 3!+5! ..... } Co Y, (X).
Q.175 Find the value of PA(2.1) . 5

Ans.
There are two ways of obtaining the value of P,(2.1)

1) Through recurrence relation

(i) Using Rodrigue’s formula

Through (i) we make use of the following recurrence relation
(4P, (X) = Qn+DxP,(X) = 1P, (X)  —emememememememeee (1)
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With P(x)=1, P(x)=x s )
Putting n = 1; we get (Using equation 1)
2P, (x)=3xB(x)—Fy(x) e (3)

For n = 2, equation (1) yields
300 = S0~ 2R00 = 2 BB () - B (0} 2800 - ()

Thus
1 2 5 5 2
P(x)==5xPBx’ —1j-=x==x"—x| =+=
2 (x) 5 x{x } 3x 2x x(6 3)
5; 3

2
Method II :Using Rodrigue’s formula

P (x) = P& (x> -1)

=¥ -2x: 133(2.1):%(5(2.1)2—3)(2.1): 20.005

2"n!dx"
d 1
P(x) =1 Pl(x):ﬁa()f—l):E.Zx:x
B S SR S AP AR 0 L S (T W SO
Pz(x)—ﬁﬁ(x 1)—8dx(2(x 1)2x)—2dx(x x)—2(3x 1)

3
Py(x) = %% %(x2 ~1f =%(5x3 ~3x)

Thus P,(2.1) = %{5(2. 1)’ -3j2.1)= %(40.005) =20.0025

Q.176 Prove the Orthogonal property of Legendre Polynomials. 8
Ans.
The orthogonality property of the Legendre’s functions is defined by the relation
! 0, m#n
[P.PMdx=3 2 e (1)
e ——,m=n
n+1

We first prove (1) form the case m # n.
Let u=P (x) and v=P (x). Thus, u and v satisfy respectively the following differential

equations:
2
(l—x)zd Z—Zuﬂ+m(m+l)u20 ............... ()
dx dx
d*v dv
1-x) == -2v—+n(n+v=0 3
( ) dx® dx ( ) 3)

Multiplying equation (2) by v and equation (3) by « and subtracting, we get

2 2
(l—x2{v%—uﬁ}—2x{v%—u§}+[m(m+1)—n(n+1)]uv=0
X X x
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d ,Y du dv
Or —|\l-x"|)v——u— ||+ (m—n)(m—n+Duv=0 -——--mmemmeem- 4
o {( )( o dxﬂ (m—n)( ) @)
Integrating equation (4) w r to x between the limits (-1) to (1) we get
1 1
(l—xz{vﬂ—uﬂj +(m—n)(m+n+1)juvdx=0 ——————————————— 4)
dx dx )| %

Thus, for m #n

[P ()P, (x)dx=0

2n+1
Above result can be proved either through Rodrigue’s formula

L d e
=7 dx“(x ) ©

Or using generating function of the Legendres polynomial, that is

( —2xt+t2)_% = Zt”Pn(x) ________________ (7)

n=0
However, we use equation (7) to prove (1) for m = n.
Squaring (7) we get

(1—2xt+2°)" =2r D el X6 e N — (8)

n=0 m=0
Interpreting (8) w.r.to x between (-1) to (+1), we get

jd— = thn [P2x)dx + Z Zt“”“ j P (X)Pa(x)dx  —eemeeeeeeeee- 9)

1 2Xt+t n=0 n=0 m=0

1
Case III; m = n; anz(x)dx =
-1

Using the orthogonality property for case m # n, we get
1 1
zi{k)g(l— 2x+10)}= Y 1" [ P (x)dx
t 5 4
1 2
or - flog(1—1) —log1+1)*} = RH.S.

Or ;{10g(1—t)—10g(1+t)} =R.H.S.

3 5
Org LA A =R.H.S.
t 3 5

t2 t4 2n
Or 2{1+§+?+____+ +——}:R.H.S.
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