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TYPICAL QUESTIONS & ANSWERS 
 

PART - I 
OBJECTIVE TYPE QUESTIONS 

 
 

Each Question carries 2 marks. 

 

Choose correct or the best alternative in the following: 

 

Q.1  The value of limit 
( ) ( ) 24

2

0,0y,x yx

yx2
lim

+→
 is 

 

    (A)  0 (B)  1 

(C)   2 (D)  does not exist 
  

 

  Ans: D 

 

Q.2  If 
22

33

xy

xy
u

+

−
= , then 

2

2
2

2

2

2
2

y

u
y

yx

u
xy2

x

u
x

∂

∂
+

∂∂
∂

+
∂

∂
 equals  

 

(A) 0 (B)  u 

(C)  2u (D)  3u 

  

  Ans: A      

Q.3  Let ( ) 22x ty,1tx,ycoseysinxy,xf =+=+= .  Then  the value of 
0tdt

df

=








 is  

   

(A) 1e +  (B)  0 

(C)  1e −  (D)  1e2 +  

 
 

  Ans: B 

Q.4  The value of ( )dzdydxzyx 222
1

0

1

0

1

0

++∫∫∫  is  

 

(A)  1  (B) 31  

(C)  32  (D)  3  
 

  Ans: A 
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Q.5  The solution of ( ) ( ) ( ) 10y,00y,0y2D2D2 =′==++  is     

(A) xsinex          (B)  xcose x−  

(C)  xsine x−       (D)  xcosex  

 

  Ans: C 

 

Q.6  The solution of ( ) 00y,xcosxtanyy ==+′  is    
 

(A) sin x (B)  cos x 

(C)  x sin x (D)  x cos x 

 

  Ans: D 

 

Q.7 . Let ( ),1,0,1,1v1 =  ( ),1,1,1,1v2 =  ( )1,1,4,4v3 =  and ( )1,0,0,1v4 =  be elements of 4R .  The set 

of vectors { }4321 v,v,v,v  is  

 

(A) linearly independent (B)  linearly dependent 

(C)  null (D)  none of these 

 

  Ans: A 

Q.8  The eigen values of the matrix 
















−

−

−

110

121

211

 are  

(A) 2,1−  and 1 (B) 0, 1 and 2 

(C) –1, –2  and 4   (D) 1, 1 and –1  
 

  Ans: A 

  

Q.9  Let 0P , 1P , 2P  be the Legendre polynomials of order 0, 1, and 2, respectively.  Which of the 

following statement is correct?   
 

(A)  ( ) ( ) ( )xP
2

1
xxP3xP 012 +=  (B) ( ) ( ) ( )xP

2

1
xxP

2

3
xP 012 −=  

(C) ( ) ( ) ( )xPxxP
2

3
xP 012 +=  (D) ( ) ( ) ( )xP

2

3
xxP

2

1
xP 012 +=  

 

  Ans: B 
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 Q.10 Let nJ  be the Bessel function of order n.  Then ( )dxxJ
x

1
2∫  is equal to     

(A)  ( ) CxxJ1 +  (B)  ( ) CxJ
x

1
1 +  

(C)  ( ) CxxJ1 +−  (D) ( ) CxJ
x

1
1 +−  

Ans: D 

 Q.11 The value of limit 
( ) ( )








−

→ x

y
tanlim 1

1,0y,x
  

    (A)  0 (B)  
2

π  

(C)  
2

π−  (D)  does not exist 

 

  Ans:  D  

 

 

Q.12  Let a function f(x, y) be continuous and possess first and second order partial derivatives at 

a point (a, b).  If ( )b,aP  is a critical point and ( )b,afr xx= , ( )b,afs xy= , ( )b,aft yy=  

then the point P is a point of relative maximum if   
 

(A)  0r ,0srt 2 >>−  (B)  0r and 0srt 2 <>−   

(C)  0r ,0srt 2 ><−  (D)  0r and 0srt 2 =>−  

 

  Ans:  B       
 

Q.13  The triple integral dz dy dx

T

∫∫∫  gives 

   (A)  volume of region T (B)  surface area of region T 

(C)  area of region T (D)  density of region T 
 

  Ans:  A 

 

Q.14  If AA2 =  then matrix A is called 

(A) Idempotent Matrix (B) Null Matrix 

(C)  Transpose Matrix (D)  Identity Matrix   
 

  Ans:  A 

 

Q.15  Let λ  be an eigenvalue of matrix A then TA , the transpose of A, has an eigenvalue as   

(A) 
λ
1

         (B)  λ+1  

(C)  λ       (D)  λ−1  
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  Ans:  C 

 

Q.16  The system of equations is said to be inconsistent, if it has   

(A)  unique solution (B)  infinitely many solutions 

(C)  no solution (D) identity solution 

 

  Ans:  C 

 

Q.17  The differential equation ( ) ( ) 0dyy,xNdxy,xM =+  is an exact differential equation if    

(A)  
x

N

y

M

∂
∂

≠
∂
∂

 (B)  
x

N

y

M

∂
∂

=
∂
∂

 

(C)  
y

N

x

M

∂
∂

=
∂
∂

 (D)  1
x

N

y

M
=

∂
∂

−
∂
∂

 

  Ans:  B 

 

Q.18  The integrating factor of the differential equation ( ) ( ) 0dxx1ydyy1x 22 =+++  is    

(A) 
x

1
 (B) 

y

1
 

(C) xy (D) 
xy

1
 

  Ans:  D 

 

Q.19  The functions 32 x,x,x  defined on an interval I, are always    

(A) linearly dependent (B) homogeneous 

(C) identically zero or one (D) linearly independent 
 

  Ans:  D 

 

 Q.20 The value of ( )xJ
1
′′ , the second derivative of Bessel function in terms of ( )xJ2  and ( )xJ1  is    

(A)  ( ) ( )xJxxJ
12

+  (B)  ( ) ( )xJxJ
x

1
12

+  

(C)  ( ) ( )xJxJ
x

1
12

−  (D) ( ) ( )xJ
x

1
xJ

12
−  

  Ans:  C 

 

Q.21  The value of limit 
( )

22

22

)0,0()y,x( yx

yxsin.x
lim

+

+
→

   is 

   (A) 0 (B) 1 

   (C) -1 (D) does not exist 

 

  Ans:  A 
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Q.22  If 
2

xye)y,x(f =  , the total differential of the function at the point (1, 2) is  

   (A) e (dx + dy) (B) e
2
(dx + dy) 

   (C) e
4
(4dx + dy) (D) 4e

4
(dx + dy) 

 

  Ans:  D 

 

Q.23  Let  







= −

y

x
tanx)y,x(u 12









− −

y

x
tany 12 , x > 0, y > 0  then 

2

2
2

2

2

2
2

y

u
y

yx

u
xy2

x

u
x

∂

∂
+

∂∂
∂

+
∂

∂
 

  equals 

   (A) 0 (B) 2u 

   (C) u (D) 3u 

 

  Ans:  B 

 

Q.24  The value of the integral ,dzdydxxyz

E

∫∫∫  over the domain E bounded by planes                       

x = 0, y = 0, z = 0, x + y + z = 1 is 

    (A) 
20

1
 (B) 

40

1
 

    (C) 
720

1
 (D) 

800

1
 

 

  Ans:  C 

 

Q.25  The value of α so that 
2yeα  is an integrating factor of the differential equation 

0dxdyxye 2

y2

=−















−

−
 is  

    (A) -1 (B)   1 

    (C) 
2

1
 (D) 

2

1
−  

 

  Ans:  C 

 

Q.26  The complementary function for the solution of the differential equation 
32 xy3yx3yx2 =−′+′′  is obtained as 

    (A) Ax + Bx 
-3/2

 (B) Ax + Bx 
3/2

 

    (C) Ax
2
 + Bx  (D) Ax 

-3/2
 + Bx 

3/2
 

 

  Ans:  A 
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Q.27  Let )1,0,0(V),1,1,0(V),0,1,1(V 321 =−=−=  be elements of R
3
. The set of vectors { }321 V,V,V  

is 

    (A) linearly independent (B) linearly dependent 

    (C) null (D) none of these 

 

  Ans:  A 

Q.28  The value of µ for which the rank of the matrix 



















−−

−µ

−µ

−µ

=

16116

100

010

001

A  is equal to 3 is 

    (A) 0 (B) 1 

    (C) 4 (D) -1 

 

  Ans:  B 

 

Q.29  Using the recurrence relation, for Legendre’s polynomial                                                             

(n + 1) )()()()( xnPxPx1n2xP 1nn1n −+ −+= , the value of P2 (1.5) equals to 

    (A) 1.5 (B) 2.8 

    (C) 2.875 (D) 2.5 

 

  Ans:  C 

 

Q.30  The value of Bessel function J2(x) in terms of J1(x) and J0(x) is 

    (A) 2J1(x) – x J0(x) (B) )x(J)x(J
x

4
01 −  

    (C) )x(J
x

2
)x(J2 01 −  (D) )x(J)x(J

x

2
01 −  

 

  Ans:  D 

Q.31  The value of the integral ,dz
1z

1zz

C 

2

∫ −

+−
 where C is the contour 

2

1
z =  is 

   (A)  i2π . (B)  iπ . 

   (C)  0. (D)  i2π− . 

  

Ans: C  

Because z = 1 is a pole for given function f and it lies outside the circle  

|z| = ½  .   Therefore, by Cauchy’s Theorem ( ) 0
C

f z dz =∫  

Q.32  If X has a Poisson distribution such that ( ) ( ) ( )6XP 904XP 92XP =+===  then the variance 

of the distribution is   

        (A) 1. (B)  -1. 
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(C)  2. (D)  0. 

   

  Ans: A 

 Because P (x = 2)  =  9 P (x = 4)  +  90 P (x = 6) 

 => 
2 4 69 90

2 4 6

m m m
m e m e m e

− − −

= +  

 => 
2 2 49

1 0
2 12 4

mm e m m−  
+ − = 

 
 

 Because m≠0, Therefore, 3m
2
 + m

4
 – 4 = 0 

 => m = 1 

 

Q.33  The vector field function F  is called solenoidal if  

   

(A) curl F =0. (B)  div F =0. 

   (C)  grad F =0. (D)  grad div F =0. 

   

  Ans: B 

A vector field F  is solenoidal if div F  = 0 

Q.34  The number of distinct real roots of  0

xsinxcosxcos

xcosxsinxcos

xcosxcosxsin

=  in the interval 
4

π
x

4

π
≤≤−  is  

   (A)  0. (B)  2. 

(C) 3. (D)  1. 

 

  Ans: D 

0

sinx cosx cosx

cosx sinx cosx

cosx cosx sinx

=  

=>    (cos x – sin x)
2
 (sin x + 2 cos x) = 0 

Its only root which lies in 
4 4 4

x is
π π π

− ≤ ≤ . 

 

Q.35  The solution of :  xcos 2cot xy 
dx

dy
=+  is  

   (A)  a2x cossin x2y =+ . (B) a x cos2x sin x2y =+ . 

(C)  a x cos2xsin 2y =+ . (D) a2x sin  xcos2y =− .  
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  Ans: A 

2y sin x + cos 2x  =  a 

 I.F. 
cos

sin sin
x

dx
xe x

∫ =  

 Therefore, the solution is given as 

cos 2
sin 2cos sin

2

x
y x x x dx c= = − +∫  

   => 2y sin x  +  cos 2x  =  a 

 

Q.36  If y log xlog
y

x
sin yxz 124 −+= −  then 

y

z
y 

x

z
x

∂

∂
+

∂

∂
 is equal to   

        (A)  
y

x
sin yx6 124 − . (B)  

y

x
logx6 4 . 

(C)  ( )
y

x
 log yx 22 + . (D)  

y

x
 log  y x6 24 . 

  Ans: A 

4 2 1sin log
x x

z x y u v
y y

−= + = +    

where u and v are homogeneous functions of order 6 and  0 respectively.  Using Euler’s 

theorem 
z z u u v v

x y x y x y
x y x y x y

∂ ∂ ∂ ∂ ∂ ∂
∴ + = + + +

∂ ∂ ∂ ∂ ∂ ∂
   =  6 u + 0 v  =   6 u. 

   

Q.37  The value of Legendre’s Polynomial, )0(P 12m+  is  

   (A)  1. (B)  -1. 

                   (C)  m)1(− . (D)  0. 

 

  Ans:  D 

By Rodrigue’s formula, 

 Pn(0) = 0  if n is odd. 

   

Q.38  The value of integral ( )∫∫ + dxdy yxxy over the region bounded by the line  y = x and the 

curve 2xy =  is  

   (A)  
21

2
. (B)  

51

2
. 

                   (C)  
56

3
. (D)  

8

1
.  
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  Ans: C 

2

2

1 1 2 2 3

0 0

( )
2 3

x

x

x

x y x

x y xy
xy x y dy dx dx

= =

+ = +∫ ∫ ∫  

1 4 6 7

0

5

6 2 3

x x x
dx

 
= − − 

 
∫    = 

3

56
 

Q.39  The value of the integral dz z
C ∫  where C is the semi-circular arc above the real axis is  

    (A)  iπ . (B)  
2

iπ
. 

   (C)  iπ− . (D)  
2

iπ
− . 

 Ans: A 

 Let z = e
iθ

 then i
z e

θ−=  

 
0

. .i i
z dz e e i d

π
θ θ θ−=∫ ∫    =  i π 

Q.40  Residue at z = 0 of the function ( )
z

1
sinzzf 2=  is  

(A) 
6

1
. (B)  

6

1
− . 

(C)  
3

2
. (D)  

3

2
− . 

 Ans: B 

Let ( ) 2 1
sinf z z

z
=  

3 5
2 1

3

3 5

1 1

3 5

z z
z z

z
z z

− −
− 

= − + − − − − − − − 
 

 
= − + − − − − − − 
 

 

Residue = coefficient of 
1 1

6z
= −  

Q.41  In solving any problem, odds against A are 4 to 3 and odds in favour of B in solving the 

same problem are 7 to 5.  The probability that the problem will be solved is  

(A) 
21

5
. (B)  

21

16
. 



AE01/AC01/AT01                                                    MATHEMATICS-I 

 

 

 

 10

   (C)  
84

15
. (D)  

84

69
. 

 Ans: B 

 P(A) = 
3

7
, P(B) = 

7

12
. Probability problem will be solved i.e. P(A∪B) 

P(A∪B) = P(A) + P(B) – P(AB) 

Because A & B are independent, So P(AB) = P(A) P(B) 

P(A∪B) = 
3 7 3 7 3 7 3

.
7 12 7 12 7 12 12

+ − = + −      
16

21
=  

Q.42  The value of the integral dy x dx ∫∫  over the area in the first quadrant by the curve 

0yax2x 22 =+−  is 

   (A)  
2

a 2π
. (B)  

3

a3

. 

(C) 
2

a 2

. (D)  
2

a 3π
. 

Ans: D 

 
3

2

aπ
  

x dxdy∫ ∫  over x
2
 – 2ax + y

2
 = 0 

=

22 2

0 0

a ax x

x

x dydx

−

=
∫ ∫

2

2

0

2

a

x

x ax x dx
=

= −∫  

2
3

22

0

2 . 2 sin 4 sin cos

a

x

x a xdx Let x a dx a dθ θ θ θ
=

= − = ⇒ =∫  

1
0, 0, 2 , .

2
when x x aθ θ π→ → → →

/ 2 3
3 4 2 3

0

3 1 1
16 sin cos 16

6 4 2 2 2

a
Thus I a d a

π π π
θ θ θ= = =∫  

Q.43  The surface ( )2abyzax2 +=−  will be orthogonal to the surface 4zyx4 32 =+  at the point 

( )2 1, 1, −  for values of a and b given by  

(A) a = 0.25, b = 1. (B)  a = 1, b = 2.5.  

(C)  a = 1.5, b = 2.         (D) 1b  ,5.2a −=−= . 

 Ans: A 

 a= 0.25, b = 1 
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Let F = ax
2
 – byz – (a + 2) = 0 

G = 4x
2
y + z

3
 – 4 = 0 

(1, 1,2)

ˆˆ ˆ2

ˆˆ ˆ2 2

axi bzj bykF

F ai bj bk−

= − −∇

∇ = − +
 

(1, 1,2)
ˆˆ ˆ8 4 12G i j k−∇ = − + +  

These surfaces will be orthogonal if 0F G∇ ⋅∇ =  

 

Also since (1, -1, 2) lies on F 

∴ a + 2b – a – 2 = 0  =>   b = 1 , thus  a = 
1

4
 

Q.44  If 
x

y
 log 

yx

yx
u

22

22

+
=  and 















−
= −

22

1

yx

xy
cosv  and if z = u + v then  

y

z
y

x

z
x

∂
∂

+
∂
∂

 equals 

(A) 4 v. (B)  4 u. 

(C)  2 u. (D)  4 u + v. 

  

Ans: C 

 Q  z = u + v 

z z u u v v
x y x y x y

x y x y x y

   ∂ ∂ ∂ ∂ ∂ ∂
+ = + + +   ∂ ∂ ∂ ∂ ∂ ∂   

 

2 y y
u x f and v g

x x

   = =   
   

 

i.e. u is homogeneous function of degree 2 and v is homogeneous function of degree 0. By 

Euler’s Theorem, 2. 0. 2
z z

x y u v u
x y

∂ ∂
+ = + =

∂ ∂
 

Q.45  The series 
( ) ( ) ( )

∞=−+− .................
! 32

x
    

! 22

x
   

! 12

x
  x  

26

7

24

5

22

3

 equals  

   (A)  ( )x
2

1J . (B)  ( )x0J . 

                   (C)  ( )x x 0J . (D)  ( )x x
2

1J . 

  

Ans: C 

16 8 12 0

4 16 4

a b b

b a b a

=> − − + =

=> = => =
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( )
( )

2

0 2
0

1
( )

2

m m

m

x
J x

m

∞

=

−  =  
 

∑Q  

( )
( )

2 1

0 2
0

2 1
. ( )

2

m m

m

x
x J x

m

+∞

=

−  ∴ =  
 

∑  

Q.46  The value of integral ( )dx xΡ x 3
3

1 

1 ∫−
, where ( )xΡ3  is a Legendre polynomial of degree 3, 

equals  

   (A)  
35

11
. (B)  0.            

        (C)  
35

2
. (D)  

35

4
.  

  

Ans: D 

 As 
( )211

1

2
( )

2 1

n

n

n

n
x P x dx

n

+

−

=
+∫  

( )241

3

3

1

2 3 4
( )

7 35
x P x dx

−

= =∫  

Q.47  For what values of x, the matrix 

















−−−−

−

−

x142

1x42

22x3

 is singular? 

    (A)  0, 3 (B)  3, 1 

   (C)  1, 0 (D)  1, 4 

   

  Ans: A 

The matrix is singular if its determinant is zero. Solving determinant, we get equations  

x(x-3)
2
=0.                    

 

Q.48  If ( ),byaxfez byax −= +  then =
∂
∂

+
∂
∂

y

z
a

x

z
b   

(A) 3 ab (B)  2 abz 

(C)  abz (D)  3 abz 

   

  Ans: B 
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Because  

  

( ) ( )

( ) ( )

2 ( )

ax by ax by

ax by ax by

ax by

z
ae f ax by ae f ax by

x

z
be f ax by be f ax by

y

z z
b a abe f ax by

x y

+ +

+ +

+

∂
′= − + −

∂
∂

′= − − −
∂

∂ ∂
∴ + = −

∂ ∂

 

Q.49  The value of the integral ( )dxdydz zyx

zx

zx

z

0

1

1

++∫∫∫
+

−−

 is 

   (A) π2 . (B)  2.  

   (C)  -2. (D)  0. 

   

  Ans: D 
1 1 2

1 0 1 0

1 1 13
2 2 2 2 3

1 0 1 10

( )
2

13
2 3 3 0

3 3

x zz x z z

z x y x z z x x z

zz

z x

y
x y z dydxdz xy zy dxdz

x
xz x z dxdz xz x z dz z dz

++

=− = = − =− = −

=− = − −

 
+ + = + + 

 

 
 = + + = + + = =  

 

∫ ∫ ∫ ∫ ∫

∫ ∫ ∫ ∫

 

 Since it is an odd function. 

 

Q.50  If 222 zyxu ++=  and ,kzjyixV
→→→

++=  then div ( ) =Vu  

   (A)  5  (B)  5u 

(C) V5  (D)  0 

   

Ans: B 
$ $

$ $

2 2 2

2 2 2 2 2 2 2 2 2 2 2 2

2 2 2

( )( )

( ) ( )

( ) 2 ( ) 2 2 ( )

5( ) 5

uv y x z xi y j zk

div uv i j k uv
x y z

y x z x y x z y z y x z

y x z u

= + + + +

 ∂ ∂ ∂
= + + ∂ ∂ ∂ 

= + + + + + + + + + + +

= + + =

$

$

 

Q.51  The solution of the differential equation ( )2
zlog

x

z
z log

x

z

dx

dz
=+  is given as    

        (A) ( ) cx1zlog 1 +=−  (B) cx1z log +=  

(C)  ( ) cex1z log =+  (D) ( ) 2cx1z log −+=   

  

Ans: A 
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Dividing by z, we get 

 
21 log (log )dz z z

z dx x x
+ = , 

 Let 1/(log z)=u, then above differential equation becomes 

 
1du u

dx x x
− = −  

 

1

1

2

1
. . .

1 1
(log ) 1

dx
xI F e

x

u u
dx c c z cx

x x x x

−

−

∫= =

∴ = − + ⇒ = + ⇒ = +∫
 

Q.52  The value of the integral ,dz
1z

1zz2

C
−

+−
∫  where C is the circle 

2

1
z =  is given as      

(A) π2  (B)  i2π  

(C)  0 (D)  i2π−  

   

  Ans: C 

The given function has a pole at z=1, which lies outside the circle C. So by Cauchy’s theorem 

integral is zero. 

Q.53  The value of the Legendre’s polynomial ( ) ( )
12n

2
dx xP xP nm

1

1
+

=∫
−

  if 

    (A)  nm ≠  (B)  nm >  

                    (C)  nm <  (D)  nm =  

   

  Ans: D 

  By orthogonal property of Legendre’s polynomial. 

   

Q.54  Two persons A and B toss an unbiased coin alternately on the understanding that the first who 

gets the head wins.  If A starts the game, then his chances of winning is  

   (A)  
2

1  (B)  
3

1  

         (C)  
3

2  (D)  
4

1   

  

Ans: C 

Probability of getting head=1/2= probability of getting tail. 
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If A starts the game, then in first chance either A wins the game, in second case A fails, B fails 

and A won the match and so on, we get an infinite series. Let HA, HB, TA, TB, denotes the 

getting of head and tails by A and B respectively. 

P(wining of A)=P(HA)+P(TATBHA)+ P(TATBTATBHA)+……. 

  =     

3 5
1 1 1

......
2 2 2

   + + + +   
   

 

 This is an infinite G.P. series with common ratio 1/4. Thus 

 P(winning of A) = 
2

1 1 2

2 31
1

2

 
 
  =
  −  

  

. 

Q.55  The value of limit 
( ) ( ) 24

2

0,0y,x yx

yx
 lim

+→
 

    (A)  equals 0. (B)  equals 
2

1
. 

   (C)  equals 1. (D)  does not exist. 

   

  Ans: D 

Let y= mx
2
 be equation of curve. As x→0, y also tends to zero. 

 
2

4 2
( , )

x y
f x y

x y
=

+
 

   =
21

m

m+
 

2

2 20 0
lim ( , ) lim

1 1x x

m m
f x mx

m m→ →
= =

+ +
, which depends on m. 

Thus it does not exist. 

   

Q.56  If xyv ,yxu 22 =−=  then 
u

x

∂
∂

 equals 

(A) ( )22 yx2

x

+
. (B)  ( )22 yx2

y

+
. 

(C)  
22 yx

y

+
. (D)  

22 yx

x

+
. 

   

  Ans: A 
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2 2

u u

u u

u = x  - y 1=2xx -2yy

v = xy 0=yx +xy

⇒

⇒
 

Eliminating uy we get 

 u 2 2
x

2( )

xx

u x y

∂
= =

∂ +
 

 

Q.57  The function ( ) 32 xyy,xf −=  has 

   (A)  a minimum at (0, 0).  

(B) neither minimum nor maximum at (0, 0).  

(C) a minimum at (1, 1).  

(D) a maximum at (1, 1). 

   

  Ans: B 

f (x, y) = y
2
 – x

3
 

fx =  - 3x
2
  = 0 , fy =  2y  = 0 

 gives (0,0) is a critical point. 

 ∆f (x, y) = f(∆x,∆y)= (∆y)
2
 –(∆ x)

3
 

  > 0 , if  (∆y)
2
 >(∆ x)

3
 

  < 0 , if  (∆y)
2
 < (∆ x)

3
 

This means in the neighborhood of (0,0) f changes sign. Thus (0,0) is neither a point of  

maximum nor minimum. 

 

Q.58  The family of orthogonal trajectories to the family ( )2kxy − , where k is an arbitrary constant, 

is  

   (A)  ( )xc
4

3
y 2

3
−= . (B)  ( )22

3
cyx −= . 

(C) ( ) x
4

3
cy

2 =− . (D)  ( )xc
2

3
y2 −= . 

   

  Ans: A 

y  = (x – k)
2
 Diff. w.r.t. x 

 y1 =  2(x – k) => y1 = 2 y  

 For orthogonal trajectories y1 is replaced by -1/y1. 

 Therefore,  -1/y1 = 2 y  
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 => 2 y dy + dx  =   0 

Integrating, we get y
3/2

 = ¾ (c-x) 

 

Q.59  Let 21 y ,y  be two linearly independent solutions of the differential equation ( ) 0yyy 2 =′−′′ .  

Then 2211 ycyc + , where 21 c,c are constants is a solution of this differential equation for     

        (A) only 0cc 21 == . (B) 0cor    0c 21 == . 

(C)  no value of 21 c ,c . (D) all real 21 c ,c .  

   

  Ans: B 

yy” – (y’)
2
 = 0 

 Because, y1, y2 are solutions 

 Therefore, y1y1” – (y1’)
2
 = 0 

   y2y2” – (y2’)
2
 = 0 

 Now  (c1y1 + c2y2) (c1y1 + c2y2)” – ((c1y1 + c2y2)’)
2
  

 = (c1y1 + c2y2) (c1y1” + c2y2”) – (c1y1’
2
 + c2y2’

2
) - 2 c1y1’c2y2’ 

 = c1
2
(y1y1” – (y1’)

2
) + c2

2
 (y2y2” – (y2’)

2
) + c1 c2 (y1 y2”+y2y1” - 2y1’y2’) 

 = 0,           if c1c2  = 0. 

 

Q.60  If A, B are two square matrices of order n such that AB=0, then rank of       

(A) at least one of A, B is less than n.  

(B) both A and B is less than n. 

(C) none of A, B is less than n.  

(D) at least one of A, B is zero. 

   

  Ans: B 

  Since A, B are square matrix of order n such that AB = 0, then rank of both A  and B is less 

than n. 

 

Q.61  A 33×  real matrix has an eigen value i, then its other two eigen values can be 

   (A)  0, 1. (B)  -1, i. 

                    (C)  2i, -2i. (D)  0, -i. 

   

  Ans: D 

  Because i is one eigen value so another eigen value must be – i.   

Q.62  The integral ( ) θ∫ d 2θsin  θ cosPn

π

0

, n>1, where ( )xPn  is the Legendre’s polynomial of degree 

n, equals 
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 (A)  1. (B) 
2

1
. 

         (C)  0.          (D)  2. 

  

Ans: C 

Let I = 
0

(cos )sin 2 , 1Pn d nθ θ θ
Π

>∫  

 Let cosθ = t.  –sinθdθ = dt 

1 1

1 1

( ) 2 2 ( ) 1I Pn t t dt Pn t t dt n
− −

= − = − >∫ ∫     

= 0   

1

1

( ) 0,m

nx P x dx if m n
−

 
= < 

 
∫Q  

Q.63 The value of limit 
2 2( , ) (0,0)

lim
( )x y

xy

x y→ +
 is 

(A) 0    (B) 1 

(C) limit does not exist  (D) -1 

 

 

Ans.: A  

 Language of the question is not up to the mark in the sense that its statement does not go with 

all the alternatives consequently, change is in order. 

The suggested change is 
2 2( , ) (0,0)

lim
( )x y

xy

x y→ +
 

either satisfies the statement given in the 

alternative (C) or assumes the value given in one of three remaining alternatives A, B and D. 

 

Q.64 If  y
u x=  then the value of 

u

x

∂
∂

 is equal to 

(A) 0    (B) 1yyx −  

(C) 1xxy −     (D) log( )yx x  

 

Ans.: B 

Since ,yu x= taking log on both sides we get log(u)=y log(x) 

11 yu y u
yx

u x x x

−∂ ∂
= ⇒ =

∂ ∂
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Q.65 If  
2 2

1sin
x y

z
x y

− +
=

+
, then the value of 

z z
x y

x y

∂ ∂
+

∂ ∂
 is  

(A) z    (B) 2z 

(C) tan(z)    (D) sin(z) 

 

Ans.: C 

 If  u(x,y) = 






+
x

y
x n , is a homogeneous function of degree n, then from Euler’s theorem 

 
y

u
y

x

u
x

∂

∂
+

∂

∂
= nu. 

 Here 
2 2

sin
x y

u z
x y

+
= =

+
 = 







+=








 +









+

x

y
x

x

y
x

x

y
x

1

1
2

2
2

is a homogeneous function of degree 1.  

 Therefore .1=
∂

∂
+

∂

∂

y

u
y

x

u
x  u = sin z 

 From u = sin z; 
x

z
z

x

u

∂
∂

=
∂
∂

.cos , .cos
y

z
z

y

u

∂

∂
=

∂

∂
 

∴  
sin

tan
cos

z z z
x y z

x y z

∂ ∂
+ = =

∂ ∂
 

Q.66 The value of integral 
2

1 2

0

x

x

xy dx dy

−

∫ ∫ is equal to 

(A) 
3

4
    (B) 

3

8
 

(C) 
3

5
    (D) 

3

7
 

 

Ans.: B 

22

21 2 1 1

2 3 2 5

0 0 0

1 1
(4 4 )

2 2

xx

xx

xy dx dy xy dx x x x x dx

−−

 = = + − − ∫ ∫ ∫ ∫
1

4 3 6
2

0

2 3

8 3 12 8

x x x
x
 

= + − − = 
 

 

 

Q.67 The differential equation of  a family of circles having the radius r and the centre on the x-axis 

is given by 

(A) 2 2 21 ( )
dy

y r
dx

 + = 
 

  (B) 2 2 21 ( )
dy

x r
dx

 + = 
 

 

(C) 2 2 21 ( )
dy

r x
dx

 + = 
 

  (D) 2 2 2 2( ) 1 ( )
dy

x y r
dx

 + + = 
 

 

 

Ans.: A 
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Let (h,0) be centre on x-axis. Thus eq. of circle is 2 2 2( )x h y r− + =  

Differentiating, w.r. to x, we get 02)(2 =+−
dx

dy
yhx  

Eliminating h between ( ) 222
ryhx =+−  and 

dx

dy
yhx −=−  

We get 22

2

2 ry
dx

dy
y =+








. 

Q.68 The solution of the differential equation 
2

2
0

d y
y

dx
+ = satisfying the initial conditions y(0)=1, 

y(π/2) = 2 is  

(A) y = 2cos(x) + Sin(x)  (B) y = cos(x) + 2 sin(x) 

(C) y = cos(x) + Sin(x)  (D) y = 2cos(x) + 2 sin(x) 

 

 

Ans.: B  

On solving the differential equation 
2

2
0

d y
y

dx
+ =

 , 
we get  y = Acosx + Bsin x, Since 

y(0)=1, 1, ( ) 2 2.
2

A y B
π

⇒ = = ⇒ = Thus,  y = cos(x) + 2 sin x 

 

Q.69 If  the matrix 
1 0 0 1 cos sin

, ,
0 1 1 0 sin cos

A B C
θ θ

θ θ
     

= = =     − −     
 then 

(A) C=Acos(θ) – Bsin(θ)  (B) C=Asin(θ) + Bcos(θ) 

(C) C=Asin(θ) – Bcos(θ)  (D) C=Acos(θ) + Bsin(θ) 

 

 

Ans.: D  

cos sin 1 0 0 1
cos sin cos sin

sin cos 0 1 1 0
C A B

θ θ
θ θ θ θ

θ θ
     

= = + = +     − −     
 

 

Q.70 The three vectors (1,1,-1,1), (1,-1,2,-1) and (3,1,0,1) are 

(A) linearly independent  (B) linearly dependent 

(C) null vectors   (D) none of these. 

 

Ans.: B 

Let a,b,c be three constants such that a(1,1,-1,1)+b (1,-1,2,-1) +c(3,1,0,1)=(0,0,0,0).  

This yields a + b + 3c = 0, a – b + c = 0, -a + 2b = 0, a – b + c = 0. 

On solving, we get a = 2b = -2c → b = - c. Since a, b, c are non-zero, therefore three vectors are 

linearly dependent. 

 

Q.71 The value of 

1

3 4

1

( ) ( )P x P x dx
−
∫ is equal to 
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(A) 1    (B) 0 

(C) 
2

9
    (D) 

2

7
 

Ans.: B  

1

1

0

( ) ( ) 2

2 1

m n

if m n

As P x P x dx
if m n

n
−

≠
=
 =

+
∫  

 

Q.72      The value of the integral 2

1
( )J x dx

x∫
 is  

(A) 1

1
( )J x c

x
+   (B) 1

1
( )J x c

x
− +  

(C) 1

1
( )J x c

x
− +   (D) 1( )J x c+  

 

Ans.: C  

1
( ) ( )v v

v v
As x J x dx x J x c− −

+ = − +∫ . Here v=1. 

Q.73 The value of limit 
2( , ) (0,0)

lim
( )x y

x y

x y→

+

+
 is 

(A) limit does not exist (B) 0 

(C) 1   (D) -1 

 

Ans.: A  

Consider the path y = mx
2
 As (x,y)→(0,0), we get x →0. Therefore 

( )yx

yx
Lt

yx +

+
→ 2)0,0(),(

 which depends on m. Thus limit does not exist. 

 

Q.74      If  
y

u x=  then the value of 
u

y

∂

∂
 is equal to 

(A) 0   (B) log( )yx x  

(C) 1xxy −    (D) 1yyx −  

 

Ans.: B  

 Since ,yu x= taking log on both sides we get log(u)=y log(x) 

11 yu y u
yx

u x x x

−∂ ∂
= ⇒ =

∂ ∂
 

 

Q.75      If  
1 1

sin n
x y

u ta
y x

− −   = +   
  

, then the value of 
u u

x y
x y

∂ ∂
+

∂ ∂
 is  

(A) u   (B) 2u 
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(C) 3u   (D) 0 

 

Ans.: D  

Let 
x

y
wz

y

x
vzwv

x

y

y

x
u ====→+=+= −− tan,sintansin 21

11  

Here 1z  and 2z  are homogenous functions of degree zero. 

Consequently 0coscos011 =
∂

∂
+

∂

∂
→=

∂

∂
+

∂

∂

y

v
vy

x

u
ux

y

z
y

x

z
x  

Or 0=
∂

∂
+

∂

∂

y

v
y

x

v
x ; similarly 0=

∂

∂
+

∂

∂

y

w
y

x

w
x . 

x

w

x

v

x

u

∂

∂
+

∂

∂
=

∂

∂
; 

y

w

y

v

y

u

∂

∂
+

∂

∂
=

∂

∂
 










∂

∂
+

∂

∂
+








∂

∂
+

∂

∂
=

∂

∂
+

∂

∂
∴

y

w
y

x

w
x

y

v
y

x

v
x

y

u
y

x

u
x = 0 + 0 = 0. 

 

Q.76     The value of integral 

2 3 2

2

0 1 1

xy z dx dydz∫ ∫ ∫ is equal to 

(A) 22   (B) 26 

(C) 5   (D) 25 

Ans.: B 

2 3 2 2 3 2

2 2

0 1 1 0 1 1

26 3
2. . 26

3 2
xy z dx dydz xdx y dy zdz= = =∫ ∫ ∫ ∫ ∫ ∫  

 

Q.77 The solution of the  differential equation 
2 2

( )
dy

y x a
dx

+ =  is given by 

(A) tan
y c

y x a
a

− + =  
 

 (B) tan
y c

y x
a

− − =  
 

 

(C) ( )tany x a y c− = −  (D)  ( ) tan
c

a y x y
a

 − = − 
 

 

 

Ans.: A 

Let x + y = t, Differentiating w r to x we get 

 111
2

2
22 +=→=







 −→=+
t

a

dx

dt
a

dx

dt
t

dx

dt

dx

dy
 

 Or dt
ta

ata
dxdt

ta

t
or

t

ta

dx

dt
22

222

22

2

2

22

+

−+
==

+

+
= , 

 dxdt
ta

adt
=

+
=

22

2

1
;  integrating we get 

 cx
a

t

a
at +=− −12

tan
1

→ cx
a

yx
ayx +/+

+
=+/

−1
tan  
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 Or c
a

yx
ay +

+
= −1

tan  or yx
a

cy
a +=

−
tan .  

 

Q.78 The solution of the differential equation 
2

3

2
3 2

xd y dy
y e

dx dx
− + =  is  

(A) 2 31

2

x x x
y ae be e= + +  (B) 2 31

2

x x x
y ae be e

− −= + +  

(C) 
2 31

2

x x x
y ae be e

−= + +  (D) 
2 31

2

x x x
y ae be e

−= + +  

 

Ans.: A  

The solution of differential equation 
2

3

2
3 2

xd y dy
y e

dx dx
− + = is given as C.F.  

2x xy ae be= +  P.I. = 3 3

2

1 1

( 3 2) 2

x xe e
D D

=
− +

 
2 31

2

x x x
y ae be e= + +  

In writing the C.F. we have used the roots of the auxiliary equation 023
2 =+− mm  

i.e.  m = 1, 2. For writing the P.I we have used axax e
af

e
Df )(

1

)(

1
= ; 0)( ≠af   

 

Q.79 If 3x+2y+z= 0, x+4y+z=0, 2x+y+4z=0, be a system of equations then 

(A) system is inconsistent    

(B) it has only trivial solution 

(C) it can be reduced to a single equation thus solution does not exist 

(D) Determinant of the coefficient matrix is zero. 

 

Ans. B 

34 0A = ≠ , then system has only trivial solution. 

 

Q.80 If λ is an eigen value of a non-singular matrix A then the eigen value of A
-1

 is  

(A) 1/ λ   (B) λ 

(C) -λ   (D) -1/ λ 

 

Ans. A By definition of A
-1

. 

 

Q.81 The product of eigen value of the matrix 

1 0 0

0 3 1

0 1 3

A

 
 = −
 

−  

 is  

 (A) 3   (B) 8 

(C) 1   (D) -1 

 

Ans.: B 
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 ( )2

1 0 0

0 3 1 (1 ) 3 1 0

0 1 3

A I

λ

λ λ λ λ
λ

− 
   − = − − = − − − =
   

− −  

Eigen values are 1,2,4.  

Thus product = 8. 

 

Q.82 The value of  the integral 2

1( )x J x dx∫ is  

(A) 
2

1( )x J x c+   (B) 
2

1( )x J x c− +  

(C) 2

2 ( )x J x c+   (D) 2

2 ( )x J x c− +  

 

Ans.: C 1( ) ( )v v

v v
As x J x dx x J x c− = +∫ . Here v=2. 

 

Q.83     If  ( ) ,u f y x=  then  

(A) 0
u u

x y
x y

∂ ∂
− =

∂ ∂
 (B) 0

u u
x y

x y

∂ ∂
+ =

∂ ∂
 

(C) 2
u u

x y u
x y

∂ ∂
+ =

∂ ∂
 (D) 1

u u
x y

x y

∂ ∂
+ =

∂ ∂
 

 

Ans.: B  

Since ( ) ,u f y x=  is a homogeneous function of degree 0. Thus by Euler’s theorem 

0
u u

x y
x y

∂ ∂
+ =

∂ ∂
. 

 

Q.84      If  cos , sinx r y rθ θ= = , then the value of 
( , )

( , )

x y

r θ
∂

∂
 is  

(A) 1   (B) r 

(C) 1/r   (D) 0 

 

Ans.: B 

 
cos sin( , )

sin cos( , )

x x

rx y r
r

y y rr

r

θ θθ
θ θθ

θ

∂ ∂
−∂ ∂ ∂= = =

∂ ∂∂
∂ ∂

 

 

Q.85     The value of integral 

2

0 0

( )

x

x y dx dy+∫ ∫ is equal to 

(A) -4   (B) 3 

(C) 4   (D) -3 

 

Ans.: C 
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2 2 22
2

0 0 0 00

3
( ) 4

2 2

xx
y

x y dx dy xy dx x dx
 

+ = + = = 
 

∫ ∫ ∫ ∫  

 

Q.86     The solution of  differential equation 
2dy y

x
dx x

+ =  under condition y(1)=1 is given by 

(A) 34 3xy x= +   (B) 44 3xy x= +  

(C) 44 3xy y= +   (D)  34 3xy y= +  

 

Ans.: B  

 The given differential is a particular case of linear differential equation of first order 

 )()( xQyxP
dx

dy
=+ . Here 

2
)(,

1
)( xxQ

x
xP ==  

 xeeeFI
x

dx
xPdx ====
∫

∫ log

1

.. . Multiplying throughout by x, it can be written as 

 
3

)( xxy
dx

d
= ; Integrating w.r. to x we get 

 C
x

xy +=
4

4

; Given y(1) = 1; 
4

3

4

1
1 =→+=→ CC  

 
4

3

4

4

+=∴
x

xy  or 34 4 += xxy  which is alternative B. 

Q.87     The particular integral  of the differential equation 
2

2

2
sin

d y
a y ax

dx
+ =  is  

(A) cos
2

x
ax

a
−   (B) cos

2

x
ax

a
 

(C) cos
2

ax
ax−   (D) cos

2

ax
ax  

 

Ans.: A 

 P.I. ax
aD

sin
1

22 +
 is a case of failure of 

)(

sin
sin

)(

1
22 af

ax
ax

Df −
= ; 0)( 2 =−af  

 In such cases ax
a

x
ax

D

x
ax

Df

x
ax

Df
cos

2
sin

2
sin

)(
sin

)(

1
2

−==
′

= . 

Q.88      The product of the eigen values of  

1 0 0

0 3 1

0 1 3

 
 − 
 − 

 is equal to 

(A) 6   (B) -8 

(C) 8   (D) -6 

 

Ans.: C 
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( )2 2

1 0 0

0 3 1 (1 ) 3 1 (1 )( 6 8) 0

0 1 3

λ

λ λ λ λ λ λ
λ

− 
   − − = − − − = − − + =   
 − − 

. 

The eigenvalues are 1,2,4. Thus product of eigen values = 8. 

 

Q.89      If 
0 1 2 1

2 1 1 0
A
   

=   − −   
then matrix A is equal to  

(A) 
2 1

0 0

 
 
 

  (B) 
0 1

2 1

 
 − 

 

(C) 
2 1

1 0

 
 − 

  (D) 
2 1

1/ 2 1/ 2

 
 − − 

 

 

Ans.: D 

 

1
0 1 2 1 2 1 0 1

2 1 1 0 1 0 2 1
A A

−
       

= ⇒ =       − − − −       
 

  
2 1 1/ 2 1/ 2 2 1

1 0 1 0 1/ 2 1/ 2

     
= =     − − −     

 

 

Q.90      The value of 

1

1

( )
m

n
x P x dx

−
∫  (m being an integer < n) is equal to 

(A) 1   (B) -1 

(C) 2   (D) 0 

 

Ans.: D  

 Using Rodrigue formula dxxPx n

m
)(

1

1

∫
−

 can be expressed as  

 [ ] nmxD
n

m nmn

n

m <=−− −
−−

,0)1(
!2

!
)1(

1

1

21
 

  

Q.91      The value of the  1 2 ( )J x−  is  

(A) ( )2 cosx xπ   (B) ( )2 sinx xπ  

(C) ( )1 cosx xπ   (D) ( )2 cos xπ  

 

Ans.: A 

 
1 2 2 4

1 2
1 2

( ) 1 .....
1 2 2.3.4

2 ( )
2

x x x
J x

−

−
−

 
= − + − = 

 Γ
( )2 cosx xπ . 
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PART – II 

NUMERICALS 
 

 Q.1 Consider the function f (x, y) defined by 

( )
( ) ( ) ( )

( ) ( )







=

≠
+

+
=

.0,0y,xif,0

;0,0y,xif,

yx

1
sinyx

y,xf 22

22

 

   Find ( )0,0fx  and ( )0,0fy .   

   Is ( )y,xf  differentiable at (0, 0)?  Justify your answer.     (8) 
  

  Ans: 

   









=

≠
+

+
=

),(),(,

),(),(,sin)(
),(

00yx0

00yx

yx

1
yx

yxf 22

22

 

 

   The partial derivatives are 

 

   

                                      0.             

k

1
sinklim             

k

)0,0(f)k,0(f
lim  (0,0)f

0             

                          
h

1
sinhlim

h

)0,0(f)0,h(f
lim)0,0(f

0h

0h
y

0h

0h
x

=

=

−
=

=

=

−
=

→

→

→

→

 

   Therefore,   df = 0        { }dyfdxfdfas yx +=  

   Let   dx = r cosθ       dy = r sinθ                          

   rdydx 22 =+=ρ∆ )()(  

   

                                 0.                      

r

1
sinrlim                      

r

)sinr  ,cos r(f
lim

dff
lim

0r

0r0

=

=

θθ
=

ρ∆

−∆

→

→→ρ∆

 

   ∴  f(X,Y)  is differentiable. 
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Q.2  Find the extreme values of ( ) 22 zxy2xz,y,xf ++=  subject to the constraints of  (x, y, z) = 

2x + y =0 and h(x, y, z) = x + y + z = 1  (8)   

  

   Ans: 

          Consider the Auxiliary function 

         
)1()2(2),,( 21

22 −+++++++= zyxyxzxyxzyxF λλ
 

    For the extremum, we have the necessary conditions 

    

-(5)---                01-zyx          

-(4)---                        0y   2x         

     -(3)---                      

    -(2)---               

     ----

=++

=+

=λ+=
∂

∂

=λ+λ+=
∂

∂

=λ+λ++=
∂

∂

0z2
z

F

0x2
y

F

)1(02y2x2
x

F

2

21

21

 

    From (4)  we get    y = -2x. 

    Taking   y = -2x in (1),  we get  -2x + 2λ1 + λ2 = 0         -----------(6) 

    (2) & (6)  implies    3λ1 + 2λ2 = 0         -----------(7) 

    From  (5)   x + y = 1- z.  putting this in (1), we get 2 – 2z + 2λ1 + λ2 = 0    ----(8) 

    (3)  and  (8)  implies  2λ1 + 2λ2 = -2         -----------(9) 

    (7)  and  (9)  implies  λ1 = 2, λ2 = -3                

    ( )

1x2y

2

1

2

1
x

2

3

2
z

21

2

−=−=

=λ+λ
−

=

=
λ−

=

                                        

    

    The point of extremum is  

  

   

          The extremum value is                                                                                 

      

 

Q.3   Find all critical points of ( ) ( ) 2
x2x422 e yxy,xf ++=  and determine  relative extrema at 

these critical points.    (8) 

 








 −
2

3
,1,

2

1

2

3

4

6

4

9
1

4

1

2

3
1

2

1
f ==+−+=







 − )(,,
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  Ans: 

 

         

0x2x21or0xeither0

x2x21xe2

xe2x44ex0xfand

0y0yxf

y2eyxf

x2ex44eyxyxf

2

2x2x4

x2x4x2x42
x

y

x2x4
y

x2x4x2x422
x

2

22

2

22

=++=⇒=

++=

++=

=⇒=

=

+++=

+

++

+

++

)(

)(),(

),(

),(

.).()(),(

  

   ∴∴∴∴ The only critical point is (x, y) = (0, 0)                     

   

2)0,0(f

e2)y,x(f

20200)0,0(f

e)x44(x2e2

e)x44)(yx(e)yx(4)y,x(f

yy

x2x4
yy

xx

x2x4x2x4

x2x4222x2x422
xx

2

22

22

=∴

=

=+++=∴

+++

++++=

+

++

++

 

                                                         

 

                   

 

   
.continuous are  theyand

 order two of sderivative partial has function   theas f(x, y)ff yxxy =

 

   

minimum. local ofpoint  a is 0) (0, 

04fff           

and0200f    Now

000f

                          4x)(4y.e2f

2
xyyyxx

xx

yx

x2x4
yx

2

∴

>=−

>=

=

+==∴ +

)(

),(

),(

 

 

Q.4  Find the second order Taylor expansion of ( ) 










 += y1

2
xsiny,xf  about the point ( )2,0 π . 

   (4) 

  Ans: 

 

   ))1((sin),( 2 yxyxf +=  
   Second  order Taylor expansion of   f (x, y) is 
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(

                          )b,a(f)by)(ax()b,a(f
2

)by

)b,a(f
2

)ax(
)b,a(f)by()b,a(f)ax()b,a(f)y,x(f

xyyy

2

xx

2

yx

−−+
−

+

−
+−+−+=

 

   

])cos[()(])sin[(),(

])sin[()(),(

)(])cos[(),(

])sin[(])cos[(),(

])cos[(),(

y1xx2xy21xy1xyxf

y1x1xyxf

1xy1xyxf

y1xyx4y1xy2yxf

xy2y1xyxf

222
xy

222
yy

22
y

2222
xx

2
x

++++−=

++−=

++=

+−+=

+=

                

   

000
2

,0

1
2

sin
2

,0

000.
2

,0

0
2

,0

0
2

,0

1
2

sin
2

,0

=+−=








−=−=








=−=








=








=








==






∴

π

ππ

π
π

π

π

ππ

xy

yy

xx

y

x

f

f

f

f

f

f

 

   

                                           

2

22

2
y1)y,x(f

)1(
2

y0.
2

x
0.

2
y0.

1

x
1)y,x(f








 π
−−=∴

−






 π
−++







 π
−++=

 

 

Q.5  Change the order of integration in the following double integral and evaluate it :  

dxdyex xy2
1

y

1

0

∫∫ .   (4) 

 

  Ans:    

 

   The region of integration is given by  y ≤ x ≤ 1     and   0 ≤ y ≤ 1. 

   Hence, it is bounded by  the straight lines x= y and x = 1 between y = 0 and y = 1. 
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                                   y 

           x = y 

        y = 1  

 

 

 

 

     y = 0           0                 x 

    x = 1 

 

     To find the limits of integration in the reverse order, we observe that the region is  

      Also given by       0 ≤ y ≤ x   and  0 ≤ x ≤ 1                                            

   Hence, 

    

                                      
2

2e

2

1

2

1e

dxx
2

dt
edxxdxex

dx1exdx
x

e
x

dxdyexdxdyex

dydxex

1

0

1

0

t
1

0

x
1

0

x
1

0

x

0

xy1

0

2

1

0

x

0

xy
1

0

2xy
x

0

2

1

0

xy
1

y

2

2

2

−
=−

−
=

−=−=







 −=












=














==

∫∫∫∫

∫∫

∫ ∫∫∫

∫ ∫

 

 

Q.6  Solve the differential equation 3xyy
dx

dy
=+ .  (4) 
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   Ans: 

   

                             x2z2
dx

dz
  Therefore,

z2 x 2                    

y2 x 2                    

yxyy2

dx

dy
y2

dx

dz
Then      

                          y  zation     transform theTake

q(x)y p(x)y   yin 

3 k   and x    q(x)    1p(x)ith Equation w Bernoulli is This

xyyyorxyy
dx

dy

2

33

3

2-

k

33

−=−

+−=

+−=

−−=









−=

=

=+′

===

=+′=+

−

−

−

)(

 

   This is linear equation of 1
st
 order 

   I.F. = x2dx2
ee −∫− =  

   Solution is 

   .. cdxex2ez x2x2 +∫−= −−  

   ce
2

1
xeze x2x2x2 ++= −−− . 

   Therefore   x2

2
ce

2

1
x

y

1
z ++==    is the solution. 

 

Q.7  Solve the differential equation ( ) 0dy1yx3dx
x

1y 2121

21

23

=−+
+

.  (6)  

   Ans:    

   

-(1)---13
1

let  2/12/1

2/1

2/3

−=
+

= yxNand
x

y
M

 

   

2

1

2

1

2

1

2

1

2

3

2

3
yx

x

N
andxy

y

M −−
=

∂
∂

=
∂
∂

 
 

                                      Hence  the  equations is exact.   

 

                   

x

N

y

M

∂
∂

=
∂
∂
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   ( )

( )       -(2)---           2x            2

1

y1y

ydxx1y

)y(Mdx)y,x(f

2

3

2

1

2

3

ϕ+















+=

ϕ+















+=

ϕ+=

−

∫

∫

 

   
),(),(  relation    theFrom yxNyxf y =
 

  ∴  From  (1)  and   (2)   above,   we get 

   13)(3 2

1

2

1

12

1

2

1

−=+ yxyyx ϕ  
   Therefore,    ϕ(y) = -y + c                                   

   Therefore, 

                                   .0cy)1y(x2 2

3

2

1

=+−+  

 

Q.8  Find the general solution of the differential equation xlnx2y4yxy2x =+′+′′  by method of 

undetermined coefficients.                                   (6)
     

  Ans: 

   

-(1)---                therefore,

                       

       get we       tion,transforma the Taking

z

2

2

2

2

22

2
z

z

ze2z4
dz

yd

dz

dy

dz

yd

x

1

dx

yd
and

dx

dy
e

dz

dy

,ex

=+














−==

=

 

   So the linearly independent solutions of the homogeneous equation are   

                                            z2sin)z(,z2cos)z( 21 =ϕ=ϕ  

   The particular solution 

    By the method of undetermined coefficients, the particular solution is in the form     

y(z) = c1e
z
 + c2z

 
e

z
                                             

   

z
2

z
21

z
2

z
2

z
21

z
2

z
21

z
2

z
2

z
1

zece)c2c(

zecece)cc(y

zece)cc(

eczecec)z(y

++=

+++=′′

++=

++=′   and

 

    Substituting in the equation(1), we get 



AE01/AC01/AT01                                                    MATHEMATICS-I 

 

 

 

 34

 
zzz zezececc 25)25( 221 =++   

              -(2)---     
25

4-
  c    and        

5

2
   c 1 2 .==∴  

  Hence  the general solution  

    

  
arbitrary. are  c , c  and  (2)by given    c , c  where 4321  

  y = c3 Sin2z + c4 Cos2z zz ze
5

2
e

25

4
+  

  y = c3 Sin2(logx) + c4 Cos2(logx) )log.( xx
5

2
x

25

4
+− . 

 

Q.9  Find the general solution of the differential equation 323 xy2yx2yxyx =−′+′′−′′′ . 

   (9) 

  Ans: 

   This is Cauchy’s homogeneous linear equation. 

   Putting x = e
t
, .)(, y1DD

dx

yd
xDy

dx

xdx
2

2
2 −==  

   Then given equation becomes (D(D – 1)(D -2) – D(D-1) + 2D – 2)y = e
3t

.  

   which is linear equation with constant coefficients. 

   A.E. is 02D5D4D 23 =−+− . 

   => D = 1, 1, 2. 

   t2
3

t
21 ecetccFC ++=∴ )(.. . 

   t3

23
e

2D5D4D

1
.I.P

−+−
= . 

          = t3e
4

1
. 

   

                          x
4

1
    x c  ln x  x c  x   c    y(x)

is solution    general    theHence

32
3 2 1 +++=

 

 

Q.10  Show that the eigen values of a Hermitian matrix are real.   (7) 

 

  Ans: 

  A.matrix      theofr  eigenvecto  ingcorrespond    thebe  x  and  eigenvaluean    be  Let  λ  
  We have  Ax = λx.         Premultiplying by        ,  we  get 

                           
xx

Axx
)or(xxAxx

T

T
TT =λλ=  

 

 

2z cos  c  2zsin   c  e z  c   e  c  y(x) 43
z

2
z

1 +++=

T
x

T
x
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  The denominator        x   is always real and positive. Therefore the behaviour of λ is  

             determined by      Ax.                                            

   

( )

.realis
xx

Axx

isAxx

Axx)xAx(xAxxAxAxx

T

T

T

TTTTTTT

           Hence

                                            real.  

  Now,

             .A    A  A,  matrix  Hermitian  a  For T

=λ

∴

====

=

 

 

 Q.11 Using Frobenius method, find two linearly independent solutions of the differential equation 

( ) ( ) 0y3yx1yx1x2 =−′++′′+ .  (10) 

 

  Ans: 

   The point x = 0 is a regular singular point of the equation. 

   

∑ −++=′′

∑ +=′

≠∑=

∞

=

−+

∞

=

−+

∞

=

+

0m

2rm
m

0m

1rm
m

0
0m

rm
m

x1rmrmcxy             

xrmcxy     Then,

                   0cxc    y(x)Let   

))(()(

)()(

.,

 

   [ ]

[ ]      (1)---  2

2

implies  0yy2x3y-yxy2x

0m

0m

2

0x)rm(c)1rm)(rm(c

xc3)rm(c)1rm)(rm(c

1rm
mm

rm
mmm

=++−++

−++−++

=′+′′+′+′′

−+
∞

=

+
∞

=

∑

∑  

   The lowest degree term is the term containing   x
r-1

. 

   Setting this coefficient to zero,  we get 

   

                                                2/1,0r

0)1r2(r

0rr20c

0]rr2r2[c

0rc)1r(rc2

2
0

2
0

00

=⇒

=−⇒

=−⇒≠

=+−⇒

=+−

 

   (1)    may be written as 

               { } 0c1r2m21rmc31r2m2rmx 1mm
0m

rm =+++++−−++∑ +

∞

=

+
)])([(]))([(  

∴ For  m  ≥  0,  we  get 

T
x
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                           .c
)1r2m2)(1rm(

]3)1r2m2)(rm[(
c m1m ++++

−−++−
=+  

   when    r = 0 

           

.
)12)(1(

]3)12([
1 mm c

mm

mm
c

++
−−−

=+
  

                

       -]--- xx31xyget        we1cwhen   

xx31cxyccc
32

311
c

c
1

3
c

2
10

2
010132

2
12

01

++==

+++===
−−

=

=

[)(,

....][)(,.
.

).(
.

 

    when    r = ½   

     

( )

                                   1.cforx],[1x

x1xcxy    Hence

0      -----   ccc    Therefore

0c

4
2

5

33
ccc

c

2m2
2

3
m

3m2
2

1
m

c

0

2

1

02

543

1201

m1m

2
1

=+=

+=

====

=
−−

==

+







+









−








+−

=+

][)(

.

][
,

 

 

Q.12  Solve the following system of equations by matrix method:  (6) 

   

0z2yx     

2z6yx2   

1z2y           

4z14y3x5

=++

=++

=+

=++

   

 

  Ans: 

                                         



















=

0211

2612

1210

41435

]b|A[  
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↔

41435

2612

1210

0211

RR 41  

   144133 R5RRR2RR −→−→ ,   



















−

−

4420

2210

1210

0211

 

   



















−
−→

0000

2210

1210

0211

R
2

1
RR 434  

   



















+→

0000

3400

1210

0211

RRR 233  

           Therefore    rank(A|b)  =  rank(A)  =  3 

       So   System admits unique solution.                                 

    Now the resultant system is 

    4z = 3   =>   
4

3
z =  

    y + 2z = 1    =>   
2

1
y −=  

    x + y +2z = 0    =>  x = -1.  

        

                  
4

3
    z       

2

1-
   y      1,-    x            

is solution         theHence

.===

 

  

Q.13  Express the polynomial 6xx3x6x7 234 −+++  in terms of Legendre polynomials.     

     (8)  

  Ans: 

   ),()(),()(,)(, x3x5
2

1
xP1x3

2

1
xPxxP1P  have  we 2

3
2

210 −=−===  

    )()( 3x30x35
8

1
xP 24

4 +−= . 

   writing various powers of x in terms of legendre polynomials. 
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)(

))((

)(

)()(

)()(),(),(

024

0024

2
4

4

133
3

022
2

10

P7P20P8
35

1

P3PP210P8
35

1

                                                       3x30P8
35

1
x

P3P2
5

1
x3P2

5

1
x

PP2
3

1
1P2

3

1
xxPxxP1

++=

−++=

−+=

+=+=

+=+===

 

   Now, 

       
( ) 010213024

234

P6PPP2
3

3
P3P2

5

6
P7P20P8

35

7

6xx3x6x7

−++=++++=

−+++

)()(
 

        

                      P
5

18
P

5

23
P6P

5

12
P

5

8

P6PP
5

7
PP

5

18
P2P4P

5

12
P

5

8

01234

000112234

−+++=

−+++++++=
 

 

Q.14      Let αJ  be the Bessel function of order α .  Show ( ) x
x

x
xJ    

2

x
23 cos

sin
−=









 π
.                                          

    (8) 

  Ans:  

       

                            

xxx

       

642

.......
7.5.4.3.2

x

2.3.5

x

3

x

......
!5

4
x

6

2
x

.....
!7

1

!6

1

!5

1

!4

1

!3

1

!2

1

.......
!4

x

!2

x
1.......

!5

x

!3

x
x

x

1

xcos
x

Sinx

642

42

4253

−+−=

+×−×=

−






 −+






 −−






 −=














−+−−














−+−=

−

 

   Now  we  know  that 
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r
2

3
1r

2

x
1

2

x
xJ

2

x

0r

r2
2

3

r

2
3 ∑









++Γ









−

π
=

π ∞

=

+

!

)(

)(   

   = ∑

+








−
π

∞

=

++

0r

r2
r

2

5
rr

2

x
1

2
1

2
3

.

)(

.  

   = 
( )

∑

+

−
π

∞

= +

+

0r 2r2

1r2r

2

5
rr2

x1

..

)(
.  

   =  





















−−−+−π

2

9
22

x

2

7
2

x

2

5
2

x

6

6

4

4

2

2

...

 

   .......
......

−+−=
75432

x

532

x

3

x
 

642

 

   = xCos
x

xSin
− . 

 

Q.15  If A is a diagonalizable matrix and f (x) is a polynomial, then show that f(A) is also 

diagonalizable.   (7) 

 

  Ans: 

   

                              PAPAPP.APPD

a...AaA)A(f  Now,

       D    APP  such  that  Pmatrix    a  exists  There

a...xax)x(flet    

21112

n

1n

1

n

1-

n

1n

1

n

−−−

−

−

==

+++=

=

+++=

 

        by  induction, we may  show that 

   

   )(...)( DfaDPAfP    Therefore, n
n1 =++=−

 

   Since   D is a diagonal matrix, f(D) is also diagonal. 

   Thus f(A) is diagonalizable. 

  

 

           n,......2,1kPAPD k1k == −
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Q.16. Let
















=

321

020

123

A .  Find the matrix P so that APP 1−  is a diagonal matrix.  (9)   

   

   Ans: 

   Eigen values are 

   

016208

321

020

123
23 =+−+−=

−

−

−

λλλ
λ

λ

λ

 
   Therefore     λ = 2, 2, 4 are Eigen values . 

   Eigen values corresponding to  λ = 2  is 

   















−

+














−

=














 −−

=
















∴

=++

















=
































1

0

1

x

0

1

2

x

x

x

xx2

x

x

x

0xx2x

0

0

0

x

x

x

121

000

121

32

3

2

32

3

2

1

321

3

2

1

 

   The eigen vectors are (-2 1 0) 
T
  and  (-1 0 1) 

T  

                 Eigen vector  corresponding to  λ = 4  is 

   
















=
































−

−

−

0

0

0

121

020

121

3

2

1

x

x

x

 

   

312

321

2

321

xxand0x

0xx2x

0x2

0xx2x

==

=−+

=−

=++−

 

   ∴   The  eigen vector  is  (1 0 1)
T 

                                               

                       

110

001

11-2-

    P   matrix  The

















=  

 

 Q.17 Show that the function  

   ( ) ( ) ( )

( ) ( )







=

≠
+

+
=

0,0y,x,0

0,0y,x,
yx

yx

y,xf

22
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   is continuous at (0, 0) but its partial derivatives xf  and yf  do not exist at (0, 0).  

   (8) 

  Ans:  We have 

   

|y||x|
|y||x|

|]y||x[|

|y||x|

yx
)0,0(f)y,x(f

222

+<
+

+
≤

+
+

=−

 

   
<∈+≤ 22 yx2

 

       thatfindwe,2/Taking <∈δ  

       
δ<+<<∈− 22 yx0r      wheneve|0)y,x(f|

 

       

)0,0(f0)y,x(flimTherefore
)0,0()y,x(

==
→  

       Hence the given function is continuous at (0, 0) 

   Now at (0, 0),  we have 

   




<∆−

>∆
=

∆
∆

=
∆

−∆
=

∆

∆

→∆→∆→∆ 0xwhen1

0xwhen1

x

x
lt

x

00f0xf
lt

x

f

0x0r

x

0x ,

,

||

),(),(
lim  

   Hence limit does not exist. Therefore fx does not exist at (0, 0). 

   Also at (0, 0),  the limit 

   




<∆−

>∆
=

∆
∆

=
∆

−∆
=

∆

∆

→∆→∆→∆ 0ywhen1

0ywhen1

y

y

y

00fy0f

y

f
lt

0y0y

y

0y ,

,

||
lim

),(),(
lim  

   Hence limit does not exist at (0, 0). 

    

Q.18  Find the linear and the quadratic Taylor series polynomial approximation to the function 

( ) yx4y3x2y,xf 233 −+=  about the point (1, 2).  Obtain the maximum absolute error in 

the region 01.01x <−  and 1.02y <−  for the two approximations.  (8)   

   

  Ans: 

   
4)2,1(f;y8x12)y,x(f

32)2,1(f;x4y9)y,x(f

10)2,1(f;xy8x6)y,x(f

18)2,1(f;yx4y3x2)y,x(f

xxxx

y
22

y

x
2

x

233

−=−=

=−=

−=−=

=−+=

 

   
36)2,1(f;y18)y,x(f

8)2,1(f;x8)y,x(f

yyyy

xyxy

==

−=−=

 

   
18)y,x(f;0)y,x(f

8)y,x(f;12)y,x(f

yyyxyy

xxyxxx

==

−==

 
   The linear approximation is given by 
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)32)(2y()10)(1x(18

)]2,1(f)2y()2,1(f)1x[()2,1(f)y,x(f yx

−+−−+=

−+−+=

 
   Maximum absolute error in the linear approximation is given by 

   
[ ] [ ] B00605.0)1.0()01.0(

2

B
2y1x

2

B
|R|

22
1 =+≤−+−≤

 

   
[ ]

1.02y,01.01x

regiongiventheinf,f,fmaxBwhere yyxyxx

<−<−

=
 

   
[ ] 92.44|2y|8|1x|12max

4)2y(8)1x(12maxy8x12maxfmaxNow xx

=+−−−≤

−−−−=−=

 

   
8.37]36)2y(18max[y18maxfmax

08.88|1x|8max8)1x(8maxx8.maxf.max

xy

xy

≤+−==

=+−≤+−=−=

 

   23.0|R|and8.37|B|Hence 1 ≤=  
   The quadratic approximation is given by 

   
)].2,1(f)2y()2,1(f)2y)(1x(2)2,1(f)1x[(

2

1

)]2,1(f)2y()2,1(f)1x[()2,1(f)y,x(f

yy
2

xyxx
2

yx

−+−−+−+

−+−+=

 

   ])2y(9)2y)(1x(4)1x[(2)2y(32)1x(1018 22 −−−−+−−−+−−=  
   The maximum absolute error in the quadratic approximation is given by 

   

33
2 )11.0(

6

B
|]2y||1x[|

6

B
|R| ≤−+−≤

 

   

004.0)11.0(
6

18
|R|

18]18,0,8,12max[

|]f||,f||,f||,fmax[|Bwhere

3
2

yyyxyyxxyxxx

=≤∴

==

=

 

   

 Q.19 Find the shortest distance between the line x210y −=  and the ellipse 1
9

y

4

x 22

=+ .        (8)  

 

   Ans: 

   Let (x, y) be a point on the ellipse and (u, v) be a point on the line and the ellipse is the 

square root of the minimum value of  

   
22 )vy()ux()v,u,y,x(f −+−=  

   Subject to the constraints 

   010vu2vu01
9

y

4

x
yx 2

22

1 =−+=ϕ=−+=ϕ ),(,),(  
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                  ]10vu2[1
9

y

4

x
)vy()ux(),,v,u,y,x(Flet 2

22

1
22

2 −+λ+











−+λ+−+−=λλ  

   

)()(

)(

)()(

)()(

vy2or0vy2
v

F

uxor02ux2
u

F

yv9yor0
9

y2
vy2

y

F

xu4xor0
2

x
ux2

x

F

22

22

11

11

−=λ=λ+−≡
δ
δ

−=λ=λ+−≡
δ
δ

−=λ=λ+−=
δ
δ

−=λ=λ+−=
δ
δ

 

   
)vy(2uxandx)yv(9y)xu(4

getwe,inatinglimE 21

−=−−=−

λλ
 

   Dividing we get 8y=9x. Substituting in ellipse we get  

            5

9
y,

5

8
xor1

64

x9

4

x 22

±=±==+
 

                     

                  u = 2v – 2. 

 

   Substituting in the equation of line 2u + v –10 = 0, we get  

 

   Hence an extremum is obtained when (x, y) =  

   The distance between the two points is        . 

    

   
.

5

6
v,

5

22
ugetwe,

5

9
y,

5

8
xtoingCorrespond ==−=−=

 

    

.
5

6
,

5

22
)v,u(and

5

9
,

5

8
)y,x(when

obtainedisextremumanotherHence








=






 −−=
 

   The distance between these two and pts is            . 

    

                    Hence shortest distance between line and ellipse is          . 

 

Q.20  Evaluate the double integral dxdy xy
R

∫∫ , where R is the region bounded by the x-axis, the 

line y = 2x and the parabola ay4x2 = .   (8) 

   

   Ans: 

 

   The points of intersection of the curves 

getwe,
5

9
y,

5

8
xtoingCorrespond ==

5

14
v,

5

18
u ==










5

9
,

5

8

5

53

5
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)a16,a8(and)0,0(are

a4

x
yandx2y

2

==
 

 

   The region  

 

 

            

                     
 

   We evaluate the double integrate as 

   

.a
3

2048

a192

x

2

x

dx
a16

x
x4

2

x
dx

2

xy

dxxydyxydxdyI

4

a8

0
2

64

a8

0
2

4
2x2

a4
x

a8

0

2

a8

0

x2

xR

2

a4/2

=−=














−==














==

∫∫

∫ ∫∫∫

 

 

 Q.21 Evaluate the integral ( ) ( ) ,dxdyyxcosyx 22

R

+−∫∫  where R is the parallelogram with 

successive vertices at ( )0,π , ( )ππ,2 , ( )ππ 2,  and ( )π,0 .  (8) 

 

  Ans: 

   The region R is given in figure 

 

( )












≤≤≤≤













= a8x0,x2y

a4

x
;y,xR

2
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   The equations of the sides AB, BC, CD and DA are respectively 

   x – y = π, x + y = 3π, x – y = -π, x + y = π. 

   Let y – x = u, y + x = v. Then   -π ≤ u ≤ π and π ≤ v ≤ 3π 

   

2

1

vu

yx
J

2

uv
y

2

uv
xobtainwe

2
1

2
1

2
1

2
1

v
y

u
y

v
x

u
x

−===
δ
δ

=

+
=

−
=

−

δ
δ

δ
δ

δ
δ

δ
δ

),(

),(

,

 

   2

1
J =

 

    

.

cos

cos

)(cos)(

3

dvvduu
2

1

dudvvu
2

1

dxdyyxyxI

4

3
22

22
3

2

R

2

π
=

∫∫=

∫∫=

+∫∫ −=∴

π

π

π

π−

π

π−

π

π
 

 

Q.22   Show that ( ) ,1.........JJ2J
2

2
2

1
2

0 =+++ where ( )xJn  is the Bessel function of thn  

order.   (8)  

 

                  Ans: 

       We know that 

            
( ) 1

1n1n
1
nn

2
1n

2
n JJ2JJ2JJ

dx

d
+++ +=+

 

            

.

)(

1nn
1

1n

1nn
1
n

J
x

1n
JJ

JJ
x

n
xJand

++

+

+
−=

−=
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( )






 +
−=








 +
−+







 −=+

+

++++

2
1n

2
n

1nn1n1nnn

12
1n

2
n

J
x

1n
J

x

n
2

J
x

1n
JJ2JJ

x

n
J2JJThus

 
   Substituting  n=0, 1,2, …………..adding we get 

   
( )( ) 0......JJ2J

12
2

2
1

2
0 =+++

 

   ( ) CJJ2JgIntegratin 2
2

2
1

2
0 =+++ ......  

   
1cthus.0n,0)0(Jand1)0(Jcesin,0xlet n0 =>===

 

           
.1.......)JJ(2J 2

2
2
1

2
0 =+++∴

 
      

Q.23  Show that ( ) ( ) ( ) ( )









=
+

+

≠

=′′−∫
− nm if,

1n2

1nn2

nm if
0

dxxP  xPx1 nm
2

1

1

. (6)  

               

  where ( )xPk  are the Legendre polynomials of order K. 

 

  Ans: 

    

   Integrating by parts 

   

( )( )

( )( )

( )[ ]

0P)1m(mxP2P)x1(

is)x(PBut

.dxxP2Px1P0

dxPx1
dx

d
PPP)x1(

dxPPx1dxPP)x1(

m
'
m

"
m

2

m

1
m

11
m

2
n

1

1

1
m

2
n

1

1

1

1

n
1
m

2

1
n

1

1

1
m

21
n

1
m

1

1

2

=++−−

−−−=

−−−=

−=−

∫

∫∫

∫∫

−

−−

−−

Hence  equation.  slegendre'  of    solutionthe  

 

   ∫∫
−−

+−=−∴
1

1

mn
2

1

1

'
n

'
m

2 dxPP)1m(m)1(dxPP)x1(  

   Now by orthogenality property, we have 

   

                                

nmif0dxPPx1
1

1
nm

2 ≠=∫ −∴
−

'')(
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   If m = n    dx1xD1xD
n2

1
dxxP n2nn2

1

1

n

2n

1

1

2
n )()(

)|(
)( −−∫=∫

−−
 

                                      = dx1xn2
n2

1 n2
1

1
2n

n

)()(|
)|(

)(
−∫

−

−
. 

                                      = .cos
)|(

|.
θθ∫

π

+ d
nn2

n22 2

0

1n2

2
 

                                      = 
2n

2n

n2

n2

1n2

2

)|(

)|(
.

+
. 

   
1n2

1nn2
dxxPPx1 nm

1

1

2

+
+

=′′∫ −∴
−

)(
)()( ,   m = n.   

 

Q.24  Find the power series solution about x =2, of the initial value problem   

   ( ) ( )
e

1
2y 0,2y 0,yy4y4 =′==+′−′′ . Express the solution in closed form.                  (10) 

   

  Ans: 

   We have 

   

]yy4[
4

1
yget      we  times)2m(atingDifferenti

]yy4[
4

1
y  have    weequation,given      theFrom

.......)2(y
2

)2x(
)2('y)2x()2(y)x(y

2m1m(m)

'"

"
2

−− −=−

−=

+
−

+−+=

 

   Putting x = 2,  we get 

   [ ] ,......,,)()()( 32m2y2y4
4

1
2y 2m1mm =−= −−  

   get    we,
e

1
)2(y  and  0y(2)    vlaue  theusing =′=  

   
e

1
0

e

4

4

1
)2('y' =








−=  

   [ ]
e4

3

e

1

e

4

4

1
)2(y)2(y4

4

1
)2(y 111''' =








−=−=    
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( )
2

2x

2
2x

e
e

2x

e2x
e

1
                

2

22x

2

2x
1

e

2x

e4

3

3

2x

e

1

2

2x

e

1
2xxyThus

2

32

−

−

−
=

−=












+

−
+

−
+

−
=

+






−
+






−
+−=

.

.)(

...
)/)((

.....
)()(

)()(

 

 

 Q.25 Solve the initial value problem 0y6y11y6y =−′+′′−′′′  y(0) = 0, ( ) 10y =′ , ( ) 10y −=′′ . 

   (8) 

  Ans: 

   A.E. is 

   06m11m6m 23 =−+−  

   m = 1, 2, 3. 

   x3
3

x2
2

x
1 ecececy ++= . 

   y(0) = 0 

   => 0ccc 321 =++  

   y' (0) = 1 

   =>  1c3c2c 321 =++  

   y" (0) = -1 

   =>  1c9c4c 321 −=++ . 

   Thus  
















−

=
































1

1

0

c

c

c

941

321

111

3

2

1

 

   ~     
















−

=
































4

1

0

c

c

c

200

210

111

3

2

1

 

   Solving 2c5c3c 321 −==−= ,, . 

   Thus solution of initial value problem is x3x2x e2e5e3y −+−= . 

 

Q.26  Solve 
2

3

2

2
2

x1

x
y

dx

dy
x

dx

yd
x

+
=−+ .   (8) 

   

  Ans: 

   Let  x = e
t
. 
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   (D(D – 1) + D – 1)y = 
t2

t3

e1

e

+
. 

   A.E.  m
2
 – 1 = 0. 

                    m = ±  1. 

   C.F.   
x

c
xc 2

1 + . 

   P.I.   =  












+− t2

t3

2 e1

e

1D

1
 

            = 
t2

t3

e1

e

1D

1

1D

1

2

1

+








+
−

−
 

            = 











∫

+
−∫

+
− dt

e1

e
e

e1

dte
e

2

1
t2

t4
t

t2

t2
t  

            = ( ) ( ) ( )t2
t

t2tt e1
4

e
e1ee

4

1
+−++

−
−

log  

            = ( ) ( )22 x1
x4

1
x1

x

1
x

4

1
+−+








+ log  

   ( ) ( )[ ]1x11x
x4

1

x

c
xcy 222

1 −++++=∴ log . 

  

Q.27  Show that set of functions 








x

1
 ,x  forms a basis of the differential equation 

0yyxyx 2 =−′+′′ .  Obtain a particular solution when ( ) ( ) 21y,11y =′= .  (6) 

 

  Ans: 

   

.0yxyyx

.
x

2
y,

x

1
y,

x

1
)x(y

and.0yxyyx

and0''y,1'y,x)x(ySince

2

'

2

''

2

2

3

''

22

1

22

1

'

1

''

1

2

111

=−+

=−==

=−+

===

  

   Hence y1(x) and y2(x) are solutions of  the given equation. 

   The Wronskian is given by 

   

.1xfor0
x

2

1

x
)y,y(W

2x
1

x
1

21 ≥≠−=
−

=

 
   Thus the set{y1(x), y2(x)} forms a basis of the equation. 

   The general solution is 
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   211

21

2
12211

CC2)1(y

CC1)1(y

.
x

C
xC)x(yC)x(yC)x(y

−==

+==

+=+=

 

   

.
x

1
x3

2

1
y

C,
2

3
Cgetwe,so

2
1

21








 −=∴

−==

 
 

Q.28   Solve the following differential equations: (2×5 = 10) 

   (i)     ( ) xy2y3yxxy2 22 +=′+  

        (ii)    ( ) ( ) 0dx1y2x3dy1y4x6 =+−−+−  

 

   Ans: 

       (i) 0dy)xxy2(dx)xy2y3(isEquation 22 =+−+ , 

    M = xy2y3 2 + , 

    2xxy2N −−= . 

    x2y6
y

M
+=

∂
∂

 

    x2y2
x

N
−−=

∂
∂

 

    
x

N

y

M

∂
∂

≠
∂
∂

Q . 

        Thus, the equation is not exact and M, N are homogenous function of degree 2,    

        

I.F.an    is
)yx(xy

1

NyMx

1
Hence

+
=

+  
    Thus equation is 

    

.
)yx(

1

y

N
,

)yx(

1

y

M

0dy
)yx(y

xy2
dx

)yx(x

x2y3

22 +
=

∂
∂

+
=

∂
∂

=
+
+

−
+

+

 

    Now  M1 = 
)(

,
)( yxy

xy2
N

yxx

x2y3
1 +

+
−=

+
+

. 
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 )yx(Cyx

.Cln|y|ln|yx|lnxln3

.Cdy
y

1
dx

yx

1

x

3

isSolution

3 +=⇒

=−+−⇒

=
−

+








+
−

∴

∫∫

 
   (ii) 

    
.

1t2

1t4

1t2

)1t(2
3

dx

dt

.
dx

dt

dx

dy
23thatso,ty2x3let

.
1)y2x3(2

1y2x3

dx

dy

+
+

=
+
+

−=∴

=−=−

+−

+−
=

   
    Integrating,  we get 

    
Cxdt

1t4

1

2

1
dt

2

1
+=

+
+ ∫∫

 

    .)log(loglog C1y8x12y8x4orC2x2
4

1
t

4

1
4

4

1
t =+−+−+=








+++⇒  

    

.C
4

1
y2x3logy8x4 =







 +−+−⇒
   

 

 Q.29 Let 23 RR:T →  be a linear transformation defined by 








−

+
=

















zy

zy

z

y

x

T .  Taking 

































































1

0

1

 ,

1

1

0

 ,

0

1

1

 as a basis in ,R3  determine the matrix of linear transformation.  

    (8) 

  Ans:
 

   The given matrix which maps the elements in R
3
 into R

2
 is a 2 x 3 matrix.  

   

or
0

2

1

1

0

bbb

aaa
Therefore

1

1

0

1

1

T,
1

1

1

0

1

T,
0

2

1

1

0

T

bbb

aaa
A  ismatrix      thelet

321

321

321

321









=


































=


























−
=

























=

























=

 

0bb

2aa

32

32

=+

=+
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or
1

1

1

0

1

bbb

aaa

321

321









−
=


























 

   

or
1

1

0

1

1

bbb

aaa

321

321








=


























 
   Solving these equations, we obtain the matrix      

 

Q.30  If 

















=

010

101

001

A  then show that IAAA 22nn −+= − , for 3n ≥ .     Hence find 50A . 

   (8) 

   Ans: 

   The characteristic equation of A is given by 

   
01

0

10

11

001

IA

23 =+−−⇒

=

−

−

−

=−

λλλ

λ

λ

λ

λ

 
   Using Cayley Hamilton theorem,  we get 

                   .0IAAA 23 =+−−  

   .AAAA

.IAAA

3n2n1nn

23

−−− −=−⇒

−=−⇒

 
   Adding we get 

                   .3n,IAAAor

IAAA

22nn

2n2n

≥−+=

−=−
−

−

 

   

.)(

))((

)(

)(

)(

I2n
2

1
A

2

n
                 

IA2n
2

1
A                 

..........                 

IA2A

IAIAAAThus

2

22nn

24n

224nn

−−=

−−+=

=

−+=

−+−+=

−−

−

−

 

1bb

1aa

31

31

−=+

=+

1bb

1aa

21

21

=+

=+










−
=

110

110
A
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=

















−

















=

−=

1025

0125

001

100

010

001

24

100

011

001

25                   

I24A25AThus 250

. 

 

 Q.31 Examine whether matrix A is similar to matrix B, where  








−
=

02

55
A , 









−
=

43

21
B . 

   (8) 

  Ans: 

   The given matrices are similar if there exists an inevitable matrix P such that 

   singular.-non  is  Pther  check  whe  then  and  BP  PA  

such  that  dc,b,a,  determine  shall  we
dc

ba
Plet

BPPAorBPPA 1

=









=

== −

 

   .d4b3c5

c4a3d2c5

d2ba5

c2ab2a5or

dc

ba

43

21

02

55

dc

ba

+−=

+−=−

+=

+=−


















−
=









−








 

   .0d4c5b3

0d2ca3

0d2ba5

0c2b2a4or

=−+

=−+

=−−

=−−

 
   Solving, we get  a = 1, b = 1, c = 1, d = 2 

    

   Thus                            which is a non-singular matrix. Hence the matrices A and B  

 

   are similar. 

 

Q.32  Discuss the consistency of the following system of equations for various values of :λ  

   

λ=−+−

=+−

=−+−

4321

432

4321

x9x8x5x4

1xx4x

3x5x6x3x2

 

   and if consistent, solve it.   (8)

  

    

 









=

21

11
P
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  Ans: 

   The augmented matrix is   

 

 

    
















−−

−

−−

−→

6:1410

1:1410

3:5632

~R2RRoperatingon 133

λ
 

  
.7whenNow

RRR

7:0000

1:1410

3:5632

~ 233

≠

−→

















−

−

−−

λ

λ

 
    rank (A:B) = 3 and rank (A) = 2, hence the system is inconsistent. 

             When λ = 7, rank (A:B) = 2 = rank (A), hence consistent. 

             
3tt3x

1tt4xthen

.tx,txlet

.3x5x6x3x2

1xx4xThus

211

212

2413

4321

432

+−=

+−=

==

=−+−

=+−

  
 

Q.33 Show that for the function f(x, y) = xy , partial derivatives xf  and yf  both exist at the origin 

and have value 0. Also show that these two partial derivatives are continuous except at the 

origin.            (8) 

 

 Ans: 

 Now at (0, 0), 

 0
h

0
lim

h

)0,0(f)0,h(f
lim)0,0(f

0h0h
x ==

−
=

→→
 

 0
k

0
lim

k

)0,0(f)k,0(f
lim)0,0(f

0k0k
y ==

−
=

→→
 

 If the function is differentiable at (0, 0), then by definition 

ϕ+φ++=− *k*hk*0h*0)0,0(f)k,h(f , where φ and φ  are functions of k and h and tend 

to zero as (h, k) → (0, 0). Putting h = r cosθ, k = r sinθ and dividing by r, we get 

θϕ+θφ=θθ sincossincos 2
1

. Now for arbitrary θ, r → 0, implies that (h, k) → (0, 0). 

Taking the limit as r → 0, we get 0sincos 2
1

=θθ , which is impossible for all arbitrary θ. 

Hence the function is not differentiable at (0, 0) and consequently the partial derivatives 

yx f,f  cannot be continuous at (0, 0). For (x, y) ≠ (0, 0).  

 

 

















−−

−

−−

=

λ:   9854

1    :     1410

3:5632

]B:A[
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h

yxyhx
lim

h

)y,x(f)y,hx(f
lim)y,x(f

0h0h
x

−+
=

−+
=

→→
 

 = [ ]xhxh

xhx
ylim

0h ++

−+

→
 

 Now as h → 0, we can take x + h > 0, i.e. hx +  = x + h, when x > 0 and x + h < 0 or 

0xwhen),hx(hx <+−=+ . 

 

























<−

>

=∴

0xwhen,
x

y

2

1

0xwhen,
x

y

2

1

)y,x(fx  

 Similarly, 

 

























<−

>

=∴

0ywhen,
y

x

2

1

0ywhen,
y

x

2

1

)y,x(fy  

 which is not continuous at the origin. 

 

Q.34 In a plane triangle ABC, if the sides a, b be kept constant, show that the variations of its angles 

are given by the relation 

  
C

dC

Bsinab

dB

Asinba

dA

222222
−=

−
=

−
      (8) 

 

  Ans: 

 By the sine formula we have AsinbBsinaor
Bsin

b

Asin

a
==  

 Taking differentials on both sides, we get a cos B dB = b cos A dA. 

  )1(
AcosbBcosa

dBdA

Acosb

dB

Bcosa

dA

+
+

==⇒  

 AsinbaBsinaaBsin1aBcosa 2222222 −=−=−=  

 BsinabAsinbbAsin1bAcosb 2222222 −=−=−=  

 Also, by the projection rule in triangle ABC we have a cos B + b cos A = c, and 

A + B + C = π, we have  dA + dB + dC = 0 or dA + dB = - dC. Therefore, equation (1), 

becomes 
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c

dC

Bsinab

dB

Asinba

dA

222222
−=

−
=

−
 

 

Q.35 Find the shortest distance from (0, 0) to hyperbola 225xy8y7x 22 =++  in XY plane. (8) 

 

 Ans: 

We have to find the minimum value of x
2
 + y

2
  (the square of the distance from the origin to 

any point in the xy plane) subject to the constraint x
2
 + 8xy + 7y

2
 = 225. 

Consider the function F(x, y) = x
2
 + y

2
 + λ (x

2
 + 8xy + 7y

2
 – 225),   where x, y are 

independent variables and λ is a constant. 

Thus dF  = (2x + 2xλ +  8yλ) dx + (2y + 8xλ + 14yλ) dy 

Therefore, (1+λ) x  + 4λy = 0  and,  4λx + (1 + 7λ) y = 0. 

Thus λ = 1, -1/9. For, λ = 1, x = -2y, and substitution in x
2
 + 8xy + 7y

2
 = 225,               

gives y
2
 = - 45, for which no real solution exists. 

For λ =  -1/9,  y = 2x, and substitution in x
2
 + 8xy + 7y

2
 = 225, gives  x

2
 = 5, y

2
 = 20 and so 

x
2
 + y

2
 = 25. 

,0)2(
9

4

9

4

9

16

9

16
)71(216)1(2

2

22222

>−=

+−=++++=

dydx

dydxdydxdydydxdxFd λλλ
 

and cannot vanish because (dx, dy) ≠ (0,0).  Hence the function x
2
 + y

2
 has a minimum 

value 25. 

Q.36 Express dxdyxdxdyx

22 xa

0

a

2

a

x

0

2

a

0

∫∫∫∫
−

+ , as a single integral and then evaluate it. (8) 

  Ans: 

 Let ∫∫=
x

0

2

a

0

1 dydxxI    and      dydxxI

22 xa

0

a

2

a

2 ∫∫
−

=  

 

Let R1 and R2 be the regions over which I1 and I2 are being integrated respectively and are 

depicted by the shaded portion in fig. I.   
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As it is clear from Fig.II, R = R1+ R2 

 

                               Fig. I      Fig. II 

Thus, I = I1 + I2 =  
R

xdxdy∫∫ .  For evaluating I we change the order of integration hence the 

elementary strip has to be taken parallel to x-axis from y = x to 

2 2 2 2 2. . .y a x i e thecircle x y a= − + =  

2 22 2 2 2
2 2 2 2

0 0 0
2

a a a
a ya y a y

y y y

x
I xdxdy xdx dy

−− −    ∴ = = =  
    

∫ ∫ ∫ ∫ ∫ dy      

( )
2 3 3 3 32

2 2 2 2

0 0

1 1 2 1 2

2 2 3 2 32 2 2 3 2

a a

y a a a
a y y dy a y

   
= − − = − = − =   

   
∫  

Q.37 Obtain the volume bounded by the surface 






 −






 −=
b

y
1

a

x
1Cz  and a quadrant of the elliptic 

cylinder 1
b

y

a

x

2

2

2

2

=+ , z > 0 and where a, b > 0      (8) 

 

 Ans: 

In solid geometry 
2 2

2 2
1

x y

a b
+ =   represents a cylinder whose axis is along z-axis and guiding 

curve ellipse. Required volume is given by 

2 2

2 2
1 1 : 1

C

x y x y
V zdxdy c dxdy whereC

a b a b

  = = − − + =  
  

∫∫ ∫∫   

Let us use elliptic polar co-ordinates x = a r cosθ, y = b r sinθ, where 0 ≤ r ≤ 1,  
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dx dy = ab r dr dθ, and 
2 2

2

2 2

x y
r

a b
+ = , hence 

θθ−θ−= ∫∫

π

ddrr)sinr1)(cosr1(abcV

1

0

2

0

 

θθθ+θ+θ−= ∫∫

π

ddr]sincosr)sin(cosrr[abc 3
1

0

2
2

0

 

θ











θθ+

θ+θ
−= ∫

π

dsincos
4

r

3

)sin(cosr

2

r
abc

1

0

2

0

432

 

θ




 θθ+
θ+θ

−= ∫

π

dsincos
4

1

3

)sin(cos

2

1
abc

2

0

 

2

0

2sin
8

1
cos

3

1
sin

3

1

2
abc

π






 θ+θ+θ−
θ

=  






 −
π

=




 −+−
π

=
24

13

4
abc

3

1

8

1

3

1

4
abc . 

 

Q.38 Solve the following differential equations:       (8) 

 (i) xsiny
dx

dy
xsec +=  

 (ii)    0dy)xxlogy(secdxytanysec
x

y
=−+







 −  

 

  Ans: 

  (i)The given equation can be written as 

  cos sin cos (1)
dy

y x x x
dx

− =  

  It is linear in y, and here P =  - cos x and Q = sin x cos x.   

  Then I.F. = xsinxdxcosPdx
eee −− =∫=∫ . Hence the solution of (1) is  

  Y(I.F.) = ∫ dx.)F.I(Q  or  xdxcossixeye xsinxsin
∫

−− =  
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  Now, putting  –sin x  = t, we get   

  ce)xsin1(ce)1t(dteettdteye xsinttttxsin ++−=+−=−== −−
∫∫  

  Therefore, the solution is y = - (1 + sin x) + xsince  

            => y + 1 + sinx = ce
sinx 

  This is the required solution where c is an arbitrary constant. 

     (ii)  

  The given equation is of the form M dx + N dy = 0 where  

  

2

2

tan logcos

sec tan sec log .

1 1
sec sec tan sec , sec 1,

1 sec tan sec

, tan

sec tan

. . cos
ydy y

y
M y y and N y x x

x

M y N
y y y y y

y x x x x

N M y
y y y

x y xNow y
yM

y y
x

I F e e y
−

= − = −

∂ ∂
∴ = + − = −

∂ ∂

∂ ∂
− − − +∂ ∂

= = −
−

∫∴ = = =

 

   Multiplying the given equation throughout by cos y, we get 

  sin (log cos ) 0,
y

y dx x x y dy
x

 − + − = 
 

which is exact. 

  Therefore, the solution is  

  sin 0. , log sin
y

y dx dy c or y x x y c
x

 − + = − = 
 
∫ ∫  

  This is the required solution where c is an arbitrary constant. 

 

Q.39 Solve the following differential equation by the method of variation of parameters. 

 x2

2

2
2 exy

dx

dy
x

dx

yd
x =−+          (9) 

 

 Ans: 

First of all we find the solution of the equation 0
2

2
2 =−+ y

dx

dy
x

dx

yd
x .  

This is a homogeneous equation. Putting x = e
z 
 and 

dz

d
D = , the equation reduces to  

[D(D-1)+D-1] y = 0 , which gives D = 1, -1. 
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 Therefore, 
x

c
xcececy 2

1
z

2
z

1 +=+= − , 

Therefore, 
x

c
xcececy zz 2

121 +=+= − ,  

Writing the given equation in standard form, we get 

x
ey

xdx

dy

xdx

yd
=−+

22

2 11
      (1) 

Let  y = Ax+ B/x  be a solution of equation (1), where A, B are functions of x. Then 

x

B
xA

x

B
A

dx

dy 1
12

++−= , Choose A and B such that 01
1 =+

x

B
xA                     (2) 

Therefore, 
2

1

312

2

2

2

x

B

x

B
A

dx

yd
and

x

B
A

dx

dy
−+=−= , 

Substituting the values of y, 
2

2

dx

yd
and

dx

dy
 in equation(1), we get 

x

2
1

1
x

222
1

31 e
x

B
Ae

x

B
Ax

x

1

x

B
A

x

1

x

B

x

B2
A =−⇒=







 +−







−+








−+   (3) 

Solving equations (2) and (3), we get 

2

11
2

1

2

1
xeBandeA

xx −== . 

On integrating, we get  

bxxeBandaeA
xx ++−−=+= )22(

2

1

2

1 2 . 

Thus, the complete solution is y = Ax + B/x    

i.e. 
x

e
e

x

b
axybxxe

x
xaey

x
xxx −++=⇒







 ++−−+






 += )22(
2

11

2

1 2  

 

Q.40 Solve ( ) x2siney1D4D x22 =+−         (7) 

 

      Ans: 

The auxiliary equation is m
2
 – 4m + 1 = 0   which gives m = 2 ± √3. 

Therefore, C.F. = y = ( ) ( )x32
2

x32
1 ecec −+ + . 
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 Further P.I. = 
( )

x
DD

exe
DD

xx 2sin
1)2(42

1
2sin

14

1
2

22

2 ++−+
=

+−
 

 
( ) ( )

.2sin
7

1
2sin

32

1
2sin

3

1 2

2

2

2

2
xexex

D
e

xxx −=
−−

=
−

=  

 Hence, the general solution of the given equation is 

 y = ( ) ( ) x2sine
7

1
ecec x2x32

2
x32

1 −+ −+ . 

 

Q.41 Show that non-trivial solutions of the boundary value problem  

 )0(y0)0(y,0ywy 4)iv( ′′===− ,  0)L(y0)L(y =′′==  are y(x) = 






 π
∑
∞

= L

xn
sinD

1n

n , where Dn 

are constants.           (9) 

 

 Ans: 

Assume the solution to be of the form y = e
mx

 . The characteristic equation  is given 

as 
 
m

4
 – ω

4
 = 0 or ω±ω±=ω±= imorm 22 , . 

The general solution is given by 

y(x) = 
xsinDxcosCxsinhBxcoshA

xsinDxcosCeBeA x
1

x
1

ω+ω+ω+ω=

ω+ω++ ω−ω
 

Substituting the initial conditions, we get   y(0) = A + C = 0. 

[ ]xsinDxcosCxsinhBxcoshAy 2 ω−ω−ω+ωω=′′ ; 

0CAor0)CA()0(y 2 =−=−ω=′′ . 

Solving, the two equations, we get A = 0, C = 0. We also have  

;lsinDlsinhB0)l(y;lsinDlsinhB0)l(y ω−ω==′′ω+ω==  

 Adding, we obtain 2B sinh ωl = 0 or B = 0. Therefore, we obtain  

 D sin ωl = 0. Since we require non-trivial solutions, we have D ≠0.  

 Hence, sin ωl = 0 = sin nπ, n = 1,2,3,….. 

 Therefore, , 1, 2,.......
n

n
l

π
ω = = . 

 The solution of the boundary value problem is  
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,.......2,1n,
l

xn
sinD)x(y nn =







 π
=  

By superposition principle, the solution can be written as 

∑
∞

=















 π
=

1n

n
l

xn
sinD)x(y . 

 

Q.42 Show that the matrices A and A
T
 have the same eigenvalues. Further if λ, µ are two distinct 

eigenvalues, then show that the eigenvector corresponding to λ for A is orthogonal to 

eigenvector corresponding to µ for A
T
.       (7) 

 

 Ans: 

We have ( ) ( ) IAIAIAIA TTTTTT λ−=λ−=λ−=λ− , 

 Since A and A
T
 have the same characteristic equation, they have the same eigenvalues. 

 Let λ and µ be two distinct eigenvalues of A. Let x be the eigenvector corresponding to the 

eigenvalue λ for A and y be the eigenvector corresponding to the eigenvalue µ for A
T
. We 

have Ax = λx. Premultiplying by y
T 

, we get 

 AxyT = ,xyxy TT λ=λ                                            (1) 

and  ( ) ( ) TTTTTT yAyor,yyAor,yyA µ=µ=µ=  

Post multiplying by x, we get ,xyAxy TT µ=                        (2) 

Subtracting equation (1) and (2), we obtain 

.0xy)( T =µ−λ   Since λ ≠ µ, we obtain 0xyT = . 

Therefore, the vectors x and y are mutually orthogonal. 

 

Q.43 Let T be a linear transformation defined by 

 .

3

2

1

11

11
T

















=















   .

3

2

1

11

00
T

















−

−=















 

 .

3

2

1

11

10
T

















−=















   .

3

2

1

10

00
T















−

=















 

 Find  .
83

54
T 
















          (7) 
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 Ans: 

 The matrices 
1 1

1 1

 
 
 

, 
0 1

1 1

 
 
 

, 
0 0

1 1

 
 
 

, 
0 0

0 1

 
 
 

 are linearly independent and hence form a 

basis in the space of 2X2 matrices. We write for any scalars 4321 ,,, αααα  not all zero 

 







α+








α+








α+








α=









10

00

11

00

11

10

11

11

83

54
4321   

 = 








α+α+α+αα+α+α

α+αα

4321321

211
. 

 Comparing the elements and solving the resulting system of equations, we get 41 =α , 

12 =α , 23 −=α , 54 =α . Since T is a linear transformation, we get 

 

1 2 3 4

4 5 1 1 0 1 0 0 0 0

3 8 1 1 1 1 1 1 0 1

1 1 1 1 2

4 2 1 2 2 2 5 2 20 .

3 3 3 3 36

T T T T Tα α α α
                  

= + + +                  
                  

− −         
         = + − − − + =         
         −         

 

 

Q.44 Find the eigen values  and eigenvectors of the matrix 

















−

−−

−

=

342

476

268

A .   (9) 

 Ans: 

The characteristic equation of A is 0A Iλ− =  

3 2

8 6 2

6 7 4 0 18 45 0

2 4 3

( 3)( 15) 0. 0,3,15.

or

λ

λ λ λ λ

λ

λ λ λ λ

− −

⇒ − − − = − + =

− −

⇒ − − = ∴ =

 

 Thus, the eigen values of A are λ 1=0,  λ 2 = 3,  λ 3 = 15. The eigenvector X1 of A 

corresponding to λ 1=0, is the solution of the system of equations  

 

( )1

1 2 3

1 2 3

1 2 3

0, . .

8 6 2 0

6 7 4 0

2 4 3 0

A I X i e

x x x

x x x

x x x

λ− =

− + =

− + − =

− + =

 

 Eliminating 1x from the last two equations gives  2 3 2 35 5 0x x or x x− + = = .   

 Setting 1
3 1 2 1 1,

2

k
x k we get x k and x== = =  
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 Therefore, the  eigenvector of A corresponding to λ  =  0, is 1 1 1 1

1 2 1

1 2 ( 0)

1 2

X k k k

   
   = = ≠   
      

 

 Similarly for λ  =  3, we get X2   is 

 15forand0k

2

1

2

kX 222 =λ≠

















−

= )( , we get X3 as )( 0k

1

2

2

kX 333 ≠

















−= . 

 Further, since A is symmetric matrix, the eigen vectors   X1,  X2, X3 should be mutually 

orthogonal. Let us verify that  

 X1 *  X2  = (1)(2) + (2)(1) + (2) (-2) = 0. 

 X2 *  X3  = (2)(2) + (1)(-2) + (-2) (1) = 0. 

 X3 *  X1  = (2)(1) + (-2)(2) + (1) (2) = 0. 

Q.45 Solve the following system of equations: 

  3xx2x 321 =−+  

  1x2xx3 321 =+−  

  2x3x2x2 321 =+−  

  1xxx 321 −=+−          (6) 

 

 Ans: 
 The given system in the matrix equation form is AX = B;  where  

 



















−

=

















=



















−

−

−

−

=

1

2

1

3

B,

x

x

x

X,

111

322

213

121

A

3

2

1

 

 



















−−

−

−

−

=

1:111

2:322

1:213

3:121

)B:A(  ~ 



















−−

−−

−−

−

4:230

4:560

8:570

3:121

 

 (on operating R2 →  R2 - 3 R1 ,  R3 →  R3 - 2 R1 and  R4 →  R4 - R1 ) 
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 ~ 



















−−

−−

−

4:230

4:100

4:010

3:121

 (on operating R2 →  R2 - R3 and   R3 →  R3 – 2 R4 ) 

 ~ 

















 −

8:200

4:100

4:010

3:121

 (on operating R2 →  - R2  and   R4 →  R4 + 3 R2 ) 

 ~ 

















 −

0:000

4:100

4:010

3:121

 (on operating   R4 →  R4 - 2 R3 ) 

Therefore, rank (A : B) = rank A = 3 = number of unknowns, hence unique solution. To 

obtain this unique solution, we have 

(A : B) ~ 

















 −

0:000

4:100

4:010

1:001

 (on operating R1 → R1 + R3  and   R1 →  R1 - 2 R2 ) 

Therefore, the unique solution is x = -1, y = 4, z = 4. 

Q.46 Find the series solution about the origin of the differential equation 

 0y)x6(yx6yx 22 =++′+′′ .         (10) 

 

 Ans: 
 We find that x = 0 is a regular singular point of the equation. Therefore, Frobenius series 

solution can be obtained.  

 Let y(x) = 0a,xa 0
rn

0n

n ≠+
∞

=
∑  be solution about x = 0 
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 1rn
n

0n

xa)rn()x(y −+
∞

=
∑ +=′  

 2rn
n

0n

xa)1rn()rn()x(y −+
∞

=

−++=′′ ∑  

 Then given differential equation becomes 

 0xaxa6xa)rn(6xa)1rn()rn(

0n

2rn
n

0n

rn
n

rn
n

0n

rn
n

0n

=++++−++ ∑∑∑∑
∞

=

++
∞

=

++
∞

=

+
∞

=

 

 [ ] 0xaxa6)5rn)(rn( 2rn

0n

n
rn

n

0n

=+++++⇒ ++
∞

=

+
∞

=
∑∑ . 

The lowest degree term is the term containing x
r
 . Equating coefficient of x

r
 to zero, we get 

0 0[ ( 5) 6] 0 ( 2)( 3) 0, 0.r r a or r r as a+ + = + + = ≠  

The  indicial roots are r = -2, -3. Setting the Coefficients of x
r+1

  to zero, we get 

1[( 1)( 6) 6] 0r r a+ + + = . For r= -2, a1 is zero and for r = -3, a1 is arbitrary. Therefore, the 

indicial root r = -3, gives the complete solution as the corresponding solution contains two 

arbitrary constants. The remaining terms are 

[ ] 0xaxa6)5rn)(rn( 2rn

0n

n
rn

n

2n

=+++++ ++
∞

=

+
∞

=
∑∑ . 

 

Setting n-2 = t in the first sum and changing the dummy variable t to n, we get 

[ ]{ } 0xaa6)7rn)(2rn( 2rn

2n

n2n =++++++ ++
∞

=
+∑ . 

Setting the coefficient of x
n+r+2

 to zero, we get 

6)7rn)(2rn(

a
a n

2n +++++
−=+ , n ≥ 0. 

We have 
6)7r)(2r(

a
a 0

2 +++
−= , 

6)8r)(3r(

a
a 1

3 +++
−= ,…… 

For r = -3, we get 
120

a
a,

24

a
a,

6

a
a,

2

a
a 1

5
0

4
1

3
0

2 −=−=−=−= ,…… 

The solution is given by 




























−+−+














−+−= − .....

!5

x

!3

x
xa.....

!4

x

!2

x
1ax)x(y

53

1

42

0
3  

= )x(ya)x(ya)xsinxaxcosxa( 2110
3

1
3

0 +=+ −−  
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For  r = -2, we get 

,......
120

a

20

a
a,0

12

a
a,

6

a
a,0a 02

4
1

3
0

21 =−==−=−==  

Therefore, the solution is 

)x(ya...
!5

x

!3

x
xxa...

!5

x

!3

x
1xa)x(y 20

53
3

0

42
2

0
* =












−+−=












−+−= −−  

We find that the indicial root r = -2, product a linearly dependent solution. 

 

Q.47 Express f(x) = 3x5x6x2x 234 −+−+  in terms of Legendre polynomials.   (8) 

 

 Ans: 
 We know that, various powers of x in terms of Legendre polynomials can be written as 

 ),PP2(
3

1
x,x)x(P,1)x(P 02

2
10 +===  

 ),P3P2(
5

1
)x3P2(

5

1
x 133

3 +=+=  

 [ ] [ ]0024
2

4
4 P3)PP2(10P8

35

1
3x30P8

35

1
x −++=−+=  

 = [ ].P7P20P8
35

1
024 ++  

 Therefore, [ ] 010213024 P3P5)PP2(2)P3P2(
5

2
P7P20P8

35

1
)x(f −++−++++=  

 [ ]01234 P168P217P120P28P8
35

1
)x(f −+−+= . 

 

Q.48 Evaluate dx)x(Jx 4
1

∫
− , where )x(Jn  denotes Bessel function of order n.   (8) 

 

 Ans: 
 Using the recurrence relation, 

 [ ] )x(Jxdx)x(Jx)x(Jx)x(Jx
dx

d
3

3
4

3
4

3
3

3 −−−− −=⇒−= ∫  

 { } { } { }dx)x(Jxx2)x(Jxxdx)x(Jxxdx)x(Jx 3
3

3
32

4
32

4
1 −−−− −−−==∴ ∫∫∫  

 dx)x(Jx2)x(Jxdx)x(Jx 3
2

3
1

4
1

∫∫
−−− +−=  

 Using the recurrence relation, 

 [ ] )x(Jxdx)x(Jx)x(Jx)x(Jx
dx

d
2

2
3

2
3

2
2

2 −−−− −=⇒−= ∫  

 )x(Jx2)x(Jxdx)x(Jx 2
2

3
1

4
1 −−− −−=∴ ∫  
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 Q.49 Find the stationary value of 232323 zcybxa ++  subject to the fulfilment of the condition 

1
z

1

y

1

x

1
=++ , given a, b, c are not zero. (7) 

   

  Ans: 

 Let u = a
3
x

2
 + b

3
y

2
 + c

3
z

2
 

 
1 1 1

1
x y z

ϕ = + + −  

Let F u λϕ= +  where λ is constant using Lagrange’s multiplier method. 

For stationary values, 

1 1 1
0 1

F F F
and

x y z x y z

∂ ∂ ∂
= = = + + =

∂ ∂ ∂
 

3

2

3

2

3

2

2 0

2 0

2 0

a x
x

b y
y

c z
z

λ

λ

λ

=> − =

− =

− =

 

=> ax = by = cz = k 

Then, 
1 1 1

1
x y z

+ + =      gives  a + b + c = k 

Therefore,  , ,
a b c a b c a b c

x y z
a b c

+ + + + + +
= = =  

Stationary value of u is  

( )
3 3 3

2

2 2 2

a b c
u a b c

a b c

 
= + + + + 

 
  ( )3

a b c= + + . 

Q.50  Find the volume enclosed by coordinate planes and portion of the plane 1nzmylx =++  

lying in the first quadrant.  (7) 

 

  Ans: 

The region of integration R is bounded by x = 0,  y = 0, and lx + my = 1 

{projection of lx + my + nz = 1 on z = 0}
1 lx my

z
n

− −
=  
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1 1
1/1/ 2

00 0 0

11

2

lx lx
ll m m

R

mylx my
V zdxdy y lxy dxdydx

nn

− −

 − −
= = = − − 

 
∫∫ ∫∫ ∫  

( )
1/ 2 2

2 2

0

1/1/ 2 2 2 2 3

0 0

1 11
1 2

2

1 1 1

2 2 2 2 6

l

ll

lx lx l x
l x lx dx

m m m mn

l x x lx l x
lx dx

mn mn

 −
= − + − + − 

 

   
= − + = − −   

   

∫

∫

 

1 1 1 1 1
| |

2 2 6 6
V

lmn mln

 = − − =  
. 

Q.51  If the directional derivative of xczzbyyax 222 ++=φ  at (1, 1,1) has maximum magnitude 

15 in the direction parallel to line ,
1

z

2

3y

2

1x
=

−
−

=
−

 find the value of a, b, c.  (7) 

   

  Ans: 

 ( ) ( ) ( )2 2 2 ˆˆ ˆ2 2 2axy cz i byz ax j czx by kϕ∇ = + + + + +  

( ) ( ) ( ) ( )1,1,1
ˆˆ ˆ2 2 2a c i b a j c b kϕ∇ = + + + + +  

This is along normal to the surface and ϕ∇  is the  maximum directional derivative. Thus ϕ∇   

is || to line 
1 3

2 2 1

x y z− −
= =

−
. 

Therefore, 
2 2

2
2 2

a c b a
c b

+ +
= = +

−
 

3 2 0

4 4 0

a b c

a b c

=> + + =

+ + =
 

4 11 10

a b c
λ= = =

−
 

Therefore,   a = 4λ,  b= -11λ,  c = 10λ   and  15ϕ∇ =  

 

Therefore,  
20 55 50

, ,
9 9 9

a b c= ± = = ±m . 

 

( ) ( ) ( )2 2 2 2

2
2

2 2 2

2 2 2 15

15 5

18 18 9 9

a c b a c b

λ λ

=> + + + + + =

=> = => = ±
+ +
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Q.52  Verify divergence theorem for the vector field k̂zĵ2yî x 4F 22 +−=  taken over the region 

bounded by cylinder 3z ,0z ,4yx 22 ===+ . (7) 

   

  Ans: 

 By Divergence theorem, 

 . .
v S

Fdv F nds∇ =∫∫∫ ∫∫  

Now,    ( ). 4 4 2F y z∇ = − +     

( )
2

2

2 4 3

2 04

. 4 4 2

x

v zy x

Fdv y z dzdydx

−

− ==− −

∇ = − +∫∫∫ ∫ ∫ ∫  

       ( )
2

2

2 4
3

2

0
2 4

4 4 2

x

y x

z yz z dydx

−

− =− −

= − +∫ ∫  ( )
2

2

2 4

2 4

21 12

x

y x

y dydx

−

− =− −

= −∫ ∫  

       ( )
2

2

2
4

2

4
2

21 6
x

x
y y dx

−

− −
−

= −∫
2

2

2

42 4 x dx
−

= −∫     

2

2

0

84 4 x dx= −∫  

Let x = 2 sinθ  then dx = 2cosθ , for x = 0, θ  = 0 and for x = 2, θ  = 
2

π
   

    
2

2

0

1
. 84 4cos 84. . .4 84

2 2
v

Fdv d

π

π
θ θ π∇ = = =∫∫∫ ∫   

Now Surface S consists of three surfaces, the one leaving base S1 (z = 0), second leaving top S2 

(z = 3), third the curved surface S3 of cylinder x
2
 + y

2
 = 4 between z = 0, z = 3 

1 2 3

. .
S S S S

F nds F nds
+ +

=∫∫ ∫∫  

2

ˆ: 0 , , . 0

ˆ: 3 , , . 9

On S z n k F n

On S z n k F n

1 = = − =

= = =
 

On S3   the outer normal is in the  direction of .F∇ . Therefore a unit vector along  normal to the 

curved surface is given by 
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2 2

ˆ ˆ ˆ ˆ2 2
ˆ

24 4

xi yj xi yj
n

x y

+ +
= =

+
, thus   2 3. 2F n x y= −  

( )
3 3

2 3

3 3. 2
S S

F n d S x y d S= −∫∫ ∫∫  

( ) ( )

( )

2 3
2 3

0 0

2 3

2 3

0 0

2 2cos 2sin 4

8cos 8sin 4

dz d

d dz

π

π

θ θ θ

θ θ θ

 = −
 

= −

∫ ∫

∫ ∫

 

/ 2

2

0

48 8 cos 84X d

π

θ θ π= =∫  

Hence divergence theorem proved. 

Q.53  Show that ( )
22

o
bx 

0 
ba

1
dx axJe

+
=−∞

∫  and hence deduce that ( )
a

1
dx axJo

 

0 
=∫

∞
. 

  (7) 

  Ans: 

 We know that 

1

22

0 1 2 2

1 1
x

z
ze J J z J z

z z

 − 
     = + − + − + − − − − − − −   
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Putting, i
z e

ϕ= ,   Then 

( )( sin )

0 1 22 sin 2cos 2i x
e J i J J

ϕ ϕ ϕ= + + + − − − − − − −  

Comparing real and imaginary part 

( ) ( )0 2cos sin 2cos 2x J Jϕ ϕ= + + − − − − − − −  

Let 
2

and x ax
π

ϕ θ= − =  

( ) 0 2cos cos ( ) 2cos 2 ( )ax J ax J axθ θ= − + − − − − − − −  

( ) 0 0

0 0

cos cos ( ) ( )ax d J ax d J ax

π π

θ θ θ π= =∫ ∫ . 

Therefore, ( )0

0

1
( ) cos cosJ ax ax d

π

θ θ
π

= ∫ .  Let b > 0, then 

( )0

0 0 0

1
( ) cos cosbx bx

I e J ax dx e ax d dx

π

θ θ
π

∞ ∞
− −= =∫ ∫ ∫  

( )
0 0

1
cos cosbx

e ax dx d

π

θ θ
π

∞
−= ∫ ∫  

( ) ( )2 2 2

0 0

1
cos cos cos .sin cos

cos

bx
e

b ax a ax d
b a

π

θ θ θ θ
π θ

∞− 
 = − +  + 

∫

2 2 2

0

/ 2

2 2 2

0

2 2
20

2

cos

2

cos

2

b d
I

b a

b d

b a

dt

a bb
t

b

π

π

θ
π θ

θ
π θ

π

∞

=
+

=
+

=
+

+

∫

∫

∫

  
2

tan

1

Let t

dt
d

t

θ

θ

=

=
+

 

1

2 2 2 2 2 2

0

2 1
.tan

bt

a b a b a bπ

∞

−= =
+ + +

 

Hence, 0
2 2

0

1
( )bx

e J ax dx
a b

∞
− =

+
∫  
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Putting  b = 0,    we get   0

0

1
( )J ax dx

a

∞

=∫  

 

Q.54  Solve 0
y

u

x

u

2

2

2

2

=
∂

∂
+

∂

∂
 in the interval π≤≤ x0  subject to the boundary conditions : 

   (i)  ( ) 0y,0u =  (ii)  ( ) 0y,u =π  

   (iii) ( ) 10,xu =  (iv)  ( )  xallor f y as 0yx,u ∞→→ . (7) 

   

  Ans: 

 Let U = X(x) Y(y), then equation becomes 

2 2

2 2

1 1
0

d X d Y

X dx Y dy
+ = .   

 Let 
2

2

2

1 d X
l

X dx
= − , then 

2
2

2

1 d Y
l

Y dy
=  

Therefore,  X = A cos lx  +  B sin lx 

  Y = Ce
ly

 + De
-ly

 

U (x, y)  =  (A cos lx  +  B sin lx) (Ce
ly

 + De
-ly

) 

(iv) condition gives U (x, y) → 0 as y→ ∝       => C = 0 

∴  U = (A cos lx + B sin lx) e
-ly

 

(i) gives U (0, y) = 0    =>    A  =  0 

Hence, U = B sin lx . e
-ly

 

 (iii) gives  U (x, 0)  =  1       =>  1   =   bl  sin l x 

[ ]

( )

0

0

2 2
sin cos

4
2

1 1

0

l

l

b lx dx lx
l

if l is odd
l

l
if l is even

π
π

π π

π
π

= = −

 
  = − −   
  

∫
 

( )
( ) ( )

0

2 1

0

4 1
( , ) sin sin

4 1
sin 2 1

2 1

ny ny

l

n n odd

m y

m

U x y b nx e nx e
n

m x e
m

π

π

∞
− −

= =

∞
− +

=

∴ = =

= +
+

∑ ∑

∑
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Q.55  Use Cayley - Hamilton theorem to express I 10AA11A7A4A 2345 −−+−−  in terms of 

A and the identity matrix I,  where 







=

32

41
A .  (7) 

  Ans: 

 The characteristic equation of A is |A-λI| = 0 

=> λ2
   – 4λ – 5 = 0 

=> A
2
 – 4A – 5I = 0,  by Cayley Hamilton Theorem. 

Thus A
5
 – 4A

4
 – 7A

3
 + 11A

2
 – A – 10I 

= (A
2
 – 4A – 5I) (A

3
 – 2A + 3I) + A + 5I   = A + 5I. 

   

Q.56  Solve ( ) ( )xtan21 xsecey6D5D 2x22 +=++ − . (7) 

   

  Ans: 

 (D
2
 + 5D + 6) y  =  e

-2x
 sec

2
x (1 + 2 tan x) 

A.E. : m
2
 + 5m + 6 = 0 

m = -2 , -3 

C.F.  = c1e
-2x

 + c2e
-3x 

( ) ( )
( )2 21

. . sec 1 2 tan
2 3

x
P I e x x

D D

− = + + +
 

( )
( )

( ) ( )

2 2 2 2

2 2

1
. sec 1 2 tan

3

1 1
tan tan

3

x x x

x x x

e e e x x dx
D

e x x X e Xe dx
D D

α α

α

− −

− −

 = + +

  = + =  + − 

∫

∫Q

 

( ) ( )3 2 3 2tan sec 1 tan tan 1x x x x x xe e x x dx e e x e e x− − − = + − = − = − ∫  

Thus y  =  c1e
-2x

 + c2 e
-3x

 + e
-2x

 tan x. 

Q.57  Find analytic function whose real part is 
x2cosy2cosh

x2sin

−
. (7) 

   

  Ans: 

 Let 
sin 2

cos h 2 cos 2

x
u

y x
=

−
 and f(z) = u + iv 
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( )
( )

( )

2

2

2

cosh 2 cos 2 2cos 2 2sin 2

cosh 2 cos 2

2sin 2 sinh 2

cosh 2 cos 2

y x x xu

x y x

u x y

y y x

− −∂
=

∂ −

∂
= −

∂ −

 

 '( ) ,
u v u u

f z i i
x x x y

∂ ∂ ∂ ∂
= + = −

∂ ∂ ∂ ∂
   since u is an analytic function, thus it must  

            satisfies C-R equations, thus 
v u

x y

∂ ∂
= −

∂ ∂
 

( )
( )

2

2

cosh 2 cos 2 2cos 2 2sin 2 2sin 2 sinh 2
'( )

cosh 2 cos 2

y x x x i x y
f z

y x

− − +
=

−
 

 '( )
u u

f z i
x y

∂ ∂
= −

∂ ∂
 

( )
( )

2

2

cosh 2 cos 2 2cos 2 2sin 2 2sin 2 sinh 2
'( )

cosh 2 cos 2

y x x x i x y
f z

y x

− − +
=

−
 

Using Milne’s Thomson method, Let x = z , y = 0 

( )
( )

2

2

2 cos 2 1 2
'( ) cos

1 cos 21 cos 2

z
f z ec z

zz

− −
= = = −

−−
 

 ( ) cotf z z c∴ = + , where c is a constant of integration. 

   

Q.58  Evaluate 0a,dx
x

axsin 

o 
>∫

∞
, using contour integration. (7) 

 

  Ans: 

 Consider the function ( )
aiz

e
f z

z
= . It has simple pole at z = 0. ( )

C

f z dz∫  where C consists of 

the part of real axis from –R to -r and from r to R, the small semi circle Cr from –r to r with 

center at origin and radius r, which is small and large semi-circle CR from R to –R as shown in 

Fig. f (z) is analytic inside C (z = 0, the only singularity has been deleted by indenting the 

origin by drawing Cr). 
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Therefore, by Cauchy’s Theorem, 

( ) ( ) ( ) ( ) 0 (1)

R r

R r

r C R C

f x dx f z dz f x dx f z dz

−

−

+ + + = −∫ ∫ ∫ ∫  

For CR, we have z = Re
iθ

 , 0 ≤ θ ≤ π and  Cr , z = re
iθ

 , 0 ≤ θ ≤ π 

( )
Re

R cos sin

0 0

( ) .R e
Re

i

R

ai
ai ii

i

c

e
f z dz i d i e d

θπ π
θ θθ

θ θ θ+∴ = =∫ ∫ ∫  

( )
/ 2

sin sin

0 0

2

R

aR aR

c

f z dz e d e d

π π
θ θθ θ− −∴ ≤ =∫ ∫ ∫  

Since 
sinθ

θ
 decreases from 1 to 

2

π
 as θ increases from 0 to 

2

π
 

2
sin

θ
θ

π
≥Q  

( )
/ 2 2

0

2 1 0
2

R

aR
aR

c

f z dz e d e as R
aR

π θ
π π

θ
− − ∴ ≤ = − → → ∞ ∫ ∫  

( ) ( )

( )

cos sin

0 0
cos sin 0 0

r r

air i

C C

air i

f z dz i e d

i e d i e d i as r

θ θ

θ θ

π π

θ

θ θ π

+

+

=

= → = − →

∫ ∫

∫ ∫
 

( )
R R aix

r r

e
f x dx dx

x
=∫ ∫  

( )
r R Raix aix

R r r

e e
f x dx dx dx

x x

− − −

− −

= − = −∫ ∫ ∫  
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( ) ( )1
( )

R r R

aix aix

r R r

f x dx f x dx e e dx
x

−
−

−

+ = −∫ ∫ ∫
sin

2

R

r

ax
i dx

x
= ∫  

Putting values in (1) and applying limits r→0, R→∞, we get 

 

 

Q.59  In a normal distribution 31% of the items are under 45 and 8% are over 64.  Find the mean 

and standard deviation of the distribution. 

   [Given that ( ) ( ) 42.0dzz ,19.0dzz 

4.1

0

0

5.0

=φ=φ ∫∫
−

,  

   where ( )z φ is pdf of standard normal distribution.] (7) 

   

  Ans: 

 Since 31% of items are under 45. Hence 19% of items lies between X  and 45. Since 

( )
0

0.5

0.19z dzϕ
−

=∫ , 

thus,   
45

0.5
X

σ
−

= − .Similarly
64

1.4
X

σ
−

=  

0.5 45

1.4 64

X

X

σ

σ

∴ − =

+ =
 

Solving, we get σ = 10, 50X = . 

 

Q.60  A can hit a target 3 times in 5 shots, B  2 times in 5 shots and C  3 times in 4 shots. All of 

them fire one shot each simultaneously at the target. What is the probability that (i) two 

shots  hit (ii)  atleast two shots hit?  (7) 

   

  Ans: 

 p(A) = Probability of hitting target by A = 3/5 

 p(B) = Probability of hitting target by B = 2/5 

 p(C) = Probability of hitting target by C = 3/4 

(i) p1  = Chance A, B hit & C fails 

=
3 2 1 6

( ). ( ). ( ) . .
5 5 4 100

p A p B p C = =  

p2  = Chance B, C hit & A fails = 12/100 

sin

2

ax
dx

x

π∞

−∞

=∫
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p3  = Chance C, A hit & B fails = 27/100 

Since all these events are mutually exclusive, therefore,   

P(two shots hit the target) = p1 + p2 + p3 = 0.45 

(ii) In case atleast two shots may hit target, we must also consider case when all hit the 

target. 

p4  = Probability A, B, C hit target = 18/100. 

Therefore, P(atleast  two shot hit the target) = p1 + p2 + p3 + p4 = 63/100 = 0.63. 

  

Q.61  Diagonalize the matrix 

















113

151

311

.  (7) 

  Ans: 

 The characteristic equation is |A – λI| = 0  

 i.e. λ3
 - 7λ2

 + 36 = 0 

=> λ = -2 , 3, 6 

These are eigen values of given matrix A. For eigen vectors we find X ≠ 0, such that   (A - λI) 

X = 0 

For  λλλλ = -2 

3x + y + 3z = 0 

x + 7y + z = 0 

1 0 1

x y z
=> = =

−
 

Therefore,  for λ = -2, eigen vector is (-1, 0, 1)’ 

Similarly for λ = 3, eigen vector is (1, -1, 1)’ 

  for λ = 6, eigen vector is (1, 2, 1)’ 

The modal matrix P is given by 

1 1 1

0 1 2

1 1 1

P

− 
 = − 
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1

3 0 3
1

2 2 2
6

1 2 1

P
−

− 
 => = − 
  

 

The diagonal matrix D is given by 

1

2 0 0

0 3 0

0 0 6

D P AP
−

− 
 = =  
  

 

 

Q.62   Investigate the values of λ  and µ  so that equations 

      

µ.λz3y2x

8,2z-3y7x

9,5z3y2x

=++
=+
=++

  

      have (i) no solution (ii)  a unique solution (iii)  infinite number of solutions. (7) 

  

 

Ans: 

 We have 

2 3 5 9

7 3 2 8

2 3

x

y

zλ µ

     
     − =     
          

 

i.e. AX = B 

(i) (A : B) = 

2 3 5 : 9

7 3 2 : 8

2 3 :λ µ

 
 − 
  

 

R3→R3 – R1,  R2→7R1 – 2R2 

2 3 5 : 9

0 15 39 : 47

0 0 5 : 9λ µ

 
 =  
 − − 

 

If λ = 5, system will have no solution for those values of µ, for which rank A ≠ rank (A : B). If  

λ = 5, µ ≠ 9, then rank (A) = 2 and rank (A : B) = 3. Hence no solution 

 (ii) The system admits unique solution iff coefficient matrix is of rank 3 

∴   ( )
2 3 5

7 3 2 15 5 0

2 3

λ

λ

− = − ≠  
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Thus for unique solution λ ≠ 5 and µ may have any value. 

(iii) If λ = 5,µ = 9, system of equation have infinitely many solution 

 

Q.63  The height h and semi vertical angle α  of a cone are measured and the total area A of 

surface of cone including that of base is calculated in terms of h, α . If h and α  are in error 

by small quantities h δ  and αδ  respectively, find the corresponding error in the area.  

Show further that if
6

π
=α  an error of +1% in h will be approximately compensated by an 

error of –0.33 degrees in α .      (7) 

   

  Ans: 

Let r be base radius and l be slant height of cone.  

Total area A = area of base + area of curved surface 

     = πr
2
 + πrl = πr (r + l)  =  πh

2 
tan α (tan α + sec α) 

 

δA = 2πh (tan
2
 α + tanα secα) δh + πh

2
 (2tanα sec

2α + sec
3α + tan

2α secα) δα 

2
2

,
100 6

2 3 .
50

h
h

h
A h

π
δ α

π
δ π δα

∴ = =

∴ = +

 

The error in h will be compensated by error in α, when 

δA = 0      
2

22. 2 3 . 0
100

h
h

π
π δα=> + =  

1

100 3
δα

−
=> =  radians = -0.33

o    
. 
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Q.64  If ,et t4
r

n
2−

=θ what values of n will make ?
 t

θ 

r 

θ 
r

r 
 

r

1 2

2 ∂

∂
=






∂

∂

∂

∂
  (7)  

   

  Ans: 

 
2 / 4n r t

t eθ −=   -  (A) 

Differentiating (A) partially w.r.t. t, we get 

2 / 4 1 2 21
. (1)

4

r t n n
e nt r t

t

θ − − −∂  = + − ∂  
 

Differentiating (A) partially w.r.t. r, we get 

2

2

1 / 4

2 3 1 / 4

1

2

1

2

n r t

n r t

rt e
r

r r t e
r

θ

θ

− −

− −

∂
= −

∂
∂

= −
∂

 

2 2
4

2 2 1 / 4 2 / 43

2 4

n r t n r tr
r r t e t e

r r

θ − − − −∂ ∂  = − + ∂ ∂ 
 

2
2

2 / 4 1 2

2

1 3
(2)

2 4

r t n nr
r e t t

r r r

θ − − − ∂ ∂ −  = + −   ∂ ∂   
 

equating (1) and (2), we get      n = -3/2. 

 

Q.65  A vector field is given by ( ) ( ) ĵ y2xyî xyxF 22 +−+−= .  Show that the field is 

irrotational and find its scalar potential.  Hence evaluate line integral rdF ⋅∫ from (1, 2) to 

(2, 1).  (7) 

   

  Ans: 

 Curl F F= ∇×  

 

( )2 2

ˆˆ ˆ

2 0

i j k

x y z

x y x xy y

∂ ∂ ∂
=

∂ ∂ ∂

− + − +

 

=  ˆˆ ˆ(0) (0) ( 2 2 ) 0.i j k y y− + − + =  

∴ vector field F  is irrotational then ∃ a scalar function ϕ s.t. F ϕ= ∇  

( )2 2 , 2x y x xy y
x y

ϕ ϕ∂ ∂
∴ = − + = − +

∂ ∂
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Integrating, we get 

( ) ( )
3 2 2

2 2

3 2 2
2

,
3 2 2

3 2

x x y
xy f y xy g x

x x y
xy c

ϕ ϕ

ϕ

= − + + = − − +

−
∴ = − + +

 

Because, field is irrotational 

( )

( )

( )

( )2,1 2,1

1,2 1,2

F d r drϕ∴ ⋅ = ∇ ⋅∫ ∫  

            
( )
( )

(2,1)
3 2 2

2,1 2

1,2

(1,1)
3 2

8 4 1 1 1 4 7 22
2 4 2 3

3 2 3 2 3 3

x x y
xyϕ

 −
= = − + 

 

− −   = − + − − + = + + =      

 

 

Q.66    Solve ( )2
z log

x

z
z log 

x

z

dx

dz
=








+ .  (7) 

   

  Ans: 

 
( )2

1 1 1 1
.

loglog

dz

dx z x xz z
+ =  

1

log
Let t

z
=  

( )2

1

log

dz dt

dx dxz z
∴ − =  

1dt t

dx x x
∴ − = −  

1
1

. .
dx

xI F e
x

−∫= =  

Therefore, solution is  

1 1 1
.t dx c
x x x

 = − + 
 

∫  

=>  t = 1 + cx 

=> (log z)
-1

 = 1 + cx   or 
1

1 cxz e +=   . 
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Q.67  Express ( )xJ 4  in terms of ( )xJ0  and ( )xJ1 .           (7) 

   

  Ans: 

 We know 

( )1 1

1 1

( )
2

2
( )

n n n

n n n

x
J x J J

n

n
J x J J

x

− +

+ −

= +

=> = −
 

For n = 1, 2 , 3 

2 1 0

2
( )J x J J

x
= −  

( ) ( ) ( )

3 2 1 4 3 2

4 1 0 12

4 6
( ) , ( ) ( )

24 2 6
( ) 1

J x J J J x J x J
x x

J x J x J x J x
x x x

= − = −

  = − − −  
  

 

( ) ( )4 1 03 2

48 8 24
( ) 1J x J x J x

x x x

   = − + −   
   

 

 

Q.68  Find Taylor’s expansion of ( )
zz

12z
zf

2

3

+

+
=  about the point z = i.        (7) 

   

 Ans: 

 
( ) ( )

32 1 2 1
( ) 2 2

1 1

z z
f z z

z z z z

+ +
= = − +

+ +
 

We have to expand about z = i 

( ) ( )
2

3

1 1
2 2 2

1

1 1 1

Let z i t f z i z i
z z

t
t

z t i i i

− = ∴ = − + − + +
+

= = + + + − − − −
+

 

( ) ( ) ( )
1

2

1

n

n

n
n

z i
i z i

i

∞

+
=

−
= − + − + −∑  

( ) ( ) ( )
( ) 1

2

1 1
1

1 2 2 2 1

n

n

n
n

z i z ii

z i i

∞

+
=

− −
= − − + −

+ +
∑  
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( ) ( ) ( )
( )

( )11
2

3 1 1
3 1

2 2 1

n n

nn
n

i i
f z z i z i

i i

∞

++
=

 −   ∴ = + + − + − + −  
  +  

∑  

Q.69  Examine the following system of equations for consistency : 

                                 

5z3y2x  

23z10y      

42y         x

12z3y3x

=−−

−=+

=+

=++

 

   Reduce the augmented matrix of the above system of equations to Echelon form and find 

the solution of the above system, if it exists. (7) 

  

Ans: 

 The system of equations can be written as AX = B 

where 

3 3 2 1

1 2 0 4

0 10 3 2

2 3 1 5

x

A X y B

z

   
    
    = = =    −
     − −   

 

Augmented matrix = [A : B] 

[A : B]  = 

3 3 2 : 1

1 2 0 : 4

0 10 3 : 2

2 3 1 : 5

 
 
 
 −
 

− − 

 

2 1R R←→  

1 2 0 : 4

3 3 2 : 1

0 10 3 : 2

2 3 1 : 5

 
 
 =
 −
 

− − 

 

2 2 1 4 4 13 , 2R R R R R R→ − → −  

1 2 0 : 4

0 3 2 : 11

0 10 3 : 2

0 7 1 : 3

 
 − − =
 −
 

− − − 

 

3 3 2 4 2 43 10 , 7 3R R R R R R→ + → −  
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[A : B]  

1 2 0 4

0 3 2 11

0 0 29 116

0 0 17 68

 
 − − =
 −
 

− 

 

4 4 329 17R R R→ −  

[A : B]  

1 2 0 4

0 3 2 11

0 0 29 116

0 0 0 0

 
 − − =
 −
 
 

 

This is row Echelon Form of A. Since the number of non-zero rows in the row-echelon form is 

3. So, 

( : ) 3 ( )A B Aρ ρ= =  

Hence system of equations has unique solution, and is given by solving 

2 4

3 2 11

29 116

4, 1, 2

x y

y z

z

z y x

+ =

− + = −

= −

=> = − = =

 

Q.70  Find the eigen values and the corresponding eigen vectors of the matrix A defined by  

  

                          

















=

221

131

122

A  

   Obtain the modal matrix and reduce the given matrix to the diagonal matrix.  (7) 

  

Ans: 

 Characteristic equation is | A – λI | = 0 

2 2 1

| | 1 3 1 0

1 2 2

A I

λ

λ λ
λ

−

− = − =

−

 

3 27 11 5 0

1, 1, 5

λ λ λ

λ

=> − + − =

=
 

Eigen values of matrix A are 1, 1, 5 
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For λλλλ = 5, eigen vector is obtained by solving the  system of equations  

3 2 1 0

1 2 1 0

1 2 3 0

x

y

z

−     
     − =     
     −     

 

 

i.e. –3x + 2y + z = 0 

x – 2y + z = 0 

x + 2y –3z = 0 

Solving, we get 
4 4 4

x y z
= =  

i.e. eigen vector is (1, 1, 1)’ 

For λλλλ = 1, eigen vector is obtained by solving the  system of equations 

1 2 1 0

1 2 1 0

1 2 1 0

x

y

z

     
     =     
          

 

i.e. x + 2y + z = 0 

There are two linearly independent eigen vectors for λ = 1 . These are obtained by putting x=0 

and y =0 respectively in the equation. 

For x = 0, 2y + z = 0 

Eigen vector is (0, -1, 2)’ 

For y = 0, Eigen vector is (-1, 0, 1)’ 

∴  Modal Matrix    =     P     =    

0 1 1

1 0 1

2 1 1

− 
 − 
  

 

1

1 2 1
1

3 2 1
4

1 2 1

P
−

− 
 = − 
  

 

∴  Diagonal Matrix    =    D     =    P
-1

AP 
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1 0 0

0 1 0

0 0 5

 
 =  
  

 

 Q.71 If 
yy

y

eexcos2

exsinxcos
vu

−

−

−−

−+
=−  and ( ) ivuzf +=  is an analytic function of iyxz += , find 

f(z) subject to the condition that at ( ) 0zf  ,
2

z =
π

= . (7) 

  

Ans: 

 { }cos sin
2cos

2(cos cos )

y
y yx x e

u v e e hy
x hy

−
−+ −

− = + =
−

Q  

Then
( )

2

sin cos cos 1 sin
(1)

2(cos cos )

yx x hy e xu v

x x x hy

−− + −∂ ∂
− = −

∂ ∂ −
 

        
( ) ( )

2

cos cos cos sin sin

2(cos cos )

y y
x hy e x x e hyu v

y y x hy

− −− + + −∂ ∂
− =

∂ ∂ −
 

By C.R. equations, ,
u v u v

x y y x

∂ ∂ ∂ ∂
= = −

∂ ∂ ∂ ∂
 

( ) ( )
2

sin cos sin cos cos sin
(2)

2(cos cos )

yx x hy e x hy hyv u

x x x hy

−+ + − −∂ ∂
=> − − = −

∂ ∂ −
 

Subtracting (2) from (1) 

( ) ( )
( )

2

sin cos cos sin cos sin

1 sin cos sin cos
2 (3)

2(cos cos )

y

x x hy x x hy

e x x hy hyu

x x hy

−

 − − + +
 

− + − −∂  
= − ∂ −
 
 
 

 

Adding (1) and (2) 

( ) ( )
( )

2

sin cos cos sin cos sin

1 sin cos sin cos
2 (4)

2(cos cos )

y

x x hy x x hy

e x x hy hyv

x x hy

−

 − + +
 

+ + − + − −∂  
− = − ∂ −

 
 
 

 

'( )
u v

f z i
x x

∂ ∂
= +

∂ ∂
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Using Milne’s Thomson method, putting x = z,   y = 0 in (3) and (4), we get 

( )
2

2

1 cos 1
'( ) cos

4 22 1 cos

z z
f z ec

z

−  = =  
 −

 

1
( ) cot

2 2

z
f z c= − +  

( ) ( ) 11, 0 1 cot
22 2 2

z
z f z c f z

π  = = => = ∴ = − 
 

Q  

Q.72  Prove that the relation 
iz4

2iz
W

+
+

=  transforms the real axis in the  z-plane into a circle in the 

w-plane.  Find the centre and the radius of the circle and the point in the z-plane which is 

mapped on the centre of the circle.  (7) 

  

Ans: 

 Since,  
2

4

iz

z i
ω

+
=

+
 

2

4

i
z

i

ω
ω
−

=> =
−

 

( )
( )

2

4

i u iv
x iy

u iv i

− +
=> + =

+ −

( ) ( ) ( )( )
( )

2

2 2

4 2 4 1 4 2 4 1

4 1 16

u v u v i u v v

v u

  + − − − + + −   =
− +

 

( )
( )

( )

2 2

2 22 2

4 7 29
,

16 4 1 16 4 1

u v vu
x y

u v u v

+ + −
∴ = =

+ − + −
 

Thus image of real axis in the z plane (means y = 0) is given by 

4(u
2
+v

2
) + 7v – 2 = 0 

i.e.  

2 2

2 7 9

8 8
u v

   + + =   
   

 

which is an equation of circle with centre at 
7

0,
8

 − 
 

 and radius 
9

8
 

For u = 0, v = 
7

8
− , we get x = 0, y = 

1

4
. Thus centre of circle in ω plane is image of point 

1
0,

4

 
 
 

 in z plane. 

 Q.73 Solve in series the differential equation : 
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   ( ) 0y2
dx

dy
4

dx

yd
x1x

2

2

=++−   (8) 

  

Ans: 

 x = 0 is a regular singular point. 

Let ( ) 0

0

, 0m r

m

m

y x C x C
∞

+

=

= ≠∑  

( ) 1

0

' m r

m

m

y C m r x
∞

+ −

=

= +∑  

( ) ( ) 2

0

'' 1 m r

m

m

y C m r m r x
∞

+ −

=

= + + −∑  

Substituting in  the given differential equation  

( ) ( ) ( )( )
( )

1

1
0

1 1
0

4 2

m r m r

m m

m r m r
m m m

C m r m r x C m r m r x

m r C x C x

+ − +∞

+ − +
=

 + + − − + + −
= 

+ + +  
∑

( )( ) ( )( )1

0 0

2 1 3 0m r m r

m m

m m

m r m r C x C x m r m r
∞ ∞

+ + −

= =

 => − + + − + + + + = ∑ ∑  

The lowest power of x is x
r-1

. Its coefficient equated to zero gives C0r(r+3) = 0. Because C0 ≠ 0 

=> r = 0, r = –3  

The coefficient of x
m+r

 is equated to zero gives 

( ) ( )
( )( )1

1 2

1 4
m m

m r m r
C C

m r m r
+

+ + − −
=

+ + + +
 

1

2

4
m m

m r
C C

m r
+

+ −
=

+ +
 

1 0 2 1 0

3 0

2 1 1 2
, .

4 5 5 4

1 2
. .

5 4 6

r r r r
C C C C C

r r r r

r r r
C C

r r r

− − − −
= = =

+ + + +
− −

=
+ + +

 

When r = 0 1 0 2 0 3

1 1
, , 0,

2 10
C C C C C= − = = − − − − − − − − −  

( )2

1 0 1 2

ry x C C x C x∴ = + + , for r =  0. Thus one solution is  
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2

1 0

1 1
1

2 10
y C x x

 = − + 
 

 

When r = -3,    C1 = -5C0 , C2 = 10C0 , C3 =  -10C0 , C4 = 5C0 ------

Thus ( )3 2 3

2 0 1 5 10 10y C x x x x−= − + − − − − − −  is another solution. 

1 1 2 2y C y C y= +  is general solution. 

Q.74  Prove that  

   ( ) ( ) ( ){ } cx x   x
2

1
dx x x 2

1
2
0

22
0

++=∫ JJJ  

   where c is an arbitrary constant.     (6) 

  

Ans: 

 ( ) ( )
2

2 2 2

0 0 0 0
2

x
xJ x dx J x x J J dx′= −∫ ∫  

( ) ( ) ( ) ( ) ( ){ }
2

2 2

0 0 1 0 1
2

x
J x x J x J x dx J x J x′= + = −∫ Q  

( ) ( ) ( ) ( ){ }
2

2

0 1 1 1 0'
2

x d
J x xJ x xJ dx xJ xJ

dx
= + =∫ Q  

( ) ( )
2 2

2 2

0 1
2 2

x x
J x J x c= + +  

Q.75  Show that the vector field represented by 

( ) ( ) ( )
→→→→

+++++++= kx z2yjzy2x3iy3x2zF 2  

   is irrotational but not solenoidal.  Also obtain a scalar φ  function such that grad φ =
→
F .

  (5) 

 Ans: 

 ( ) ( ) ( )2 ˆˆ ˆ2 3 3 2 2F z x y i x y z j y zx k= + + + + + + +  

ˆˆ ˆdivF F i j k F
x y z

 ∂ ∂ ∂
= ∇ ⋅ = + + ⋅ ∂ ∂ ∂ 

 

2 2 2 0F x∇ ⋅ = + + ≠ except for x = -2. 

Therefore, given vector field is not solenoidal. 
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2

ˆˆ ˆ

2 3 3 2 2

i j k

Curl F F
x y z

z x y x y z y zx

∂ ∂ ∂
= ∇× =

∂ ∂ ∂

+ + + + +

 

( ) ( ) ( )ˆˆ ˆ1 1 2 2 3 3i j z z k= − − − + − = 0 

∴ Given vector field  is irrotational. Thus it can be expressed as F φ= ∇ , where φ is scalar 

function. 

2 2 3z x y
x

φ∂
∴ = + +

∂
 , 3 2x y z

y

φ∂
= + +

∂
, 2y zx

z

φ∂
= +

∂
 

Integrating w.r.t. x, y, z we get 

( )

( )

( )

2 2

1

2
2

2

2

3

3 ,

3
,

2

,

z x x xy f y z

x
y zy f x z

yz z x f x y

φ

 + + +



= + + +

 + +


 

Since these three must be equal 

2 2 23x y xy yz z xφ∴ = + + + + +c 

Q.76  If ( )rfu =  and 2222 zyxr ++= , show that ( ) ( )rf
r

2
rfu2 ′+′′=∇ .  Also show that 

r

B
Au +=  is a possible solution of 0u2 =∇  where A and B are arbitrary constants. 

  (5) 

 Ans: 

 ( )u f r=  

( ) ( )
.

f r r
u f r

r r

∂
∇ = ∇ =

∂
 ( )'

r
f r

r
=  

( )2 '
r

u f r
r

 
∇ = ∇ ⋅ 

 

( ) ( )' 'f r f r
r r

r r

 
= ∇ ⋅ + ∇ ⋅ 

 
 

( ) ( ) ( ) ( ) ( )2

2

' ' '' ' '1 1
3 3

f r f r rf r f r f rd
r r r

r dr r r r r r

 −
= ⋅ + = + 

 
 

( ) ( )2 '
''

f r
f r

r
= +  
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We know that  ( ) ( )2 '
( ) , '' 0

f rB
f r A satisfies f r

r r
= + + =  

2
2

2

2d B d B
u A A

dr r rdr r

   ∇ = + + +   
   

3 2

2 2
. 0

B B

r r r
= − =  

Q.77  Evaluate 
→→

∆
⋅∫∫ ds  F

 
 where 

→→→→
−+= kzy3jxizF 2  and s is the surface of the cylinder 

16yx 22 =+  included in the first octant between    z = 0 and z = 5.  (4) 

  

Ans: 

 23
S V V

F ds divFdv y dx dy dz⋅ = = −∫∫ ∫∫∫ ∫∫∫  

24 16 5

2

0 0 0

3

x

y dx dy dz

−

= −∫ ∫ ∫  

( )
4 3

2 2

0

5 16 . 4cos , 4sin

0, 0, 4, / 2

x dx Letx dx

when x and as x

θ θ

θ θ π

= − − = = −

→ → → →

∫  

2
4 4 4

0

3 1
5 4 cos 5 4 240

4 2 2
d

π

π
θ θ π= − = − × = −∫  

 Q.78 If φ−=−φ=+ sin  e 1 2y  x, cose 2yx θθ , then show that 
yx

u
xy4

uu 2

2

2

2

2

∂∂

∂
=

φ∂

∂
+

θ∂

∂
. (7) 

 Ans: 

 Given  2 cosx y eθ ϕ+ =  

2 sinx y i eθ ϕ− =  

Adding & subtracting respectively, we get 

,i ix e y eθ ϕ θ ϕ+ −= =  

Let  ( ) ( ) ( ), , , , ,u u x y x f y Gθ ϕ θ ϕ= = =  

. .
u u x u y

x yθ θ θ
∂ ∂ ∂ ∂ ∂

= +
∂ ∂ ∂ ∂ ∂

 

i iu u
e e

x y

θ ϕ θ ϕ+ −∂ ∂
= +

∂ ∂
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u u u
x y

x yθ
∂ ∂ ∂

= +
∂ ∂ ∂

 

Similarly 
u u u

i x y
x yϕ

 ∂ ∂ ∂
= − ∂ ∂ ∂ 

 

2

2

u u x u y

x yθ θ θ θ θ
∂ ∂ ∂ ∂ ∂ ∂ ∂   = +   ∂ ∂ ∂ ∂ ∂ ∂ ∂   

 

u u u u
x y x x y y

x x y y x y

   ∂ ∂ ∂ ∂ ∂ ∂
= + + +   ∂ ∂ ∂ ∂ ∂ ∂   

 

2 2 2 2
2 2

2 2

u u u u u u
x x xy xy y y

x x x y x y y y

∂ ∂ ∂ ∂ ∂ ∂
= + + + + +

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
 

2 2 2 2
2 2

2 2 2
2

u u u u u u
x y xy x y

x y x y x yθ
∂ ∂ ∂ ∂ ∂ ∂

= + + + +
∂ ∂ ∂ ∂ ∂ ∂ ∂

 

Similarly 
2 2 2 2

2 2

2 2 2
2

u u u u u u
x y xy x y

x y x y x yφ
 ∂ ∂ ∂ ∂ ∂ ∂

= − + − + + ∂ ∂ ∂ ∂ ∂ ∂ ∂ 
 

Adding, we get 

2 2 2

2 2
4

u u u
xy

x yθ ϕ
∂ ∂ ∂

+ =
∂ ∂ ∂ ∂

 

Q.79  The Luminosity L of a star is connected with its mass M by the relation ( ),1 M aL β−=  

where  10 <β<  and ;Mb1 24β=β−  a, b being given constants.  If p is the percentage 

error made in the estimate of M, express the resulting percentage error in the calculated 

luminosity in terms of p and β  and show that it lies between p and 3p. (7) 

 Ans: 

 L  =  aM (1 – β) , 1 – β  =  bβ4
M

2
 

ln( ) ln( ) ln( ) ln(1 ),

2 ln( ) ln(1 ) ln( ) 4 ln( )

L a M

M b

β

β β

=> = + + −

= − − −
 

, (1)
1

3 4
2 4 (2)

1 (1 )

L M
and

L M

M

M

β
β

β β β
β

β β β β

∆ ∆ ∆
=> = −

−

∆ ∆ ∆ −
= − − = ∆

− −

 

Eliminating β∆  from (1) and (2), we get 
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4
.

3 4

4
, 100

3 4

L M

L M

L
Hence p

L

β
β

β
β

∆ − ∆
=> =

−

∆ −
× =

−

 

is the required expression of percent change in L. Since 0 < β < 1, we have  

4
1 3. 100 3 .

3 4

L
p p

L

β
β

− ∆
< < ⇒ < × <

−
 

 Q.80 Solve the following differential equations : 

   (i)  ( )2
2

ylog
x

y
ylog

x

y

dx

dy
=+ .  (5) 

   (ii)   ( )y xsecyx
dx

dy
x 34 −=+ .  (5) 

 Ans: 

 (i) ( )2

2

1 1 1
log log

dy
y y

y dx x x
+ =  

( )2 2

1 1 1

loglog

dy

dx x y xy y
=> + =  

Let  
1

log
t

y
=  

( )2

1 1
. .

log

dy dt

y dx dxy
=> − =  

2

1dt t

dx x x
=> − + =  

2

1dt t

dx x x
=> − = −  

I.F. 

1
1dx

xe
x

−∫ =  

2

1 1 1
. .t dx c
x x x

∴ = − +∫  

2

1

2

t
c

x x
=> = +  

( ) 1 21
log

2
x y x c

− −=> = +  
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(ii) ( )4 3 sec
dy

x x y xy
dx

+ = −  

3

sec
0

xy
x dy y dx dx

x
+ + =  

( )
3

0
sec

d xy dx

xy x
=> + =  

Integrating, 

( ) 2

1
2sin xy c

x
− =  

Q.81  Change the order of integration in the following integral : 

   ( ) dy dxy,xf

ax2

xax2

a2

0 2

∫∫
−

  (4) 

  Ans: 

 ( )
2

2 2

0 2

,

a ax

ax x

I f x y dx dy

−

= ∫ ∫  

  This integration is first w.r.t. y and then w.r.t. x. On changing the order of integration, we first 

integrate w.r.t. x and then w.r.t. y. This divided into three regions. 

Region I:  The strip extends from parabola y
2
 = 2ax i.e. 

2

2

y
x

a
=  to x = 2a.  

Then y = a to y = 2a 
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Region II:  The strip extends from 
2

2

y
x

a
=  to circle 2 2

x a a y= − − .  

Then y = 0 to a 

Region III: The strip extends from circle, 2 2
x a a y= + −  to x = 2a 

  Then y = 0 to y = a 

( ) ( ) ( )
2 2

2 2 2 2

2 2 2

0 0
2 2

, , ,

a a ya a a a a

a y y a a y
a a

I f x y dx dy f x y dx dy f x y dx dy

− −

+ −

∴ = + +∫ ∫ ∫ ∫ ∫ ∫  

Q.82 A string is stretched and fastened to two points at distance llll apart.  Motion is ensued by 

displacing the string into the form 
l

x
sinyy 0

π
=  from which it is released at time t = 0.  Find 

the displacement at any point x and any time t.      (5) 

  

 

Ans: 

 The vibration of the string is given by  

2 2
2

2 2

y y
c

t x

∂ ∂
=

∂ ∂
       -  (i) 

As the end points of the strings are fixed, for all time 

y (0, t)   =    0   =    y (L, t)     - (ii) 

Since initial transverse velocity at any point of the string is zero. 

0

0
t

y

t =

∂  = ∂ 
       - (iii) 

Also, ( ) 0,0 sin
x

y x y
L

π
=      - (iv) 

Using method of separation of variables and since the vibration of the string is periodic, 

therefore, the solution of (i) is of the form 

( ) ( ) ( )1 2 3 4, cos sin cos siny x t c px c px c cpt c cpt= + +  - (v) 

By (ii), ( ) ( )1 3 40, cos sin 0y t c c pct c cpt= + =  

This should be true if c1 = 0 
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Hence ( ) ( )2 3 4, sin cos siny x t c px c cpt c cpt= +   - (vi) 

( )2 3 4sin sin cos
y

c px cp c cpt cp c cpt
t

∂
= − +

∂
 

By (iii) 2 4 2 4

0

sin 0 0
t

y
c px c cp c c cp

t =

∂  = = => = ∂ 
 

If c2 = 0, then (vi) will be y (x, t) = 0 

∴ C4 = 0 

Thus (vi) becomes    

( )
( )

2 3

2 3

, sin cos ,

( ) , sin cos 0,

y x t c c px cpt t

By ii y L t c c pL cpt t

= ∀

= = ∀
 

2 3, 0, sin 0c c pL≠ ∴ =Q  

pL nπ∴ =  

Hence (vi) reduces to 

( ) 2 3, sin .cos
n x n

y x t c c ct
L L

π π
=  

From (iv) ( ) 2 3 0,0 sin sin
n x x

y x c c y
L L

π π
= =  

2 3 0 , 1c c y n=> = =  

∴ Solution is ( ) 0, sin cos
x ct

y x t y
L L

π π
=  

Q.83     The ends A and B of an insulated rod of length l , have their temperatures at C20o  and 

C80o until steady state conditions prevail.  The temperatures of these ends are changed 

suddenly to C40o  and C60o respectively.  Find the temperature distribution in the rod at 

any time t.  (9)  

  

Ans: 

 Let the equation for conduction of heat be  

( )
2

2

2

u u
c i

t x

∂ ∂
= −

∂ ∂
 

Prior to temperature change at end B, when t = 0, the heat flow was independent of time (steady 

state condition), when u depends only on x i.e. 
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2

2
0

u
u ax b

x

∂
= => = +

∂
 

Since u = 20 for x = 0 and u = 80 for x = L 

∴ b = 20 ,  a = 
60

L
 

Thus initial condition is expressed as  

( ) ( )60
,0 20u x x ii

L
= + −  

The boundary conditions are  

( )
( )

( )
0, 40

, 60

u t
t iii

u L t

= 
∀ −

= 
 

The temperature function u (x, t) can be written as 

( ) ( ) ( ), , ( )s tu x t u x u x t iv= + −  

where us(x) is a solution of (i) involving x only and satisfying boundary conditions (iii), which 

is steady state solution, ut (x, t) is a transient part of the solution which decreases with increase 

of t. 

Since, us(0) = 40 ,  us(L) = 60     ∴ using (ii), we get 

( ) ( )40
40

s
u x x v

L
= + −  

From (iv), we get 

( ) ( ) ( )
( ) ( ) ( )

( )
0, 0, 0 40 40 0

, , 60 60 0

t s

t s

u t u t u
vi

u L t u L t u L

= − = − = 
−

= − = − = 
 

( ) ( ) ( ),0 ,0

60 40
20 40

t s
u x u x u x

x x
L L

∴ = −

 = + − + 
 

 

( ) ( )20
,0 20

t
u x x vii

L
∴ = − −  

General solution of (i) is given as  

( ) ( )
2 2

1 2, cos sin c p t

t
u x t c px c px e

−= +  

( )
2 2

10, 0c p t

t
u t c e t

−= = ∀         1 0c=> =  
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( )
2 2

2, sin c p t

t
u x t c px e

−∴ =  

( )
2 2

2, sin 0c p t

t
u L t c pL e t

−= = ∀  

sin 0pL pL nπ=> = => =  

( )
2 2 2

2

1

, sin

c n t

L
t n

n

n
u x t b xe

L

ππ∞ −

=

=∑  

( ) 20
,0 sin 20

t n

n
u x b x x

L L

π
= = −∑  

where 
0

2 20
20 sin

L

n

n
b x x dx

L L L

π = − 
 
∫  

40

nπ
= −  

( )
2 2 2

2

1

40
, sin .

c n t

L
t

n

n
u x t x e

n L

ππ
π

∞ −

=

 ∴ = − 
 

∑  

( )
2 2 2

2

1

40 40 1
, 40 sin .

c n t

L

n

n
u x t x x e

L n L

ππ
π

∞ −

=

∴ = + − ∑  

Q.84  Represent the function ( )
( )( )2z3zz

4z4
zf

+−
+

=  in Laurent’s series  

   (i)    within 1z =  

   (ii)   in the annular region within 2z = and 3z =  

   (iii)  Exterior to 3z = .  (8) 

 

 Ans: 

 ( ) ( )
( ) ( )

4 1

3 2 3 2

z A B C
f z

z z z z z z

+
= = + +

− + − +
 

2 16 2
, ,

3 15 5
A B C=> = − = = −  

 ( ) 2 1 16 1 2 1
. .

3 15 3 5 2
f z

z z z
= − + −

− +
 

( ) 1i z <  
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 ( )
( ) ( )

1 1
2 16 2

1 1
3 15 3 3 5 2 2

z z
f z

z

− −
   = − + − − +   −    

 

2 22 16 1
1 1

3 45 3 9 5 2 4

z z z z

z

   
= − − + + + − − − − − − + − − − −   

   
 

22 5 1 29

3 9 54 324
z z

z

 = − − − − − − − − − 
 

 

( ) 2 3ii z≤ ≤  

 ( )
1 1

2 16 2 2
1 1

3 45 3 5

z
f z

z z z

− −
   = − − − − +   
   

 

2

2

2 16 2 2 4
1 1

3 45 3 9 5

z z

z z z z

   = − − + + + − − − − − − + − − − −   
  

 

( ) 2

3 2

8 4 16 16 16 16

5 5 15 45 135 405
f z z z

z z z

 = − − − − − + − − − − − − − − −  
 

( ) 3iii z >  

 ( )
1 1

2 16 3 2 2
1 1

3 15 5
f z

z z z z z

− −
   = − + − − +   
   

 

2 2

2 16 3 9 2 2 4
1 1

3 15 5z z z z z z z

   = − + + + + − − − − − − + − − − −   
   

 

2 3

4 8

z z
= + + − − − − −  

Q.85 Apply the calculus of residue to evaluate dx
9x10x

2xx

24

2

++

+−
∫
∞

∞−

.  (6) 

 Ans: 

 
2

4 2

2

10 9

x x
dx

x x

∞

−∞

− +
+ +∫  

Let ( )
( )( )

2 2

4 2 2 2

2 2

10 9 9 1

z z z z
f z

z z z z

− + − +
= =

+ + + +
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  The pole of ƒ(z) enclosed by contour C, which consists of semicircle CR and real axis segment 

from –R to R taken in counter clockwise directions, are z = i, z = 3i each of order 1. 

Residue at 
( )

( )( ) ( )
2

2

( 2)
l

9z i

z i z z
z i t

z i z i z→

− − +
= =

− + +

( )1

16

i +
= −  

Residue at 
( )

( )( )( )
2

23

3 ( 2)
3 l

3 3 1z i

z i z z
z i t

z i z i z→

− − +
= =

− + +

3 7

48

i−
=  

( )( )
2

2 2

2 1 3 7 5
2

16 48 121 9C

z z i i
dz i

z z

π
π

− + − − − ∴ = + = + +  
∫  

( )( ) ( )( )
2 2

2 2 2 2

2 2 5

121 9 1 9
R

R

R C

x x z z
dx dz

x x z z

π

−

− + − +
∴ + =

+ + + +∫ ∫  

Let R → ∞ 

( )( )
2

2 2

2 5

121 9

x x
dx

x x

π∞

−∞

− +
∴ =

+ +∫ , since second integral on the left hand side tends to 0. 

Q.86  Show that the stationary values of 
4

2

4

2

4

2

c

z

b

y

a

x
u ++= , where 0nzmyx =++l  and 

1
c

z

b

y

a

x

2

2

2

2

2

2

=++  are the roots of the equation 0
uc1

cn

ub1

bm

ua1

a

2

42

2

42

2

42

=
−

+
−

+
−

l
.  (7) 

  

Ans: 

 Let 
2 2 2

2 2 2
, 1

x y z
f lx my nz g

a b c
= + + = + + −  
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Let 1 2F u f gλ λ= + +   Using Lagrange’s method of multiplier, for extreme values, 

0
f f f

x y z

∂ ∂ ∂
= = =

∂ ∂ ∂
, f = g = 0. 

( )
2 2 2 2 2 2

1 24 4 4 2 2 2
1

x y z x y z
F lx my nz

a b c a b c
λ λ

 
= + + + + + + + + − 

 
 

1 24 2

1 24 2

1 24 2

2 2 2

2 2 2

2 2
0 (1)

2 2
0 (2)

2 2
0 (3)

0 (4)

1 (5)

x x
l

a a

y y
m

b b

z z
n

c c

lx my nz

x y z

a b c

λ λ

λ λ

λ λ

=> + + =

+ + =

+ + =

+ + =

+ + =

 

Multiplying (1), (2), (3) by x, y, z  respectively  and adding, we get 

2 22 2 0u uλ λ+ = => = −  

( ) ( ) ( )
4 4 4

1 1 1

2 2 2
, ,

2 1 2 1 2 1

a l b m c n
x y z

a u b u c u

λ λ λ
∴ = − = − = −

− − −
 

Substituting in (4), we get 

4 2 4 2 4 2

1

2 2 2
0

2 1 1 1

a l b m c n

a u b u c u

λ  
− + + = − − − 

  

4 2 4 2 4 2

1 2 2 2
0 0

1 1 1

a l b m c n

a u b u c u
λ ≠ ∴ + + =

− − −
Q  is satisfied by stationary points. 

Q.87   Expand ( ) 2y3yxy,xf 2 −+=  in powers of ( )1x −  and ( )2y +  upto 3
rd

 degree terms.  

    (7) 

  Ans: 

 ( ) ( )2, 3 2 , 1, 2 10f x y x y y f= + − − = −  
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( ) ( )
( ) ( )
( ) ( )
( ) ( )
( )

( ) ( )
( ) ( )

2 2

2

3 2

2 3

2

, 2 1, 2 4

, 3 1, 2 4

, 2 1, 2 4

, 2 1, 2 2

, 0

, 0 , 0

, 2 , 0

x x

y y

x x

xy xy

y

x xy

x y y

f x y xy f

f x y x f

f x y y f

f x y x f

f x y

f x y f x y

f x y f x y

= − = −

= + − =

= − = −

= − =

=

= =

= =

 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( )( ) ( ) ( ) ( )

2 2

3 2

2 3

2 2

3 2

2 3

, 1, 2 1 1, 2 2 1, 2

1
1 1, 2 2 1 2 1, 2 2 1, 2

2

1 1, 2 3 1 2 1, 21

3 3 1 2 1, 2 2 1, 2

x y

xyx y

x x y

xy y

f x y f x f y f

x f x y f y f

x f x y f

x y f y f

 = − + − − + + − 

 + − − + − + − + + −
 

 − − + − + −
 +
 + − + − + + −
 

( ) ( ) ( ) ( ) ( )( ) ( ) ( )2 2
, 10 4 1 4 2 2 1 2 1 2 1 2f x y x y x x y x y= − − − + + − − + − + + − +  

Q.88  A man takes a step forward with probability 0.4 and backward with probability 0.6.  Find the 

probability that at the end of 11 steps, he is just one step away from the starting point. 

                 (7) 

 Ans: 

 Let us call a forward step “a success” and a backward step “a failure”.   

Let X = no. of forward steps. Then X has binomial distribution with n = 11 and probability of 

success  p = 0.4.  

 Required probability =P(X=6)+P(X=5) 

( ) ( ) ( ) ( )5 6 6 511 11
0.4 0.6 0.4 0.6

5 6

   
= +   
   

 

Q.89  In a certain factory turning out razor blades, there is a small chance of 
500

1  for any blade to 

be defective.  The blades are supplied in packets of 10.  Using Poisson’s distribution calculate 

the approximate number of packets containing  

   (i)    no defective blade (ii)   one defective blade (iii)  two defectives blades 

    

   in a consignment of 10,000 packets                         ( ) 0.9802e
0.02=− .        (7)  

  

Ans:  
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1

0.002
500

p = = ,        n = 10 

∴ m = np = 0.02,     e
-0.2

 = 0.9802 

(i) Probability of no defective blade = P (X=0) 

= e
–m

 = 0.9802   (approximately) 

∴ Mean number  of packets containing no defective blade is 

= 10000 x 0.9802 = 9802 

(ii) The mean number of packets containing one defective blade 

= 10000 x me
–m

 = 196 

(iii) The mean number of packets containing two defective blades 

 = 10000 x 
2

-mm
e

2
 

     = 2 

Q.90  Show that at the point on the surface ,Czyx zyx =  where x = y = z, we have 

( )ex log x

1

y x

z2 −
=

∂∂
∂

.  (7) 

  Ans: 

It is given that x
x
y

y
z

z
=c, taking log we get  

x log x+ y log y +z log z=log c 

Differentiating the above equation w.r.t. y respectively, we get 

1 log

1 log

z y

y z

∂ +
= −

∂ +
,  now differentiating w.r.t. x we get 

2

2 3

1 1 (1 log )(1 log ) 1
(1 log )

(1 log ) (1 log )

z z y x
y

x y z z x z z

   ∂ − ∂ + +
= − + = −   ∂ ∂ + ∂ +   

 

At the point x=y=z, we get   
2 1

(log )

z

x y x ex

 ∂ −
=  ∂ ∂  

 

 

 Q.91  Find the volume of greatest rectangular parallelopiped that can be inscribed inside the 

ellipsoid  1
c

z

b

y

a

x

2

2

2

2

2

2

=++ .  (7) 

  Ans: 

Let edges of  parallelopipid be 2x, 2y, 2z parallel to the coordinate axes. The volume V is given 

by V = 8xyz. 
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 Let  
2 2 2

2 2 2
1 (1)

x y z

a b c
φ

 
= + + − 
 

 

 Using Lagrange’s multiplier method, for maxima and minima, let  

 F = V + φ  λ, where λ is a constant. For stationary values, 

0
F F F

x y z

∂ ∂ ∂
= = =

∂ ∂ ∂
, φ  = 0 

2

2

2

2
8 0

2
8 0

2
8 0

x
yz

a

y
xz

b

z
yx

c

λ

λ

λ

=> + =

+ =

+ =

 

2 2 2 2 2 2 2 2 2

2 2 2 2 2 2 2 2 2

1
, 1

3

8
, , .

3 3 3 3 3

x y z x y z x y z
substituting in gives

a b c a b c a b c

a b c abc
x y z and MaxV

⇒ = = + + = = = =

⇒ = ± = ± = ± =
 

Q.92  Change the order of integration and hence evaluate dx dy
y

x
x2

x

1

0

∫∫
−

. (7) 

  Ans: 

On changing order of integration, the elementary strip has to be taken parallel to x  
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axis for which the region of integration has to be divided into two regions R1and R2. The region 

R1: 0 ≤ x ≤ y,   0 ≤ y ≤ 1 and the region R2: 0 ≤ x ≤ 2-y,   1 ≤ y ≤ 2. 

221 2 1 2 1 22 2

0 0 0 1 0 0 10 0
2 2

y yy yx

x

x x x x x
I dxdy dxdy dxdy dy

y y y y y

−−−    
∴ = = + = +   

   
∫ ∫ ∫ ∫ ∫ ∫ ∫ ∫  

 

1 21 2 2 2 2

0 1 0 1

(2 ) 1
4 log 4

2 2 4 2 2

y y y y
dy dy y y

y

   −
= + = + − +   

   
∫ ∫   = 2log2-1. 

 

Q.93  Find the volume common to cylinders 222 ayx =+  and 222 azx =+ . (7)  

    

  Ans: 

The volume V is given as 

  

2 2 2 2

0 0 0

3
2 2 2 2 2 2

0 0

8 8

16
8 8 ( )

3

a a x a x

S x y z

a a

Volume V dxdydz dzdydx

a
a x a x dx a x dx

− −

= = =

= = =

= − − = − =

∫∫∫ ∫ ∫ ∫

∫ ∫

 

 

Q.94  Solve the differential equations 

 

  (i)   ( ) ( )x2 sinex 8y 4D4D x222 ++=+− . (8) 

  (ii)  
3x3y7

7x7y3

dx

dy

+−
+−

−= .  (6) 

   

  Ans: 

(i)The auxiliary equation is m
2
 - 4m + 4 = 0, which gives m = - 2, -2. 

 Thus C.F. is given as (C1 + C2 x) e
-2x

. 

 

2 2

2

1
2

2 2

2

1 2 3

1
. . 8 8sin 2 8

4 4

1
2 1 8sin 2 8

4 4 4

x

x

P I x x e
D D

D
D x x e

D D

I I I

−

 = + + − +

 
 = − + + +   − + 

= + +

  

 
2

2 2

1

3 3
2 1 ...... 2( 2 )

4 2

D
I D x x x

 
= + + + = + + 

 
 

 2

2 2

1
8

4 4

x
I e

D D
=

− +
, since 2 is a root of order 2. 
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2
2 2 2

3 2

2 2 2

8 4
2

1 1 1
8 sin 2 8 sin 2 2 sin 2 cos 2

4 4 4 4 4

. . 2 4 3 cos 2 4

x x

x

x
e x e

I x x x x
D D D D

P I x x x x e

= =

= = = − =
− + − − +

∴ = + + + +

 

 Therefore, general solution is 

 2 2 2 2

1 2( ) 2 4 3 4 cos 2x x
y c c x e x x x e x

−= + + + + + + . 

  (ii)Let Y = y + k, X = x + h, 

3 7

7 3

dy dY Y X

dx dX Y X

−
∴ = = −

−
 

where h, k are so chosen so that 

-7h+3k+7=0 

-3h+7k+3=0 

Solving, we get h = 1, k = 0. Let Y = VX,  

2

2

3 7

7 3

7(1 ) 7 7 3
0

7 3 (1 )

dY dV V
V X

dX dX V

dV V dX V
X dV

dX V X V

−
∴ = + = −

−
− −

⇒ = ⇒ − =
− −

 

Integrating, we get 

( ) [ ] [ ]2 57 2 5log ( 1) ( 1) 1 1X V V c y x y x k− + = ⇒ − − + + =  

 

Q.95  Discuss the consistency of the following system of equations for various values of λ   

   

λ=−+−

=+−

=−+−

4321

432

4321

x9x8x5x4

1xx4 x          

3x5x6x3x2

  (7) 

   and, if consistent solve it. 
   

  Ans: 

The augmented matrix is given as  

 (A : B) = 

2 3 6 5 : 3

0 1 4 1 : 1

4 5 8 9 : λ

− − 
 − 
 − − 

 

Applying R3 �R3 – 2R1,   
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2 3 6 5 : 3

0 1 4 1 : 1

0 1 4 1 : 6λ

− − 
 − 
 − − 

 

 

3 3 1

2 3 6 5 : 3

0 1 4 1 : 1

0 0 0 0 : 7

R R R

λ

→ −

− − 
 − 
 − 

 

If λ ≠ 7, rank (A:B) = 3 ≠ rank A = 2. Hence system is inconsistent. 

If λ = 7, rank (A:B) = 2 = rank A . Hence system is consistent. The solution is obtained as 

follows : 

Set  x3 = t1, x4 = t2, t1, t2, arbitrary,  then 

x2 = 4t1- t2+ 1,    x1 = 3t1+ t2+ 3. 

Q.96  Find the characteristic equation of the matrix 

















=

211

010

112

A  and hence, find the matrix 

represented by  .IA2A8A5AA3A7A5A 2345678 +−+−+−+−  (7) 
   

   

  Ans: 

The characteristic equation of A is |A-λI| = 0 

� λ3
 - 5λ2

 + 7λ – 3 = 0, is the characteristic equation. 

By Cayley Hamilton theorem, A must satisfy this equation i.e. 

A
3
 – 5A

2
 + 7A – 3I = 0 

Thus A
8
 – 5A

7
 +7A

6
 -3A

5
 +A

4
 – 5A

3
 + 8A

2
 – 2A +I 

= (A
5
 +A) (A

3
 –5 A

2
 + 7A - 3I) + A

2 
+A + I   = A

2  
+ A + I 

=  

8 5 5

0 3 0

5 5 8

 
 
 
 
 

 

Q.97  Show that the vector field 
3r

r
F =  is irrotational as well as solenoidal.  Find the scalar 

potential.  (6) 
   

   

  Ans: 
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( ) ( ) ( )

( ) ( )
( )

3

3/ 2 3/ 2 3/ 2
2 2 2 2 2 2 2 2 2

2 2 2

3/ 2 5/ 2
2 2 2 2 2 2

6( )

3 3
0

r
a divF

r

x y z

x y zx y z x y z x y z

x y z
x y z x y z

 
= ∇ ⋅ 

 

     ∂ ∂ ∂     = + +
     ∂ ∂ ∂+ + + + + +     

= − + + =
+ + + +

  

 0F∴∇ ⋅ = ∴ F vector is solenoidal. 

 
3 3

ˆ z y
curlF F i

y r z r

  ∂ ∂   = ∇× = −     ∂ ∂     
∑  

 
3 3 5 5

1 1 3ˆ ˆ 3 0
y y

i z y i z z
y r z r r r

    ∂ ∂  −        = − = + =            ∂ ∂            
∑ ∑  

Therefore F is irrotational.  Thus F φ= ∇ , where φ  is a scalar function. 

 

 

Q.98  Evaluate sdF

S

⋅∫∫  where ( ) k̂ zxjxxyiF 2 ++−=  and S is the region of the plane 2x + 2y + 

z = 6 in the first octant.  (8) 

 

   

 

  Ans: 

ˆ. .
S S

F nds F ds=∫∫ ∫∫  

Unit normal to the plane 2x + 2y + z = 6 is along the vector $ $2 2i j k+ +$ , is given as   

$
$ $

$ 22 2 2 2 1
. ( 6 2 2 )

3 3 3 3

i j k
n F n xy x x x y

+ +
= ⇒ = − + + − −

$

. 

 Thus projection of given plane z=6-2x-2y on z=0 is region bounded by x=0, y=0,  

             y=3-x. 

3 2

.
.

1

r dr dr
F F dr d d

rr

c
r

φ φ φ

φ

∴ = ∇ ⇒ = ⇒ = =

⇒ = − +
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 $
3 3

2

0 0

2 2 1
. ( ( 6 2 2 ))

3 3 3

x

F n dS xy x x x y dydx

−

∴ = − + + − −∫∫ ∫ ∫  

 $
3 2

2 2 3

0

0

1 2
. ( 2 )

3 3 3 3

xxy y
F n dS xy x y y dx

−∴ = − + − −∫∫ ∫  

 $

33 4 3
3 2 2

0 0

4 9
. ( 4 2 3) 3

4 3 4

x x
F n dS x x x dx x x

 
∴ = − + + = − + + = 

 
∫∫ ∫  

 

Q.99  The odds that a Ph.D. thesis will be favourably reviewed by three independent examiners 

are 5 to 2, 4 to 3 and 3 to 4.  What is the probability that a majority approve the thesis? 

  (7)  

  Ans: 

Let p1 , p2 , p3 be the probabilities that thesis is approved by examiner A,B,C  

p1 =  5/7,  p2 = 4/7, p3 = 3/7.  A majority approves thesis if  atleast two examiners are favorable. 

P = p1p2q3 + p1p3q2 + p2p3q1+ p1p2p3  

    = 
5 4 4 5 3 3 4 3 2 5 4 3

7 7 7 7 7 7 7 7 7 7 7 7
+ + + =209/343. 

    

Q.100  If the probabilities of committing an error of magnitude x is given by ,e
h

y
22

xh−

π
=  

compute the probable error from the following data : 

   ,305.1m1 = ,301.1m2 = ,295.1m3 = ,286.1m4 = ,318.1m5 = ,321.1m6 = ,283.1m7 =  

,289.1m8 = ,3.1m9 = 286.1m10 = .  (7) 

    

  Ans: 

( )221 1
1.2984, 0.0001594

10 10
i i

Mean m m meanσ= = = − =∑ ∑  

 σ =0.0126,  

We know that probable error is given as (2/3)σ =0.0084. 

Q.101 Solve by method of separation of variables 0
y

z

x

z
2

x

z

2

2

=
∂
∂

+
∂
∂

−
∂

∂
.  (5) 

  Ans: 

Let Z=X(x)Y(y), then given differential equation becomes 

 X’’Y-2X’Y+XY’=0,  where X’’,Y’, X’,Y’’ are first and second order derivatives. 
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2
( )

2 0 0.

X X Y
a say

X Y

X X aX and Y aY

′′ ′ ′−
⇒ = =

′′ ′ ′⇒ − − = + =
 

  

(1 1 ) (1 1 )

1 2 3

( 1 ) ( 1 )

1 2( )

a x a x ay

x ay ax ax

X C e C e and Y C e

Z e C e C e

+ + − + −

− + − +

∴ = + =

∴ = +
   

 

Q.102 Solve 
2

2
2

x

u

t

u

∂

∂
α=

∂

∂
for conduction of heat along a rod without radiation subject to  

      (i)   u is not infinite for ∞→t  (ii)  0
x

u
=

∂

∂
 for x = 0, x = l  

     (iii)  2xxu −= l  for t = 0 between x = 0 and x = l . (9)   

   

  Ans: 

Let U=X(x)T(t), then given differential equation becomes 

 2

2
( )

X T
k say

X Tα
′′ ′

⇒ = = −  

 
2 2

cos sin k t
X A kx B kx and T Ce

α−⇒ = + = . Condition (i) is satisfied. 

If k
2
 =0, X=ax+b, T=c, thus by condition (ii), we get a=0 

Thus U = bc. 

Now U= (A cos kx  +  B sin kx) C
2 2
k t

e
α−  

By (ii) condition, we get B=0, kl=nπ. Thus 

C 

2 2
2

2

cos

n
t

l
n

e x
l

π
α π−

 is solution for all n. 

2 2
2

2

0

0

cos

n
t

l
n

n

n
U a a e x

l

π
α π∞ −

=

∴ = +∑  

Since l x-x
2
  = 0

0

cosn

n

n
U a a x

l

π∞

=

= +∑   

2
2

0

0

1
( )

6

l
l

a lx x dx
l

= − =∫  

2

2 2 2

0

4
2

( )cos

0

l

n

l
if n is evenn

a lx x x dx n
l l

otherwise

π
π

 
− 

= − =  
 
 

∫  



AE01/AC01/AT01                                                    MATHEMATICS-I 

 

 

 

 112

2 2
2

2

42 2

2 2
1

1 2
cos

16

m
t

l

m

l l m
U e x

m l

π
α π

π

∞ −

=

∴ = − ∑  

Q.103    Obtain the series solution of equation ( ) ( ) 0y
dx

dy
x31

dx

yd
x1x

2

2

=−+−− . (8) 

  Ans: 

Since x = 0 is a regular singular point 

Let ( ) 0

0

, 0m r

m

m

y x C x C
∞

+

=

= ≠∑  

( ) 1

0

' m r

m

m

y C m r x
∞

+ −

=

= +∑  

( ) ( ) 2

0

'' 1 m r

m

m

y C m r m r x
∞

+ −

=

= + + −∑  

Now the given differential equation becomes 

( ) ( ) ( )1 1

0

1 (1 ) (1 3 ) 0m r m r m r

m m m

m

C m r m r x x C m r x x C x
∞

+ − + − +

=

 + + − − − + + − = ∑  

The terms with lowest power of x is x
r-1

. Its coefficient equated to zero gives C0r(r-2) = 0. 

Because C0 ≠ 0 

=> r = 0, r = 2 

The coefficient of x
m+r

 is equated to zero gives 

1 0 2 0

1 1 2
,

1 1

r r r
C C C C

r r r

+ + +
= =

− −
,……… 

2

0

2

0 0 1 0

1 1 2
1 .....

1 1

1 1
, ( 2) .....

1 1

r

r

r r r
y a x x x

r r r

r r
Let a b r y b x r r x r x

r r

+ + + ∴ = + + + − − 

+ + = ∴ = + + + + − − 

 

21
2 1 0 0( ) log 1 5 .....

r

y
Now gives y y x b x x

r
=

∂
 = + − − + ∂

 

2 3 2

1 2 2( log ) 1.2 3.2 ........ 1 5 .....y c c x x x c x x   ∴ = + + + + − + + +     

 

Q.104 Express ( )xJ5  in terms of ( )xJ0  and ( )xJ1 . (6)  

 

  Ans: 

We know 



AE01/AC01/AT01                                                    MATHEMATICS-I 

 

 

 

 113

            ( )1 1 1 1

2
( ) ( )

2
n n n n n n

x n
J x J J J x J J

n x
− + + −= + => = −  

For n = 1, 2 , 3 

2 1 0

2
( )J x J J

x
= −  

3 2 1

4 3 2

5 4 3

4
( )

6
( ) ( )

8
( ) ( )

J x J J
x

J x J x J
x

J x J x J
x

= −

= −

= −

 

( ) ( )5 1 03 3

384 8 192 12
( )J x J x J x

x x x x

−   = − + +   
   

 

Q.105 Express ( )xf as = ( ) ( ) ( )xP
16

5
xP

2

1
xP

4

1
210 ++  where ( )





<<

≤<−
=

1x0     ,x

0x1   ,0
xf . (7) 

  Ans: 

 If f(x) =∑cnPn(x), then 

 

1 0 1

1 1 0

0 1 2

1 1
( ) 0

2 2

1 1 5
,......

4 2 16

n n n n
c n P f x dx n P dx P xdx

c c c

− −

    = + = + +    
     

∴ = = =

∫ ∫ ∫
 

 where we have used the fact that ( )2

0 1 2

1
( ) 1, ( ) , ( ) 3 1

2
P x P x x P x x= = = −  

 0 1 2

1 1 5
( ) ........

4 2 16
f x P P P∴ = + + +  

Q.106  Find analytic function whose real part is 
x2 cosy2cosh

x2sin

−
. (7) 

   

 

  Ans: 

Let 
sin 2

cos h 2 cos 2

x
u

y x
=

−
, and f(z) = u + iv 
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( )
( )

( )

2

2

2

cosh 2 cos 2 2cos 2 2sin 2

cosh 2 cos 2

2sin 2 sinh 2

cosh 2 cos 2

y x x xu

x y x

u x y

y y x

− −∂
=

∂ −

∂
=

∂ −

 

 '( )
u v u u

f z i i
x x x y

∂ ∂ ∂ ∂
= + = −

∂ ∂ ∂ ∂
   since u is an analytic function, thus it must satisfies         

            C-R equations, thus 
v u

x y

∂ ∂
= −

∂ ∂
 

( )
( )

2

2

cosh 2 cos 2 2cos 2 2sin 2 2sin 2 sinh 2
'( )

cosh 2 cos 2

y x x x i x y
f z

y x

− − +
=

−
 

Using Milne’s Thomson method, Let x = z , y = 0 

( )
( )

2

2

2 cos 2 1 2
'( ) cos

1 cos 21 cos 2

z
f z ec z

zz

− −
= = = −

−−
 

∴ ( ) cot ,f z z c= +  where c is an arbitrary constant. 

Q.107 Show that under the transformation 
iz

iz
w

+
−

= , real axis in the z-plane is mapped into the 

circle .1w =  Which portion of the z plane corresponds to the interior of the circle? 

                               (7) 

  Ans: 
2 2

2 2

( 1) ( 1)

( 1) ( 1)

z i x i y x y
w

z i x i y x y

− + − + −
= = =

+ + + + +
 

 For the real axis in the z plane y=0, i.e. w =1, Also w <1 implies  y>0. hence the result. 

 

Q.108 Let ( ) ∫ ξ−
++

=ξ
C

2

dz
z

5zz4
F  where C is ellipse 1

3

y

2

x
22

=






+







.  Find value of F(3.5) and 

( )1F −′ .                      (7) 

   

 

 

 

  Ans: 
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24 5
(3.5)

3.5
C

z z
F dz

z

+ +
=

−∫ , since 3.5 is a point which lies outside C, thus F(3.5) = 0 by Cauchy 

theorem. 

Also -1 lies within C, by Cauchy Integral Formula 

2
24 5

2 (4 5) ( )
C

z z
dz i F

z
π ξ ξ ξ

ξ
+ +

= + + =
−∫  

  ( ) 2 (8 5), ( 1) 6F i F iξ π ξ π′ ′= + − = − . 

 

Q.109 Compute ( )0,0fxy  and  ( )0,0fyx  for the function  

   ( ) ( ) ( )

( ) ( )







=

≠
+=

0,0yx, ,         0

0,0y,x,
yx

xy

y,xf 2

3

  (6) 

  Ans: 

0

0

3

20 0

( ,0) (0,0)
2( ) (0,0) lim 0

(0, ) (0,0)
(0,0) lim 0

( , ) (0, ) 0
(0, ) lim lim

( )

x
x

y
y

x
x x

f x f
a f

x

f y f
f

y

f x y f y xy
f y y

x x x y

→

→

→ →

−
= =

−
= =

− −
= = =

+

 

3

20 0

( , ) ( ,0)
( ,0) lim lim 0

( )
y

y y

f x y f x xy
f x

y y x y→ →

−
= = =

+
 

0

( ,0) (0,0)
(0,0) lim 0

y y

xy
x

f x f
f

x→

−
= =  

0 0

(0, ) (0,0)
(0,0) lim lim 1x x

yx
y y

f y f y
f

y y→ →

−
= = =  

  

Q.110 Let v be a function of (x, y) and x, y are functions of ( )φθ,  defined by   

   φ=+ θ cose2yx  

   φ=− θ sinie2yx  

   where .1i −=   Show that 
θ∂

∂
=

∂

∂
+

∂

∂ v

y

v
y

x

v
x . (8) 

  Ans: 

Because x + y = 2e
θ
cosϕ,   x – y = 2ie

θ
sinϕ 

Adding & Subtracting, we get 
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2x = 2e
θ 

(cosϕ + isinϕ) = 2e
θ + iϕ 

=>  x  = e
θ + iϕ 

Similarly y  = e
θ - iϕ 

Let  v = f (x, y), x = g (θ, ϕ), y = h (θ, ϕ) 

  

. .

( ) ( )

. .

i i

v v x v y

x y

v v
e e

x y

v v
x y

x y

θ φ θ φ

θ θ θ

+ −

∂ ∂ ∂ ∂ ∂
= +

∂ ∂ ∂ ∂ ∂

∂ ∂
= +

∂ ∂

∂ ∂
= +

∂ ∂

  

 

Q.111 Expand yx  near (1, 1) upto 3
rd

 degree terms by Taylor’s series. (7) 

 

  Ans: 

f(x, y) = x
y
   , f(1, 1) =  1 

fx (x, y) = yx
y-1

  , fx(1, 1) =  1 

fy (x, y) = x
y
log x  , fy(1, 1) =  0 

2x
f  (x, y) = y (y-1) x

y-2
 , 2x

f (1, 1) =  0 

2
y

f (x, y) = x
y 
(log x)

2
  , 2

y
f (1, 1) =  0 

fxy (x, y) = x
y-1 

+ yx
y-1

 log x , fxy (1, 1) =  1 

3x
f (x, y) = y (y-1) (y-2) x

y-3
 , 3x

f  (1, 1) =  0 

2
x y

f  (x, y) = (2y-1)x
y-2

 + y (y-1) x
y-2

 log x , 2
x y

f  (1, 1) =  1 

2
xy

f  (x, y) = yx
y-1

 (log x)
2
 + 2 log x x

y-1
 , 2

xy
f  (1, 1) =  0 

3 3

3( , ) (log ) , (1,1) 0y

y y
f x y x x f= =  

By Taylor’s Theorem 
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2 2

3 2

2

3

2 2

3 2

2 3

1
( , ) (1,1) [( 1) (1,1) ( 1) (1,1)]

1!

1
[( 1) (1,1) 2( 1)( 1) (1,1) ( 1) (1,1)]

2!

1
[( 1) (1,1) 3( 1) ( 1) (1,1)

3!

3( 1)( 1) (1,1) ( 1) (1,1)]

1 ( 1) ( 1)

x y

xy
x y

x x y

xy
y

y

f x y f x f y f

x f x y f y f

x f x y f

x y f y f

x x x

= + − + −

+ − + − − + −

+ − + − −

+ − − + − + − − − − −

= + − + − 21
( 1) ( 1) ( 1)

2
y x y− + − −

 

 

Q.112 Find the extreme value of  yzxzxyzyx 222 +++++  subject to the conditions 

1zyx =++ and 3z3y2x =++ .  (7)  

   

  Ans: 

Let  f = x
2
 + y

2 
+ z

2
 + xy + xz + zy 

  g = x + y + z – 1   = 0  

  h = x + 2y + 3z – 3  = 0 

 Let λ1, λ2 be two constants. Using Lagrange’s multiplier method, we get 

F  = f + λ1g + λ2h     OR 

F = x
2
 + y

2 
+ z

2
 + xy + xz + zy + λ1(x + y + z – 1) + λ2(x + 2y + 3z – 3) 

For extreme values, 

0
F F F

x y z

∂ ∂ ∂
= = =

∂ ∂ ∂
,          x + y + z = 1,    x + 2y + 3z = 3. 

=> 2x + y + z + λ1 + λ2 =    0 => x + λ1 + λ2 + 1  =  0 

 2y + x + z + λ1 + 2λ2 =    0   y + λ1 + 2λ2 + 1  =  0  (A) 

 2z + x + y + λ1 + 3λ2 =    0   z + λ1 + 3λ2 + 1  =  0 

Adding (A) and using x + y + z = 1, we get 

 3λ1 + 6λ2 + 4 =  0 

Multiplying equation (ii) of ‘A’ by 2 and (iii) by 3 and adding all and using  

x +2 y +3 z = 1, we get    6λ1 + 14λ2 + 9  =  0 

Solving,     3λ1 + 6λ2 + 4 =  0 

6λ1 + 14λ2 + 9  =  0,    we get 

λ1   = –1 /3,   λ2  = –1 /2 
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From (A), we get 

x = –1/6, y = 1/3, z = 5/6 

Therefore, (–1/6, 1/3, 5/6) is a point of extremum, with extreme value  

  F(–1/6, 1/3, 5/6)= (-1/6)
2
 + (1/3)

2
 + (5/6)

2
 – 1/6*1/3 – 1/6 * 5/6 + 1/3 * 5/6 =11/12 

    

Q.113 Find the rank of the matrix 

 

   



















−

−

9160

1111

6103

0139

  (6) 

   

  Ans: 

Applying  R1 ↔ R3, R2 ↔R4 

1 1 1 1

0 6 1 9

9 3 1 0

3 0 1 6

A

 
 − =
 
 

− 

 

R3 R4 

1 1 1 1

0 6 1 9

3 0 1 6

9 3 1 0

A

 
 − =
 −
 
 

 

R3 �R3 – 3R1,  R4 � R4 – 9R1 

1 1 1 1

0 6 1 9

0 3 2 9

0 6 8 9

A

 
 − =
 − − −
 

− − − 

 

R4 �R4 – R2,  R3 � R2 – 2R3 

1 1 1 1

0 6 1 9

0 0 5 27

0 0 9 18

A

 
 − =
 
 

− − 

 

R4 � 9R3 + 5R4 
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1 1 1 1

0 6 1 9

0 0 5 27

0 0 0 153

A

 
 − =
 
 
 

 

Thus |A| ≠ 0 Hence, rank of A = 4. 

 

Q.114 Let    3211 3x3x5xy ++=                         

                       

    

2xx2xy

2x2x3xy

3213

3212

+−=

−+=

 

                be a linear transformation from ( )321 x,x,x  to ( )321 y,y,y  and  

    

 

                311 x2x4z +=                       

                           
,x5z

x4xz

33

322

=

+=
  

             be a linear transformation from ( )321 x,x,x  to ( )321 z,z,z .  

             Find the linear transformation from ( )321 z,z,z  to ( )321 y,y,y  by inverting appropriate 

matrix and matrix multiplication.  (8)  

     

  Ans: 

Let 

 

1 1

2 2

3 3

1 1

2 2

3 3

5 3 3

3 2 2

2 1 2

4 0 2

0 1 4

0 0 5

y x

y x

y x

z x

z x

z x

     
     = −     
     −     

     
     =     
          

 

1
1 1

2 2

3 3

5 3 3 4 0 2

3 2 2 0 1 4

2 1 2 0 0 5

y z

y z

y z

−
       
       = −       
       −       

 

1

2

3

5 3 3 5 0 2
1

3 2 2 0 20 16
20

2 1 2 0 0 4

z

z

z

−     
     = − −     
     −     
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1

2

3

1

2

3

25 60 46
1

15 40 46
20

10 20 20

1.25 3 2.3

0.75 2 2.3

0.5 1 1

z

z

z

z

z

z

−   
   = −   
   −   

−   
   = −   
   −   

 

y1 = 1.25 z1 + 3 z2 – 2.3 z3 

y2 = 0.75 z1 + 2 z2 – 2.3 z3 

y3 = 0.5 z1 - z2 + z3 

 

Q.115 Prove that the eigenvalues of a real matrix are real or complex conjugates in pairs and 

further if the matrix is orthogonal, then eigenvalues have absolute value 1. (6)   
      

  Ans: 

Let A be a square matrix of order n.  

Then |A – λI | = (-1)
nλn

 + k1λ
n-2

 + -----  + kn = 0 

 where k’s are expressible in terms of elements aij of matrix A. The roots of this equation are 

eigen values of matrix A. Since this is n
th

 polynomial in λ which has n distinct roots which are 

either real or complex conjugates. 

 Hence, eigen values of matrix are either real or complex conjugates. 

If λ is an eigen value of orthogonal matrix then 1/λ is an eigen value of A
-1

. Because A is an 

orthogonal matrix. Therefore A
-1

 is same as A’. 

Therefore 1/λ is eigen value of A’. But A and A’ have same eigen values. 

  Hence, 1/λ is also an eigen value of A. The product of eigen value of orthogonal matrix = 1 

and hence if the order of A is odd it must have 1 as eigen value. Since product of eigen 

value of matrix A is equal to its determinant. Therefore |A| = ±1. 

Q.116 Find eigenvalues and eigenvectors of the matrix 

















−−

−

−−

=

021

612

322

A . (8) 

  Ans: 

|A – λI | = 0 

 

2 2 3

2 1 6 0

1 2

λ

λ

λ

− − −

=> − − =

− − −
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 =>  λ3
 + λ2

 – 21λ - 45  =   0 

 => λ = 5, -3, - 3 

 Eigen values are 5, -3, -3 

For λλλλ = 5, eigen vectors are obtained from 

7 2 3 0

2 4 6 0

1 2 5 0

x

y

z

− −

− − =

− − −

 

=> -7x + 2y - 3z = 0 

 2x – 4y – 6z = 0 

 -x –2y – 5z = 0 

Solving we get,    
1 2 1

x y z
= =

− −
 

i.e. (1, 2, -1)’ is an eigen vector 

For λλλλ = -3, eigen vectors are obtained from 

1 2 3 0

2 4 6 0

1 2 3 0

x

y

z

−

− =

− −

 

 i.e. x +2y – 3z = 0 

There are two linearly independent eigen vectors for  λ = -3. These are obtained by  putting x = 

0 and y = 0 respectively in the equation. 

 Let x = 0 then 2y – 3z = 0 

i.e. 

0

3

2

 is an eigen vector 

Let y = 0, then x – 3z = 0 

     

3

0

1

 is an eigen vector. 

Eigen vectors corresponding to 5, -3 , -3 are 

[1, 2, -1]’ , [0, 3, 2]’ and [3, 0, 1]’. 
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Q.117 Find a matrix X such that AXX 1−  is a diagonal matrix, where 







=

21

45
A .  Hence 

compute 50A .  (8) 

   

  Ans: 

A = 
5 4

1 2

 
 
 

 

| A - λI |     = 0 

=> λ2
 - 7λ + 6 = 0 

=>  λ = 1, 6 

For λλλλ = 1, 

 
4 4

0
1 1

x

y

   
=   

   
 

 Therefore, x + y = 0 

 Eigen vector is (1, -1)’ 

For λλλλ = 6, 

 
1 4

0
1 4

x

y

−   
=   −   

 

 Therefore, x - 4y = 0 

 Eigen vector is (4, 1)’ 

Therefore, modal matrix is X = 
1 4

1 1

 
 − 

and 

X
-1

 = 
1 41

1 15

− 
 
 

 

D = X
-1

AX = 
1 4 5 4 1 4 1 01

1 1 1 2 1 1 0 65

−       
=       −       

 which is diagonal matrix 

Also A = XDX
-1

 

A
50

 = XD
50

X
-1

 

50

1 0

0 6
X
 

=  
 

 X
-1

 

   

Q.118 Prove that a general solution of the system  
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0x2x3x

2xxx

1x10x4x8

543

542

521

=+−

=−+

=+−

 

                   can be written as  

   ( ) 






= 0 0, 0, 2, ,
8

9
x,x,x,x,x 54321 + 







−α 0 1, 3, 1,- ,
2

1
+ 







−β 1 0, 2,- 1, ,
4

3
 where βα,  

are arbitrary.  (6) 

   

  Ans: 

The system of equation can be written as AX = B 

 

1

2

3

4

5

8 4 0 0 10 1

0 1 0 1 1 , , 2

0 0 1 3 2 0

x

x

A X Bx

x

x

 
 −         = − = =        −    
  

 

Rank(A) = Rank(A,B) = 3. Thus system is consistent. Homogeneous system AX=0, has 5 – 3 = 

2 linearly independent solutions. Clearly  (
1

2

−
, -1, 3, 1, 0),  (

3

4

−
, 1, -2, 0, 1) are linearly 

independent and satisfy the homogeneous system AX = 0. Also (
9

8
, 2, 0, 0, 0) is a particular 

solution of non-homogeneous system AX = B.  Thus general solution of non homogeneous 

system is (x1, x2, x3, x4, x5) = (
9

8
, 2, 0, 0, 0) + α (

1

2

−
, -1, 3, 1, 0) + β (

3

4

−
, 1, -2, 0, 1),  where 

α, β are arbitrary. 

 

Q.119 Let dx dy
yx

1
dy dx

yx

1
dy dx

yx

1

22
R

22

2

y

2

1
22

2

1

1

0 +
=

+
+

+
∫∫∫∫∫∫  Recognise the region 

R of integration on the r.h.s. and then evaluate the integral on the right in the order 

indicated.  (7) 

   

  Ans: 
1 2

1
2 2

0 1

2 2

2
2 2

1

1
7( )

1

y

a I dxdy
x y

I dxdy
x y

=
+

=
+

∫ ∫

∫ ∫
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For I1, region of integration is bonded by the lines  x = 1, x = 2, y=0 y = 1  i.e. region R1 in 

figure. For I2, region of integration is bonded by the lines x = y, x = 2, y = 1, y = 2 i.e. region 

R2 in figure. 

               

Now the region R of integration i.e. union of R1 and R2 is bonded by the lines y = 0, y = x, x = 

1, x = 2 

2 2

1

R

dxdy
x y+∫∫  

2

2 2

1 0

1
x

x y

dydx
x y= =

=
+∫ ∫   

2

1

1 0

1
tan

x

y
dx

y x

− 
=  

 
∫  

2

1

1

1
tan 1 dx

x

−= ∫  

2

1

1

4
dx

x

π
= ∫   ( )2

1
log

4
x

π
=    log 2

4

π
= . 

 

Q.120 Compute the volume of the solid bounded by the surfaces 22 yx4z −−=  and 

( )22 yx
3

1
z += .  (7) 

   

  Ans: 

Let V be the volume of solid. The two surfaces intersect at z  = 1. Therefore 

2 22

2 2 2

43 3

13 3 ( )
3

x yx

x y x z x y

V dzdydx

− −−

=− =− − = +

= ∫ ∫ ∫  

2

2

3 3

2 2 2 2

3 3

1
( 4 ( ))

3

x

x

x y x y dydx

−

− − −

= − − − +∫ ∫  



AE01/AC01/AT01                                                    MATHEMATICS-I 

 

 

 

 125

Let cos , sinx r y rθ θ= = .  Then dydx = rdrdθ, r varies from 0 to 3  and θ varies from 0 to 

2π. Then 

2 3 2
2

0 0

19
4

3 6

r
V r rdrd

π

θ π
 

= − − = 
 

∫ ∫  

Q.121 Let ( )y,xµ  be an integrating factor for differential equation Mdx+Ndy=0 and ( ) 0y,x =Ψ  

is a solution of this equation, then show that ( )Ψµ G  is also an integrating factor of this 

equation, G being a non-zero differentiable function of Ψ . (6) 

   

  Ans: 

Since µ be an integrating factor for differential equation Mdx + Ndy = 0. Thus µ(Mdx + Ndy) = 

0 is an exact differential equation. 

 Also dϕ = µ (Mdx + Ndy) (given) 

 Because, ϕ = constant,  is a solution. 

 Let G(ϕ) be any function of ϕ 

Therefore G(ϕ)dϕ = µ G(ϕ) (Mdx + Ndy).  

Let ( ) ( )( ), ( )G d F then dF G dϕ ϕ ϕ ϕ ϕ ϕ= =∫  

Since terms on left is an exact differential, the terms on right must be an exact differential. 

Therefore, µ G(ϕ) is an integrating factor of differential equation. 

   

Q.122 Solve the initial value problem ( ) ( ) 10y   y,
x

1
xn  y

dx

dy 2 =+







+= l . (8) 

  Ans: 

2 1
(ln )

dy
y x y

dx x
= + +  

2

1 1 1
ln

dy
x

y dx y x
− = +  

2

1 1 dy dt
Let t

y y dx dx

−
= => =  

1
, ln

dt
Therefore t x

dx x
+ = +  is the differential equation. 

I.F.    =  
dx

e∫ = e
x 

 . Hence solution is 
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1
. (ln ) lnx x x

t e e x dx c e x c
x

= + + = +∫  

1
lnx xe e x c

y

−
⇒ = +     =>  e

x
 (y ln x + 1) + cy = 0 

       

Q.123    Find general solution of differential equation xsecyy =′+′′′ . (7) 

  Ans: 

y” + y’   =  sec x 

can be written as (D
2
 + D) y  = sec x 

i.e. D (D + 1) y  = sec x 

Therefore, auxiliary equation is m
2
 + m = 0 

m = 0 , -1 

C.F. = C1 + C2e
-x

 

1 1 1
P.I. = sec sec

( 1) 1
x x

D D D D

 = − + + 
 

1 1
= sec secx x x x

x e e x dx X e e Xdx
D D

α α

α
− − − = 

− 
∫ ∫  

( ) ( )ln sec tan sec sec .tan
2

x
x e

x x e x x x
−  

= + − − 
 

 

( ) ( )sec
ln sec tan 1 tan

2

x
x x x= + − −  

  Therefore, ( ) ( )1 2
sec

ln sec tan tan 1
2

x x
y C C e x x x

−= + + + + −  

 

Q.124 Solve the boundary value problem    

   ( ) ( )
4e

1
eey   ,

4

1
1y  1,xyyxyx 23 +===+′−′′ . (7) 

   

  Ans: 

The given differential equation is x
2
y” – xy’ + y  = 

1

x
 

i.e. (θ(θ-1) - θ + 1) y = 
1

x
 , 2, , 2 1 0 1,1td

x e
dt

θ θ θ θ= = − + = ⇒ =    

C.F. = x (C1 + C2 log x) 
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2

1 1
P.I. = .

( 1) xθ −
 

2 1

1 1 1 1
= .

( 1)

1 1 1 1 1 1
= = . . = 

( 1) 2 2 2 4

x
x dx X x dx

x x x

x x x

α
αθ θ α

θ

+

   =  − −   

− −   −   −    

∫ ∫
 

Therefore, y = x (C1 + C2 log x) + 
1 1

.
4 x

 

  

1 1

2 2

1 1 1
(1) 0

4 4 4

1 1 1
( ) 1

4 4 4

1
log

4

y C C

y e e e eC C
e e e

y x x
x

= => = + => =

= + => + = + => =

= +

 

Q.125 Solve the differential equation 0y256y32yiv =+′′+ . (5) 

 

  Ans: 

 y
iv

 + 32y” + 256y = 0 

 i.e. (D
4
 + 32D

2
 +256) y = 0 

A.E. is m
4
 + 32m

2
 + 256 = 0 

i.e. (m
2
 + 16)

2
 = 0 

=> m = ± 4i, ± 4i 

Therefore, y = (C1 + C2 x) (C3  cos 4x + C4 sin 4x) 

 

Q.126  Using power series method find a fifth degree polynomial approximation to the solution of 

initial value problem 

        ( ) ( ) ( ) 10y  2,0y  0,yyxy1x −=′==+′+′′− . (9) 

  

 Ans: 

Let x = 0 be an ordinary point 

Let 0

0

, 0n

n

n

y a x a
∞

=

= ≠∑  be solution about x = 0 

1

1

2

2

'

'' ( 1)

n

n

n

n

n

n

y n a x

y n n a x

∞
−

=

∞
−

=

=

= −

∑

∑
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Then given differential equation becomes 

( ) ( )( )

2 1

2 1 0

1 2

2 2 01

0 2 1 2

1

( 1) ( 1) 0

( 1) ( 1) 0

2 1 ( 2) 0

n n n

n n n

n n n

n n nn

n n nn

n n nn

n

n nn
n

x n n a x x n a x a x

n n a x n n a x a xn a x

a a n na n a xa

∞ ∞ ∞
− −

= = =

∞ ∞ ∞∞
− −

= = ==

∞

+ +
=

− − + + =

− − − + + ==>

=> − +  + + − + = 

∑ ∑ ∑

∑ ∑ ∑∑

∑

 

equating coefficient of x
n
 to zero, we get 

0
2 2 1, ( 2) ,

2
n n n

a
a n a na a+ += + = +  

Also y(0)  =  2 => a0  =  2 

 y'(0)  =  -1 => a1  =  -1 

Therefore, a0  =  2,  a1  =  -1,  a2  =  1,  a3  =  0,   a4  = ¼ ,  a5  = 3/20 , _______ 

4 5
2 3

2
4 20

x x
y x x= − + + + +….. 

 

Q.127 Let ( )xJv  denote the Bessel’s function of first kind.  Find the generating function of the 

sequence ( ){ }.........2 ,1 ,0v,xJv ±±= . Hence prove that  

  
( ) ( ) ( )
( ) ( ) ( ) ...........x2Jx2JxJ2sin x

...........x2Jx2JxJ xcos

531

420

−+−=

−+−=
                              (7) 

   

  Ans: 

Jn(x) is the coefficient of z
n
 in expansion of

1

2

x
z

ze

 − 
  . 

1 2 2 2 2
12 1 1

2 4 2 2 4 2

x
z

z x x z x x z
e z z

  −−  − 
  

= + + + − − − − − + + − − − −  
  

 

Coefficient of z
n 

 , n ≥ 0 

1 2 2

2 2 2 2
. .

1 2 2 2

n n n
x x x x

x

n n n

+ +
−       

       −        = + + + − − − − − + + 
 

( ) 2

0

1
( )

2

m n m

n

m

x
J x

m n m

+∞

=

−  = = +  
∑  

Similarly we can get the result for n < 0. Set z = i . Then  
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1

2 cos sin . cos sin ( )( )

x
z

ix nz

n

n

e e x i x Thus x i x J x i

  ∞− 
 

=−∞

= = + + = ∑  

Comparing real and imaginary parts and by using ( ) ( 1) ( )n

n n
J x J x− = −  we get 

cos (x) = J0 (x) - 2 J2 (x) + 2 J4 (x) +………. 

sin (x) = 2[ J1 (x) + J3 (x)+ J5 (x)+ ---------] 

 

Q.128  Show that for Legendre polynomials ( )xPn  

   ( ) ( ) ..1,2,......n ,
14n

2n
dx xP xxP

21nn

1

1

=
−

=−
−
∫            (7) 

   

  Ans: 
1

1

1

( ) ( )
n n

xP x P x dx−
−
∫  

We know that (2n-1) x Pn-1 = n Pn + (n-1) Pn-2 

Multiplying by Pn(x) both sides and integrating, we get 

  

1 1 1

2

1 2

1 1 1

1

2

1

1

1

1

1 2

1

(2 1) ( ) ( ) ( ) ( 1) ( ) ( )

( )

0 ,
2

. ( ) ( ) 2
2 1 ,

2 1

2
, ( ) ( )

4 1

n n n n n

n

m n

n n

n xP x P x dx nP x dx n P x P x dx

n P x dx

m n

n P x P x dx
n m n

n

n
Therefore xP x P x dx

n

− −
− − −

−

−

−

−

− = + −

=

 ≠ 
  

= =  
+ =  +  

=
−

∫ ∫ ∫

∫

∫

∫

 

 

Q.129  For the  function        

2 2

2 2

(2 3 )
, ( , ) (0,0)

( , )

0, ( , ) (0,0)

xy x y
x y

f x y x y

x y

 −
≠

= +
 =

 show that   

                         (0,0) (0,0)xy yxf f≠ .   

 (8) 

Ans: 

 For obtaining xyf and yxf we need xf  and yf . For obtaining these derivatives we use the 

definition of xf and yf  
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x

yxfyxxf
Ltf
x

x δ
δ

δ

),(),(

0

−+
=

→
 , 

y

yxfyyxf
Ltf
y

y δ
δ

δ

),(),(

0

−+
=

→
  

Thus 

 

( )

( )

0 0

2 2

2 20 0

22

20 0

( ,0) (0,0) (0, ) (0,0)
(0,0) lim 0, (0,0) lim 0,

2 3( , ) (0, )
(0, ) lim lim 3

( )

2 3( , ) ( ,0)
( ,0) lim lim

( ) (

x y
x y

x
x x

y
y y

f x f f y f
f f

x y

y x y xf x y f y
f y y

x x y x

x x y yf x y f x
f x

y x

∆ → ∆ →

∆ → ∆ →

∆ → ∆ →

∆ − ∆ −
= = = =

∆ ∆

 ∆ − ∆∆ −  = = = −
∆  ∆ + ∆ 

 − ∆ ∆∆ −  = =
∆ + 2

0 0
(0,0)

0 0
(0,0)

2 .
)

( ,0) (0,0) 2
(0,0) lim lim 2,

(0, ) (0,0) 3
(0,0) lim lim 3.

(0,0) (0,0).

y y

xy
x x

x x
yx

y y

xy yx

x
y y

f x ff x
f

x y x x

f y ff y
f

y x y y

Hence f f

∆ → ∆ →

∆ → ∆ →

=
 ∆ ∆ 

∆ − ∂ ∂ ∆
= = = = ∂ ∂ ∆ ∆ 

∆ −∂ ∂ − ∆ = = = = − ∂ ∂ ∆ ∆ 

≠

 

 

Q.130 Find  the  absolute  maximum  and    minimum   values  of   the     function  
2 2( , ) 4 9 8 12 4f x y x y x y= + − − +  over the rectangle in the  first   quadrant bounded by the lines 

x = 2, y = 3 and the coordinate axes.                               

 (8) 

Ans 

 The function f can attain maximum/ minimum values at the critical points or on the boundary 

of the rectangle OABC, such that O (0,0), A(2,0), B(2,3), C (0,3). We have 

8 8 0, 18 12 0x yf x f y= − = = − = . The critical point is (x,y)=(1,2/3). Now, since 2 0rt s− f  and  

r >0. The point (1,2/3) is a point of relative minimum. The minimum value is f(1,2/3)=-4.On 

the boundary line OA, we have y = 0 and f(x,y) = f(x,0) = g(x) = 24 8 4x x− + , which is a 

function of one variable. Setting 0,
dg

dx
= we get x = 1. Now, 

2

2
8 0

d g

dx
= > . Therefore, at x =1, 

the function has a minimum. The minimum value is g(1)=0. Also, at the corners (0,0), (2,0) we 

have f(0,0)=g(0)= 4, f(2,0)=4. On the boundary line AB, we have x = 2 and f(x,y) = h(y) = 

29 12 4y y− + , which is a function of one variable. Setting 0,
dh

dy
= we get y =2/3. Now, 

2

2
18 0

d h

dy
= > . Therefore, at y=2/3, the function has a minimum. The minimum value is 

f(2,2/3)=0. Also, at the corners (2,3) we have f(2,3)=49. On the boundary line BC, we have y = 

3 and f(x,y) = g(x) = 24 8 49x x− + , which is a function of one variable. Setting 0,
dg

dx
= we get 

x =1. Now, 
2

2
8 0

d g

dx
= > . Therefore, at x=1, the function has a minimum. The minimum value 
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is f(1,3)=45. Also, at the corners (0,3) we have f(0,3)=49.On the boundary line CO, we have x 

= 0 and f(x,y) = h(y) = 29 12 4y y− + , which is the same case as for x=2.Therefore, the absolute 

minimum value is -4 at (1,2/3) and the absolute maximum value is 49 at (2,3) and (0,3). 

 

Q.131 If 1( , ) tan ( )f x y xy−= , find an approximate value of f(1.1,0.8) using the Taylor’s series 

quadratic approximation.                 (8) 

 

Ans: 

Using the Taylor series quadratic approximation, one can write 

 ( ) ( )yyxyxxyx fkhkffhkfhfyxfkyhxf 22 2
!2

1
),(),( +++++=++  ------------------- (1) 

 Here h=0.1, k= -0.2 Thus 

 ( )
1,1

22

1,1 )2.0()2.0)(1.0(2)1.0(
!2

1
)2.01.0()1,1()8.0,1.1( yyxyxxyx fffffff −+−++−+=  ----- (2) 

 Now ] 7857.0
14

11

4

1

7

22

4
1tan)(tan)1,1( 1

1,1

1 ====== −− π
xyf  

( )
2

1

1
1,1

221,1
=









+
=

yx

y
f x , ( )

2

1

1
1,1

221,1
=









+
=

yx

x
f y . Thus ( )

2

2.0

2

1.0
−=+ yx kfhf  

= -(0.05); ( )
( ) 2

1

1

2

1,1

222

2

1,1
−=







+
−=

yx

xy
f xx

; 
( ) 2

1

1

2
)1,1(

1,1

1,1

222

2

−=














+

−
=

yx

yx
f yy  

( )
0

1

1
)1,1(

1,1

222

22

=






+

−
=

yx

yx
f xy

. On using the values of )1,1(),1,1( xff , 

)1,1(),1,1(),1,1(),1,1( xyyyxxy ffff  in Eqn (2), we get 

( ) ( ) 7207.0
2

1
2.00

2

1
1.0

2

1
)05.0(7857.0)8.0,1.1(

22 ≈














−−++






−+−=f  

. 

Q.132 Evaluate the integral 2 2( )
R

x y dxdy+∫∫  by changing to polar coordinates, where R is the 

region in the x-y plane bounded by the circles    2 2 4x y+ =  and 2 2x y+ =9.  (8) 

 

Ans: 

 Using x = r cosθ, y = r sinθ, we get dx dy = r dr dθ, and  
32 3 2 23

0 2 0 02

19 38
( )

3 3 3

r
I r rdrd d d

π π π

θ θ θ π
 

= = = = 
 

∫ ∫ ∫ ∫  

 

Q.133 Find the solution of the differential equation  (y-x+1)dy – (y+x+2) dx = 0.              (6) 
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Ans: 

When written in the form 
1

2

+−

++
=

xy

xy

dx

dy
; the differential equation (d.e.) belongs to the 

category of reducible homogeneous d.e. of first order and can be integrated by reducing to the 

homogeneous form. Before we indulge into this let us first examine the given differential 

equation by writing it in the form M(x, y)dx + N(x. y)dy = 0 

 Here M = -(y + x +2); N = y – x + 1 

 1−=
∂

∂
∴

y

M
;  1−=

∂
∂

x

N
,  Since 

x

N

y

M

∂

∂
=

∂

∂
 

 Therefore the given equation is exact, consequently, we write it as follows 

 ydy – xdy + dy – ydx – xdx – 2dx = 0 

 or ydy  + dy – (xdy + ydx) – xdx – 2dx = 0 

 Integrating Cx
x

xyy
y

=−−−+ 2
22

22

 

 In fact, on observation for its exactness should have been made before classifying it to any 

other category. If one fails to make this observation then it can be reduced to homogenous form 

y making the transformation x = X + h, y = Y + k which yields 

1

2

+−+−
++++

=
hkXY

khXY

dx

dY
 

Choose h, k such that h + k + 2 = 0, k – h + 1 = 0. Thus, we get h = 
2

1
− , k = 

2

3
−  and the d.e. 

reduces to →
−
+

=
XY

XY

dX

dY
 YdY – XdY – YdX – XdX = 0 

Integrating C
X

XY
Y

=−−
22

22

; 
2

3
,

2

1
+=+= yYxX . 

 

Q.134 Solve the differential equation cot 3 3 cos3 sin 3 , 0 2
dy

x y x x x
dx

π− = + < < . (6) 

Ans: 

On dividing throughout by cot3x, the given differential equation can be written as 

 
2sin 3

3(tan 3 ) (tan 3 )(cos3 sin 3 ) sin 3
cos 3

dy x
x y x x x x

dx x
− = + = +

         
 -------- (1) 

Eqn(2) is a linear differential equation of the form 

)()( xQyxP
dx

dy
=+ ; where xxP 3tan3)( −= ; 

x

x
xxQ

3cos

3sin
3sin)(

2

+=  

I.F. ∫Pdx

e =
3 tan3 logcos3 cos3

xdx x
e e x

− ∫ = =  .  

Multiplying (1) throughout by cos3x and integrating, we get  

Cdxxxdxxxy ++= ∫ ∫ 3sin3cos3sin3cos 2  

  Cx
x

xCdxxdxx +−+−=+−+= ∫∫ 6sin
12

1

2
6cos

12

1
)6cos1(

2

1
6sin

2

1
. 

 

Q.135 Show that the functions 1, sinx, cosx are linearly independent.                         (4) 
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Ans: 

For functions 1, sin x, cos x to be linearly independent the Wronskian of the functions given by 

1

cossin0

sincos0

cossin1

)()()(

)()()(

)()()(

)( −=

−−

−=

′′′′′′

′′′=

xx

xx

xx

xhxgxf

xhxgxf

xhxgxf

xW   

has to be non-zero. Here it is (-1)  0. Hence the result. 

 

Q.136 Using method of undetermined coefficients, find    the  general  solution of   the equation 
24 13 12 sin 3xy y y e x′′ ′− + = .                                           (8) 

 

Ans: 

For obtaining the general solution of 

 xeyyy x 3sin12134 =+′−′′   -------------------- (1) 

 We have to determine ey , the complementary function that is the solution of (1) without the 

RHS and the P.I. Here for determining the P.I. we have to use the method of undetermined 

coefficients. For cy we have to write the auxiliary/characteristic equation which is 

01342 =+− mm . The roots of the equation are m = 2+3i , 2-3i  . The complementary function 

is 2( ) ( cos3 sin 3 )x

cy x e A x B x= +  . We note that 2 sin 3xe x  appears both in the complementary 

function and the right hand side r(x). Therefore, we choose 
2

1 2( ) ( cos3 sin 3 )
x

py x xe C x C x= + . 

Consequently we have  

 
2 2

1 2 2 1( ) (1 2 ) ( cos3 sin 3 ) 3 ( cos3 sin 3 )
x x

py x x e C x C x xe C x C x′ = + + + − , 

 

2 2

1 2 1 2

2

2 1

( ) (4 4 ) ( cos3 sin 3 ) 9 ( cos3 sin 3 )

6(1 2 ) ( cos3 sin 3 )

x x

p

x

y x x e C x C x xe C x C x

x e C x C x

′′ = + + + − −

+ + −
 

 Substituting in the given equations, we get 
2

1 2 1 1 2 1

2 2

2 1 2 2 1 2

2 2 2

2 1

4 13 cos3 ( (4 4 ) 6 (1 2 ) 9 4 (1 2 ) 12 13 )

sin 3 ( (4 4 ) 6 (1 2 ) 9 4 (1 2 ) 12 13 ) 12 sin 3

6 cos3 6 sin 3 12 sin 3

x

p p p

x x

x x x

y y y e x C x C x C x C x xC xC

e x C x C x C x C x xC xC e x

C e x C e x e x

′′ ′− + = + + + − − + − +

+ + − + − − + + + =

⇒ − =

 

Comparing, both sides we get 
1 2

2, 0C C= − = . Therefore, the particular integral 

is
2

2 s3
x

py xe co x= − . The general solution is 2( ) ( cos3 sin 3 2 cos3 )xy x e A x B x x x= + − .  

 

Q.137 Solve 
2

2

2

sin(log ) 1
3 log

d y dy x
x x y x

dx dx x

+
− + = .            (8) 

 

Ans: 

The given differential equation has to be transformed to the differential equation with constant 

coefficients by changing the independent variable x to t using the transformation 

 xtorex t log== . Thus, yDD
dx

yd
xDy

dt

dy

dx

dy
x )1(,

2

2
2 −===  

 The given d.e. assumes the following form: 



AE01/AC01/AT01                                                    MATHEMATICS-I 

 

 

 

 134

 ( )( ) ( ) )sin1(14131 2 tteyDDyDDD t +=+−=+−− −       --------------- (1) 

 Characteristic equation of (1) is 0142 =+− mm   --------------- (2) 

 Roots of (2) are 32 ±=m .  

 Thus, C.F. = (2 3) (2 3)

1 2

t t
c e c e

+ −+  

P.I. = 
2 2

1 1
(1 sin ) (1 sin )

4 1 ( 1) 4( 1) 1

t te t t e t t
D D D D

− −+ = +
− + − − − +

 

 
2 2

1 1
sin

6 6 6 6

te t t t
D D D D

−  = + 
− + − + 

1
2

2

1 1 6 1 1
1 (1 ) (1 )

6 6 6 6 6 6

D D
t t D t t

D D

−
 −

= − = + = + − +  
 

 

2 2 2

1
2

(2 3) (2 3)

1 2

1 1 1
sin . . . .

6 6 6 6 ( ) 6( ) 6

(2 6) 5 6 (2 6)
. . 1 . . (cos sin )

5 6 5 6 61 5 6

1 2
(5sin cos ) (27sin 191cos ).

61 3721

it it

it

t

t t I P of te I P ofe t
D D D D D i D i

e i D D i i
I P of t I P of t i t t

i i i

t t t t

y c e c e

−

+ −

= =
− + − + + − + +

 − + + − = + = + −  − − −  

= + + +

= +
1 1 2

(1 ) (5sin cos ) (27sin 191cos )
6 61 3721

t te t t t t t−  + + + + + +  

 

 

Q.138 In an L-C-R circuit, the   charge   q   on   a plate of a condenser is given by   
2

2
sin

d q dq q
L R E pt

dt dt C
+ + = . The circuit  is tuned to resonance so that  2 1/p LC=  . If  initially 

the current I and the charge  q be zero, show that, for small values of R/L, the current in the 

circuit at time t is given by (Et/2L)sinpt.                                   (8) 

 

Ans: 

Given differential equation is ( ) ptEqCRmLm sin/12 =++ . It’s A.E. is ( ) 0/12 =++ CRmLm  

which gives 







−+−=

LC

1

L4

R

L2

R
m

2

2

. As R/L is small, 
2

2

L4

R
 ≈ 0 therefore, to the first order 

in R/L, ip
L

R

LC
i

L

R
m ±−=±−=

2

1

2
, where 

LC
p

12 = .Thus, 

( ) ( )2
1 2 1 2

. . cos sin (1 / 2 ) cos sin
Rt

LC F e c pt c pt Rt L c pt c pt
−

= + = − + , rejecting terms in ( )2
R L  

etc.  

Thus P.I. = pt
Rp

E
ptE

CRmLm
cossin

/1

1
2

−=
++

. 

Thus the complete solution is ( )1 2
(1 / 2 ) cos sin cos

E
q Rt L c pt c pt pt

Rp
= − + − . 
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( ) ( )1 2 1 2(1 / 2 ) sin s s sin sin
2

dq R E
i Rt L c pt c co pt p c co pt c pt pt

dt L R
∴ = = − − + − + +  

Initially when t=0, q=0, i=o, we get 2

1 2, 2 .c E Rp c E Lp= = Thus, substituting these values of 

constants, we get  

2 2
(1 / 2 ) sin s s sin

2 2 2

sin sin
2

E E R E E
i Rt L pt co pt p co pt pt

Rp Lp L Rp Lp

E Et
pt pt

R L

   
= − − + − +   

   

+ =

 

 

Q.139 Find a linear transformation T from R
3
 into R

3  such that                        (8) 

1 6 1 2 1 6

1 2 , 1 4 , 2 6 .

1 4 1 2 3 5

T T T

           
           = − = − − =           
           
           

 

 

Ans: 

Let the matrix 

1 2 3

1 2 3

1 2 3

a a a

A b b b

c c c

 
 =  
 
 

. Thus 

1 2 3

1 2 3

1 2 3

1 6

1 2 ,

1 4

a a a

A b b b

c c c

    
    = =    
    
    

 

1 2 3 1 2 3

1 2 3 1 2 3

1 2 3 1 2 3

1 2 1 6

1 4 , 2 6 .

1 2 3 5

a a a a a a

b b b b b b

c c c c c c

         
         − = − − =         
         
         

 Solving, 

1 2 3

15 / 2 3 13/ 2

1 1 2

A

 
 = − 
 
 

. 

Q.140 Examine, whether the matrix A is diagonalizable. 

2 2 3

2 1 6

1 2 0

A

− − 
 = − 
 − − 

.  If, so, obtain the   

matrix P such that  1P AP− is a diagonal matrix.                                                         (8) 

 

Ans: 

The characteristic equation of the matrix A is given by  

3 2

2 2 3

2 1 6 0 21 45 0 5, 3, 3

1 2

A I or or

λ

λ λ λ λ λ λ
λ

− − −

− = − − = + − − = = − −

− − −

. 

 Eigenvector corresponding to λ = 5 is the solution of the system  

 ( )
7 2 3 0

5 2 4 6 0

1 2 5 0

x

A I X y

z

− −     
     − = − − =     
     − − −     

. The solution of this system is [ ]1, 2, 1
T

− . 

 Eigenvector corresponding to λ =-3 is the solution of the system  
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( )
1 2 3 0

3 2 4 6 0 0

1 2 3 0

x

A I X y or x y z

z

−     
     + = − = + + =     
     − −     

. The rank of the matrix is 1. Therefore,  

the system has two linearly   independent    solutions. Taking z = 0,y = 1, we get eigenvector as 

[ ]2, 1, 0
T

− , and taking y = 0, z = 1, we get eigenvector as [ ]3, 0, 1
T

. Thus the matrix P is 

given by 

1 1

1 2 3 1 2 3

2 1 0 2 4 6 (5, 3, 3).

1 0 1 1 2 5

P and P and P AP diag
− −

− −   
   = = − = − −   
   −   

 

 

Q.141 Investigate the values of µ and λ so that the equations  

2 3 5 9, 7 3 2 8, 2 3x y z x y z x y zλ µ+ + = + − = + + = , has (i) no solutions (ii) a unique solution 

and (iii) an infinite number of solutions.                                                         (8) 

 

Ans. 

We have 

2 3 5 9

7 3 2 8

2 3

x

y

zλ µ

     
     − =     
          

. The system admits of unique solution if and only if, the 

coefficient matrix is of rank 3. Thus 

2 3 5

7 3 2 15(5 ) 0.

2 3

λ
λ
− = − ≠  Thus for a unique solution  

λ ≠ 5 and µ may have any value.  If λ = 5, the system will have no solution for those values of µ 

for which the matrices 

















−=

532

237

532

A and 

















−=

µ532

8237

9532

k are not of the same rank.  But A 

is of rank 2 and K is not of rank 2 unless µ=9. Thus if  λ = 5 and µ ≠ 9, the system will have no 

solution.  If  λ = 5 and µ=9, the system will have an infinite number of solutions. 

 

Q.142 Find the power series solution about the point 
0

2x = of the equation ( 1) 0y x y y′′ ′+ − + = . 

(11)                                

Ans: 

 The power series can be written as 
0

( ) ( 2)m

m

m

y x c x
∞

=

= −∑ .  Substituting in the given equation, 

we get ( )2 1

2 1 0

( 1) ( 2) 2 1 ( 2) ( 2) 0m m m

m m m

m m m

m m c x x mc x c x
∞ ∞ ∞

− −

= = =

 − − + − + − + − = ∑ ∑ ∑  

 2 1

2 1 0

3 1 2

2 ( 1) ( 2) ( 1) ( 2) ( 2) 0m m m

m m m

m m m

c c c m m c x m c x mc x
∞ ∞ ∞

− −

= = =

+ + + − − + + − + − =∑ ∑ ∑  
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[ ]2 1 0 2 1

1

2 ( 2)( 1) ( 1) ( 1) ( 2) 0m

m m m

m

c c c m m c m c m c x
∞

+ +
=

+ + + + + + + + + − =∑ . Setting the 

coefficients of successive powers of x to zero, we get 

1
2 1 0 2

( )
2 0, , 1

( 2)

m m
m

c c
c c c c m

m

+
+

+
+ + = = − ≥

+
, where 0 1,c c are arbitrary constants. We obtain 

( ) ( ) ( )2 1 0 3 1 2 1 0

1 1 1
, ,.....

2 3 6
c c c c c c c c= − + = − + = − −  The power series solution is  

 2 3 2 3

0 1

1 1 1 1
( ) 1 ( 2) ( 2) ..... ( 2) ( 2) ( 2) ....

2 6 2 6
y x c x x c x x x

   = − − + − − + − − − − − +      
 

 

Q.143 Express f(x)= 4 3 22 6 5 3x x x x+ − + − in terms of Legendre Polynomial.    (5) 

 

Ans: 

As ( ) ( )2

0 1 2 2 0

1 1
1 ( ), ( ), 2 ( ) 1 2 ( ) ( )

3 3
P x x P x x P x P x P x= = = + = +  

 

( ) ( )

( )

3 4

3 1 4 2 0

4 3 2 1 0

1 1
2 ( ) 3 ( ) , 8 ( ) 20 ( ) 7 ( )

5 35

1
( ) 8 ( ) 28 ( ) 120 ( ) 217 ( ) 168 ( )

35

x P x P x x P x P x P x

f x P x P x P x P x P x

= + = + +

= + − + −
 

 

Q.144 Express 
5
( )J x  in terms of 

0
( )J x  and 

1
( )J x  .                                                            (8) 

 

Ans: 

We know  ( )1 1 1 1

2
( ) ( ) ( ) , . . ( ) ( ) ( )

2
n n n n n n

x n
J x J x J x i e J x J x J x

n x
− + + −= + = −  

 Putting n=1, 2, 3, 4 successively, we get 
2 1 0

2
( ) ( ) ( )J x J x J x

x
= −    

3 2 1

4
( ) ( ) ( )J x J x J x

x
= −  

4 3 2

6
( ) ( ) ( )J x J x J x

x
= −   

5 4 3

8
( ) ( ) ( )J x J x J x

x
= − Substituting the 

values, we get 
3 1 04 2 3

384 72 12 192
( ) 1 ( ) ( )J x J x J x

x x x x

   = − − + −      
 

 

Q.145 If
0, 1 0

( )
, 0 1

x
f x

x x

− < ≤
= 

< <
show that

0 1 2 4

1 1 5 3
( ) ( ) ( ) ( ) ( )

4 2 16 32
f x P x P x P x P x= + + − + − − .       (8) 

  

Ans: 

As
0

( ) ( )
n n

n

f x c P x
∞

=

=∑ . Then nc  is given by 

 

1 1 1

0 0

1 0 1

1 1 1 1
( ) ( ) ( ) , ( )

2 2 2 4
n n nc n f x P x dx n xP x dx thus c xP x dx

− −

     = + = + = =     
     

∫ ∫ ∫ , 
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1 2 3 4

1 5 3
, , 0, ,

2 16 32
c c c c hence= = = = − 0 1 2 4

1 1 5 3
( ) ( ) ( ) ( ) ( )

4 2 16 32
f x P x P x P x P x= + + − + − -- 

 

Q.146 Find the extreme value of the  function   f(x,y,z) = 2x + 3y + z  such that x
2
+y

2
=5 and x + z =1                                            

(8) 

Ans. 

We have the auxiliary function as  

 022 21 =++= λλ xFx , 023 1 =+= yFy λ ; 01 2 =+= λzF                            ----- (1,2,3) 

Using (3) in (1) we get )2/(1 1λ−=x   -- (4).  

Using (2) we get 
12

3

λ
−=y  ----- (5).  

Using Equations(4) and (5) in 0522 =−+ yx  we get 
2

1
1 ±=λ . For 

2

1
1 =λ , we arrive at the 

following point. 

 

For the extremum, 
1 1

0, 1 (2 ) 3 (2 )
F F F

gives x and y
x y z

λ λ
∂ ∂ ∂

= = = = − = −
∂ ∂ ∂

 substituting in 

2 2( 5)x y+ − =0, we get 
1

1

2
λ = ±  For 

1

1

2
λ =  , we get the point 

2 2 2 2
( , , ) , 3 , ( , , ) 1 5 2

2 2 2
x y z and f x y z

 +
= − − = −  
 

 For 
1

1

2
λ = −  we get the point 

2 2 2 2
( , , ) ,3 , ( , , ) 1 5 2

2 2 2
x y z and f x y z

 −
= = +  
 

 

Q.147 Show that the function 

1
( )sin , 0

( , )

0, 0

x y x y
f x y x y

x y

  
+ + ≠  = +  

 + =

 is continuous at (0,0) but its 

partial derivatives of first order does not exist at (0,0).                 (8) 

 

Ans. 

As 2 21
( , ) (0,0) ( )sin 2 ( )f x y f x y x y x y x y

x y
ε

 
− = + ≤ + ≤ + ≤ + < + 

 

 If we choose 
2

ε
δ < then 2 2( , ) 0 , 0 ( )f x y whenever x yε δ− < < + <  

Therefore
( , ) (0,0)

lim ( , ) 0 (0,0)
x y

f x y f
→

= =  Hence the given function is continuous at (0,0).  Now at 

(0,0) 
0 0

( ,0) (0,0) 1
(0,0) lim lim sinx

x x

f x f
f

x x∆ → ∆ →

∆ −  = =  ∆ ∆ 
 does not exist. Therefore fx does not exist 
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at (0,0). Similarly  
0 0

(0, ) (0,0) 1
(0,0) lim lim sin

y
y y

f y f
f

y y∆ → ∆ →

 ∆ −
= =  ∆ ∆ 

 does not exist. Therefore fy 

does not exist at (0,0). 

 

Q.148 Evaluate the integral ,
T

zdxdydz∫∫∫ where T is region bounded by the cone  

2 2 2 2 2tan tanx y zα β+ =  and the planes z=0  to z=h in the first octant.   (8) 

 

Ans. 

The required region can be written as 

2 2 2 2 2 2 20 tan tan , 0 tan cot ,0 cotz x y y h x x hα β α β α≤ ≤ + ≤ ≤ − ≤ ≤  thus  

 ( )
( )2 2 2

tan cot
cot

2 2 2 2

0 0

1
tan tan . tan sin

2

h x
h

J x y dy dx Let x h

α β
α

α β α θ

− 
 = + = 
  

∫ ∫  

 

/ 2 4
2 2 3 3

0

cot 1
sin ( cos ) cos cot cos cot cot

2 3 16

h
J h h h h d

πβ π
θ θ θ α θ θ α β = + =  

∫  

 

Q.149 Show that the approximate change in the angle A of a triangle ABC due to small changes  

, ,a b cδ δ δ in the sides a, b, c respectively, is given by ( cos cos )
2

a
A a b C c Bδ δ δ δ= − −

∆
 

where ∆ is the area of the triangle. Verify that 0A B Cδ δ δ+ + =              (8) 

 

Ans. 

For any triangle ABC, we have under usual notations 

 
bc

acb
Acos2

222 −+
= , 

ac

bca
Bcos2

222 −+
= , 

ab

cba
Ccos2

222 −+
=  

 Differentiating the first of the above, we get 

 
{ } ( ){ }

22

222222
sin2

cb

bccbacbaaccbbbc
AA

δδδδδ
δ

+−+−−+
=−  

  = 
{ } { }

22

22222322 222

cb

aabccbabcbbccaccbcbb δδδ −+−−++−−
 

  = 
( ) ( )[ ]

22

222232 2

cb

aabccbabbcbcaccb δδδ −+−++−
 

  = ( )
bc

a
ac

bc

bca

bc

a
b

ab

acb

bc

a 2

2

2

2

2 222222

δδδ −






 −+
+







 +−
 

  = [ ]acBbC
bc

a
δδδ −+ coscos

2
 

 Or [ ]cBbCa
Abc

a
A δδδδ coscos

sin
−−=  
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      [ ]BcCba
a

A coscos
2

δδδδ −−
∆

=  )sin2( Abc=∆Q  QED (Ist part) 

      [ CaAcb
b

B coscos
2

δδδδ −−
∆

= ] 

      [ ]AbBac
c

C coscos
2

δδδδ −−
∆

=  

 Adding the above three expressions for CBA δδδ ,,  we get 

 0=++ CBA δδδ   

   

Q.150 If  2 cos 2 sx y e and x y ie inθ θφ φ+ = − = Show that 
2 2 2

2 2
4

u u u
xy

x yθ φ
∂ ∂ ∂

+ =
∂ ∂ ∂ ∂

   (8) 

 

Ans. 

 It is given that  

ϕϕ θθ sin2,cos2 ieyxeyx =−=+  

Adding ϕθ i
ex

+= , subtracting ϕθ iey −=  

y

u
e

x

u
e

y

x

ux

x

uu ii

∂
∂

+
∂
∂

=
∂
∂

∂
∂

+
∂
∂

∂
∂

=
∂
∂ −+ ϕθϕθ

θθθ
..  

y
y

x
x

y

u
y

x

u
x

u

∂

∂
+

∂

∂
=

θ∂

∂
=

∂

∂
+

∂

∂
=

θ∂

∂
 

y

u
ie

x

u
ie

y

y

ux

x

uu ii

∂
∂

−
∂
∂

=
∂
∂

∂
∂

+
∂
∂

∂
∂

=
∂
∂ −+ ϕθϕθ

ϕϕϕ
 

       = 








∂
∂

−
∂
∂

y
y

x
xi  










∂
∂

−
∂
∂










∂
∂

−
∂
∂

+








∂
∂

+
∂
∂










∂
∂

+
∂
∂

=
∂
∂

+
∂
∂

∴
y

u
y

x

u
xi

y
y

x
xi

y

u
y

x

u
x

y
y

x
x

uu
2

2

2

2

ϕθ
 

                  = 








∂
∂

+
∂
∂

+
∂
∂

+
∂∂

∂
−

∂
∂

−
∂
∂

+
∂
∂

+
∂
∂

+
∂∂

∂
+

∂
∂

y

u
y

x

u
x

y

u
y

yx

u
xy

x

u
x

y

u
y

x

u
x

y

u
y

yx

u
xy

x

u
x

2

2
2

2

2

2
2

2

2
2

2

2

2
2 22  

yx

u
xy

uu

∂∂
∂

=
∂
∂

+
∂
∂

∴
2

2

2

2

2

4
ϕθ

 

Alternative operate 
y∂

∂
 operator on 

x

u

∂
∂

 

 

Q.151 Using the method of variation of parameter method, find the general solution of differential 

equation 16 32sec 2y y x′′ + =                                                                  (8) 

 

Ans.  

 The characteristic equation of the corresponding homogeneous equation is m
2
+16=0. The 

complementary function is given by y=Acos4x + Bsin4x  where y1= cos4x and  
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y2= sin4x are two linearly independent solutions of the homogeneous equation. The Wronskian 

is given by 

  

1 2

1

1 2

2

32sec 2 sin 4
( ) 4. ( ) 8cos 2

4

32sec 2 cos 4
( ) 8sin 2 4ln sec 2 tan 2

4

y y x x
W x A x dx x c

y y

x x
B x dx x x x c

= = = − = +
′ ′

= = − + +

∫

∫

 

 (P.I = A(x)cos4x + B(x)sin4x; where A(x) and B(x) are given by A(x) as above. 

            Also sin4x=2sinxcosx and cos4x= 2cos
2
2x -1) 

 1 2cos 4 sin 4 8cos 2 4sin 4 ln sec 2 tan 2y c x c x x x x x= + + − +  

 

Q.152 Find the general solution of the equation 24 13 18 sin 3xy y y e x′′ ′− + = .                     (8) 

 

Ans. 

The characteristic equation of the homogeneous equation is 2 4 13 0.m m− + =  The roots of the 

equation are m = 2+3i , 2-3i  . The complementary function is 2( ) ( cos3 sin 3 )x

c
y x e A x B x= +   

 ( ) x
DD

exe
DD

xy xx

p 3sin
13)2(4)2(

1
183sin

134

1
18)(

2

22

2 ++−+
=

+−
=  

 = x
D

e
x 3sin

9

1
18

2

2

+
  (a case of failure) 

 = xxe
x

xex
D

xe
xxx 3cos3

3

3cos
.

2

1
183sin

2

1
..18 222 −=







 −
= . 

 Thus y(x) = C.F. + P.I. 

 ( ) xxexBxAexy xx 3cos33sin3cos)( 22 −+= . 

 

Q.153 Find the general solution of the equation 
3 2

3 2 2

3 2
5 5 ln

d y d y dy
x x x y x x

dx dx dx
+ + + = + .    (8) 

Ans.  

Put 
2

2

2
. . log , , ( 1)t dy d y

x e i e t x x Dy x D D y
dx dx

= = = = − . Thus the given equation becomes 

{ } 2 3 2 2( 1)( 2) 5 ( 1) 5 1 1 ( 2 2 1) 1t t
D D D D D D y e or D D D y e− − + − + + = + + + + = +    which is a 

linear equation with constant coefficients. It’s A.E. is 

2

31
,10122 23 i

mmmm
±−

−=⇒=+++   

Thus C.F. = / 2

1 2 3( cos( 3 / 2) sin( 3 / 2) ) t t
c t c t e c e

− −+ + , and  

P.I. = 2 2

3 2

1 1
( 1) 2

2 2 1 21

t t
e e t

D D D
+ = + −

+ + +
 

/ 2 2

1 2 3

1
( cos( 3 / 2) sin( 3 / 2) ) 2

21

t t t
Thus y c t c t e c e e t

− −= + + + + −  
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23
1 2

1 1
( cos( 3 / 2) ln sin( 3 / 2) ln ) ln 2

21

c
Thus y c x c x x x

xx
= + + + + −  

 

Q.154 Solve 2 1(1 ) (tan )y dx y x dy−+ = −                (8) 

 

Ans. 

The equation can be written as  
1

2 2

tan

(1 ) (1 )

dx x y

dy y y

−

+ =
+ +

  which is linear equation 

1 1 1 12

1 1
tan tan tan 1 tan1

2

tan
. . . , tan 1

1

dy
y y y yy y

I F e e Thus xe e dy c x y ce
y

− − − −
−

−+∫= = = + = − +
+∫  

 

Q.155 The set of vectors {x1, x2}, where x1 = (1,3)
T
, x2 = (4,6)

T
 is a basis in R

2
. Find a linear  

transformations    T    such    that     Tx1   = (-2,2,-7)
T
 and Tx2 = (-2,-4,-10)

T
     (8) 

 

Ans. 

 Let the matrix 

1 1 11 1 1

2 2 22 2 2

3 3 33 3 3

2 2
1 4

, 2 , 4
3 6

7 10

b b ba a a

A b b ba a a

a a ab b b

− −        
           = = = −                      − −        

.  

23 11 −=+ ba ;  264 11 −=+ ba  

23 22 =+ ba ;  464 21 −=+ ba  

73 33 −=+ ba ;  1064 33 −=+ ba  

Solving the above system of equations we get 

3,2,2,4,1,1 332211 −====−== bababa  

Thus 

A= 

11

24

32

− 
 − 
 − 

 

Q.156 Show that the matrix A is diagonalizable. 

3 1 1

2 1 2

0 1 2

A

− 
 = − 
 
 

.  If, so, obtain the   matrix P such 

that  1P AP− is a diagonal matrix.                                                                               (8) 

 

Ans. 

  The characteristic equation of the matrix A is given by 

3 2

3 1 1

2 1 2 0 6 11 6 0 1, 2,3

0 1 2

A I or or

λ

λ λ λ λ λ λ

λ

− −

− = − − = − + − = =

−

. 

 Eigenvector corresponding to λ = 1 is the solution of the system  
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 ( )
2 1 1 0

2 0 2 0

0 1 1 0

x

A I X y

z

−     
     − = − =     
          

. The solution of this system is [ ]1, 1, 1
T

− . 

 Eigenvector corresponding to λ =2, 3  are [ ]1, 0, 1
T

and [ ]0, 1, 1
T

Thus the matrix P is 

given by 1

1 1 0

1 0 1 (1, 2,3).

1 1 1

P and P AP diag
−

 
 = − = 
 
 

 

 

Q.157 Investigate the values of λ for which the equations   

( 1) (3 1) 2 0, ( 1) (4 2) ( 3) 0,

2 (3 1) 3( 1) 0

x y z x y z

x y z

λ λ λ λ λ λ

λ λ

− + + + = − + − + + =

+ + + − =
 

are consistent,   hence find the ratios of x:y:z when λ has the smallest of these value.     (8) 

 

Ans. 

The system will be consistent if  

1 3 1 2

1 4 2 3 0 0,3

2 3 1 3( 1)

or

λ λ λ

λ λ λ λ

λ λ

− +

− − + = =

+ −

 Thus if λ=0, x=y=z; 

For 3=λ  , system reduces to a single equation 2x + 10y + 6z = 0. 

 

Q.158 Find the first five non-vanishing terms in the power series solution of the initial value problem 
2(1 ) 2 0, (0) 1, (0) 1.x y xy y y y′′ ′ ′− + + = = =                        

(11) 

Ans. 

The power series can be written as 
0

( ) ( )m

m

m

y x c x
∞

=

=∑ .  Substituting in the given equation,   

 2

2 2 1 0

( 1) ( ) ( 1) ( ) 2 ( ) ( ) 0m m m m

m m m m

m m m m

m m c x m m c x mc x c x
∞ ∞ ∞ ∞

−

= = = =

− − − + + =∑ ∑ ∑ ∑  

 2

2 0 3 1 2

2

2 3(2 ) ( 2)( 1) ( 3 1) ( ) 0m

m m

m

c c c c x m m c m m c x
∞

+
=

 + + + + + + − − − = ∑ .  

Setting the coefficients of successive powers of x to zero  where 0 1,c c are arbitrary constants. 

We obtain ( ) ( )2 0 3 1

1 1
, ....

2 2
c c c c= − = −   The power series solution is  

  2 4 3

0 1

1 1 1
( ) 1 ( ) ( ) ..... ( ) ( ) ....

2 8 2
y x c x x c x x

   = − + − + − +      
 

 

Q.159 Show that 2 2 2 2

0 0 1

1
( ) ( ) ( )

2
xJ x dx x J x J x = + ∫                               (5) 

Ans. 

Integrating by parts, we get  



AE01/AC01/AT01                                                    MATHEMATICS-I 

 

 

 

 144

 
2 2 2

2 2 2

0 0 0 0 0 1 1 0 12 ( ) ( )
2 2 2

x x x d
xJ dx J J J dx J xJ xJ dx asJ J

dx
′ ′= − = + = −∫ ∫ ∫  

2 2 2 2

0 0 1

1
( ) ( ) ( )

2
xJ x dx x J x J x = + ∫  

 

Q.160 Show that  2

5/ 2 2

2 1 3
( ) (3 )sin cosJ x x x x

n x xπ
 = − −  

                                    (8) 

 

Ans. 

We know  1 1

2
( ) ( ) ( )n n n

n
J x J x J x

x
+ −= − Putting n=1/2, 3/2,   successively, we get 

3/ 2 1/ 2 1/ 2

1
( ) ( ) ( )J x J x J x

x
−= − , 5/ 2 3/ 2 1/ 2

3
( ) ( ) ( )J x J x J x

x
= −

1/ 2 1/ 2

2 2
( ) sin ( ) cosJ x x and J x x

n nπ π−= =  Substituting the values, we get 

2

5/ 2 2

2 1 3
( ) (3 )sin cosJ x x x x

n x xπ
 = − −  

 

 

Q.161 Show that  2 2 2

0 1 22 2 ..... 1J J J+ + + =                               (8) 

 

Ans. 

We have to use that 122 2

2

2

1

2

0 =−−+++ JJJ    ---------------- (1) 

 We know that Bessel functions )(xJ n , n ≠ 0, 1, 2 --- of various orders can be derived as 

coefficients of various powers of t in the expansion of the function 







 −
t

t
x

e

1

2 ; that is 

)(

1

2 xJte n

n

nt
t

x

∑
∞

∞=








 −

=   ( ))()1()( xJxJ n

n

n −=−  

 = )(
1

)(
1

)( 22

2

10 xJ
t

txJ
t

txJ 






 ++






 −+   ----------------- (2) 

Put −−−+






 −
+−−−+−=+= )(

)1(
sincos

1
,sincos xJ

t
ti

t
it nn

n
nθθθθ  

Thus, θθθ sin2
1

,2cos2
1

,cos2
1

2

2
i

t
t

t
t

t
t =







 −=






 +=






 +  





=
−

+
egeroddannfori

egerevenannforn

t
t

n

n
n

int,sin2

intcos2)1(

θ

θ
  ------------------ (3) 

Using the value of 
t

t
1

−  in (2), we get 

−−−−+−−−−−+++=+= )(2cos2)(sin2)()sinsin(sincos 210

sin
xJxJixJxixe

ix θθθθθ  
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Equating real and imaginary parts in the generating function of Bessel’s equation,  

[ ]
[ ]
0 2 4

1 3

cos( sin ) 2 cos 2 cos 4 ...

sin( sin ) 2 sin sin 3 ...

x J J J

x J J

θ θ θ

θ θ θ

= + + +

= + +
. 

Squaring and integrating w.r.t. θ  from  0 to π  and noting that  

0 0

cos cos sin sin 0m n d m n d

π π

θ θ θ θ θ θ= =∫ ∫ , 2 2

0 0

cos sin
2

m d m d

π π π
θ θ θ θ= =∫ ∫ .  Thus  

 [ ] [ ] [ ]2 2 2 2

0 2 4

0

( ) 2 ( ) 2 ( ) .... cos ( sin )J x J x J x x d

π

π π π θ θ+ + + = ∫

[ ] [ ] [ ]2 2 2 2

1 3 5

0

2 ( ) 2 ( ) 2 ( ) .... sin ( sin )J x J x J x x d

π

π π π θ θ+ + + = ∫  

Adding, we get  [ ] [ ] [ ]2 2 2

0 1 2

0

1
( ) 2 ( ) 2 ( ) .... 1J x J x J x d

π

θ
π

+ + + = =∫  

 

Q.162 Compute  (0,0), (0,0)
xy yx

f f for the  function         

3

2
, ( , ) (0,0)

( , )

0, ( , ) (0,0)

xy
x y

f x y x y

x y


≠

= +
 =

  

                       Also discuss the continuity of   ,
xy yx

f f at (0,0).           

           (8) 

Ans. 

For obtaining )0,0(xyf  and )0,0(yxf  we need the partial derivatives )0,0(xf  and )0,0(yf . 

 For obtaining these derivatives we use the definition of xf  and yf : 

 
x

)y,x(f)y,xx(f
Lt

0x

fx ∂

−∂+

→∂
= ; 

y

)y,x(f)yy,x(f
Lt

0y

fy ∂

−∂+

→∂
= . 

  

 

0 0

3

20 0

3

20 0

( ,0) (0,0) (0, ) (0,0)
(0,0) lim 0, (0,0) lim 0,

( , ) (0, )
(0, ) lim lim

( , ) ( ,0) ( )
( ,0) lim lim 0.

( )

(0,0) lim

x y
x y

x
x x

y
y y

xy
x

f x f f y f
f f

x y

f x y f y y x
f y y

x x y x

f x y f x x y
f x

y x y y

f

∆ → ∆ →

∆ → ∆ →

∆ → ∆ →

∆ →

∆ − ∆ −
= = = =

∆ ∆

∆ − ∆
= = =

∆  ∆ + ∆ 

∆ − ∆
= = =

∆  + ∆ ∆ 

=
0

0 0

( ,0) (0,0)
0,

(0, ) (0,0)
(0,0) lim lim 1. (0,0) (0,0).

y y

x x
yx xy yx

y y

f x f

x

f y f y
f Hence f f

y y∆ → ∆ →

∆ −
=

∆
∆ − ∆

= = = ≠
∆ ∆
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Thus  ,
xy yx

f f  are  not continuous at (0,0).  

 

Q.163 Find  the  minimum   values  of   2 2 2x y z+ +  subject to the condition 3xyz a=        (8) 

 

Ans.  

Let  ( )2 2 2 3F x y z xyz aλ= + + + − . The necessary conditions for extremum is 

2 0, 2 0, 2 0,
F F F

x yz y xz z xy
x y z

λ λ λ
∂ ∂ ∂

= + = = + = = + =
∂ ∂ ∂

 thus we get 

2 2 2 2 2 22 2 2 .xyz x y z x y zλ = − = − = − ∴ = = .At each of these points, the value of the given 

function is 2 2 2 23x y z a+ + = . Arithmetic Mean  of 2
x , 2y , 2z  is AM = 

( )2 2 2

,
3

x y z+ +
 

the Geometric Mean of 2
x , 2y , 2z  is GM = ( )1 3

2 2 2 2.x y z a=   Since ,AM GM≥  we get 

2 2 2 23x y z a+ + ≥ . Hence, all the above points are the points of constrained minimum and the 

minimum value of 2 2 2x y z+ +  is 23a . 

 

Q.164 The function  2 2( , )f x y x xy y= − +    is   approximated   by  a  first degree Taylor’s polynomial 

about the point (2,3). Find a square  2 , 3x yδ δ− −p p  with centre at (2,3) such that the 

error of approximation is less than or equal to 0.1 in magnitude for all points within the square.                      

                                   (8) 

Ans. 

We have 2 , 2 , 2, 1, 2.
x y xx xy yy

f x y f y x f f f= − = − = = − =   

The maximum absolute error in the first degree approximation is given by 

2

1 2 3 , max . , , 2
2

xx xy yy

B
R x y where B f f f ≤  − + −  = =    . Also it is given that 

2 , 3x yδ δ− −p p ,  therefore we want to determine the value of δ such 

that [ ]2 2

1

2
0.1, 4 0.1 0.1581.

2
R or orδ δ δ δ≤ + =p p  

 

Q.165 Find the Volume of the ellipsoid 
2 2 2

2 2 2
1

x Y z

a b c
+ + =                   (8) 

 

Ans.  

Volume = 8(volume in the first octant). The projection of the surface 
2 2

2 2
1

x y
z c

a b
= − − in the 

x-y plane is the region in the first quadrant of the ellipse 
2 2

2 2
1

x y

a b
+ = . 

Thus 
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dydx
b

y

a

x
18V

a

0

c/x1

0

c
2

2

2

2b 22

∫ ∫
−

−−=  

Using the transformation x = aX, y = bY, z = cZ, the desired volume can be expressed as 

∫ ∫ ∫
−

−−
a

0

a/x1

0

byax1

0

22
2222

dXdYdZabc8 where 1222 =++ ZYX  which is a sphere of radius 1. 

Using spherical polar coordinates ϕθ cossinrX = , ϕθ sinsinrY = , θcosrZ = . 

abcdddrrddrdrabcV πϕθθϕθθ
πππ π

2,2
3

1
sinsin

2

00

1

0

2

1

0 0

2

0

2 === ∫∫∫∫ ∫ ∫ . 

 

Q.166 Solve  the differential equation  ( ) ( )2 3 3 2 3 33 0y yx y e y y dx x y e xy dy+ + + − =    (8) 

 

Ans. 

 Here 23323 yyeyxM y ++= ; xyeyxN y −= 33  

  For the given equation to be exact 
x

N

y

M

∂
∂

=
∂

∂
. Consequently, we determine 

  2 2 2 3 2 2 39 3 3 2 , 3y y yM N
x y e x y e y y x y e y

y x

∂ ∂
= + + + = −

∂ ∂
.  

As 
x

N

y

M

∂
∂

+
∂

∂
, equation is not exact. Accordingly, we determine the 1.F. by examining 

( )
( ) yyyeyxy

yyeyx

x

N

y

M

M
y

y 3

3

331
222

222

=
++
++

=








∂
∂

−
∂

∂
 

3

ylog3dy

y

1
ee.F.1the y

3

==∫=∴ −−
. 

On multiplying throughout by 
3

1

y
and integrating (using the rule of exact)  d.e. we get  

( ) kyxxexy y =++3 , where k is constant integration. 

 

Q.167 Using the method of variation of parameters, solve the differential equation  

3 2 2 xy y y e′′ ′+ + = .                                                      (8) 

 

Ans. 

 Auxiliary equation is 2,1,0)2)(1(0232 −−==++==++ mmmmm  

 xx eCeCFCthe 2

21.. −− +=∴ . Its P.I. is given by xx exBexA 2)()( −− +  

 Using the method of variation of parameters A(x) and B(x) are given by 

 3

2

)(

)(
)( Cdx

xW

exr
xA

x

+−= ∫
−

, 4
)(

)(
)( Cdx

xW

exr
xB

x

+−= ∫
−

 

Where r(x) denotes the RHS of the given differential equation i.e. xexr 2)( =  and W(x) is the 

Wronskian 
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 x

xx

xx

e
ee

ee
xW

3

2

2

2
)( −

−−

−−

−=
−−

= . 

 Thus, 3

22

3

2

2
2

)( Cedxedx
e

ee
xA

xx

x

xx

+=+=
−

−= ∫∫ −

−

 

 4

3

3 3

22
)( Cedx

e

ee
xB

x

x

xx

+−=
−

= ∫ −

−

 

 and the general solution is C.F. + P.I. 

 { } xxxxxxxxxx
eeeCeCCeeCeeeCeCy

32

654

32

3

22

21
3

2

3

2
+++=







 +−++++= −−−−−− . 

 

Q.168 Find the general solution of  the equation 4 3 sin 2y y y x x′′ ′+ + = .                            (8) 

 

Ans. 

The characteristic equation of the homogeneous equation is 2 4 3 0.m m+ + =  The roots of the 

equation are m = -1, -3. The complementary function is 3( ) x x

c
y x Ae Be

− −= +  .  

P.I. = ( ) ( )
1

22 2

2

1
Im Im 2 4 2 3

4 3

x x
xe e D D x

D D

ι ι ι ι
−

 = + + + +
 + +

 

( )

12 24(1 ) 4(1 )
Im 1 ...... Im

8 1 8 1 8 1 8 1

1
65 8cos 2 sin 2 188cos 2 316sin 2

4225

x x
e D e

x x

x x x x x

ι ιι ι
ι ι ι ι

−
 + +   = − + = −    − − − −    

= − + − −  

 

Thus ( )3 1
65 8cos 2 sin 2 188cos 2 316sin 2

4225

x x
y Ae Be x x x x x

− −= + − + − −    
















 ′
−= )(

)(

1

)(

)(
)(

)(

1
x

DFDF

DF
xxx

DF
ϕϕ  

Here xxDDFDDDF 2sin)(;42)(34)( 2 =+=′→++= ϕ  

65

2sin2cos8
2sin

116

14
2sin

344

1
2sin

34

1
22 −

+
==

−
+

=
++−

=
++

xx
x

D

D
x

D
x

DD
 

Thus the first term of the P.I. = )2sin2cos8(
65

xx
x

+
−

 

Similarly, ( ) x2cos
)3D4D(

)4D2(

65

8
x2sinx2cos8

65

1

3D4D

4D2
22 ++

+
−=









+−
+−

+−
 

x2sin
)3D4D(

4D2

65

1
2 ++

+
− ; = A + B 

( ) ( )( ) { } x2cos4D8D8
)65(

8
x2cos

1D16

1D44D2
.

65

8
x2cos

1D4

4D2
.

65

8
A 2

22
++=

−

++
−=

−

+
−=  

{ }xxx 2cos42sin362sin)4(8
)65(

8
2

+−−=  
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( )( )
x

DD
x

D

DD
B 2sin

)65(

4188

65

1
2sin

116

1442

65

1 2

2









−
++

−=
−

++
−=  

{ }xxx 2cos42sin362cos32
)65(

1
2

+−−+= . 

 

Q.169 The eigenvectors of a 3 x 3 matrix A corresponding to the eigen values 1, 1, 3 are  

[ ] [ ] [ ]1,0, 1 , 0,1, 1 , 1,1,0
T T T

− − .Find the matrix A.                                      (8) 

 

Ans. 

 From the eigen values 1,1,3 we write the Diagonal matrix D as 

  

















=

300

010

001

D ; From the eigen vectors we write the Modal matrix 

  

















−−

=

011

110

101

P ; For obtaining the matrix 1−= PDPA , we proceed as follows 

  
P

matrixelementsCofactorofTranspose

P

PAdjo
P ==− int1  

  2

111

111

111

2

11 =

















−

−−

=−
PwhereP  

  

















−−

−−

=

















−

−−

















=−

333

111

111

2

1

111

111

111

300

010

001

2

11
DP  

  Thus 

  

















=

















−−

−−

















−−

== −

200

242

224

2

1

333

111

111

011

110

101

2

11
PDPA  

   

















=

100

121

112

 

 

Q.170 Test for  consistency and solve the system of equations                    (8) 

  5 3 7 4, 3 26 2 9, 7 2 10 5x y z x y z x y z+ + = + + = + + =  

 

Ans. 

 The given system of equations can be expressed as 
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=

































5

9

4

1027

2263

735

z

y

x

 or AX = B 

 Using row transformations A can be expressed as 

 

















=

































−

0

3

4

000

1110

735

z

y

x

 

 Which is of rank 2. The augumented matrix 

 

















−

0000

31110

4735

 

 is used of rank. Consequently, system is consistent. On solving we get 

7 16 3 1
, .

11 11 11 11
x z y z= − = +  where z is a parameter. Thus 

7 3
, , 0.

11 11
x y z= = =  

 

Q.171 Given that 
0 1 2

1 2 0

i
A

i

+ 
=  − + 

  show that 1( )( )I A I A −− +  is a unitary matrix.   (8) 

 

Ans. 

  








+−

+
=









+−

+
+







=+

121

211

021

210

10

01

i

i

i

i
AI ; 

 ( ) 6141
121

211
2 =−−=









+−

+
i

i

i
. 

 ( )
)det(

)(1

AI

matrixelementsCofactorofTranspose

AI

AIAdj
AI

+
=

+
+

=+ −
 

    = 








−

−−

121

211

6

1

i

i
 

 [ ] 








−

−−
=









+−

+
−







=−

121

211

021

210

10

01

i

i

i

i
AI  

 [ ][ ] 








−−

−−−
=









−

−−









−

−−
=+− −

442

424

6

1

121

211

6

1

121

2111

i

i

i

i

i

i
AIAI  ------ (1) 

   For proving that [ ][ ] 1
11

−+− AA  is a unitary matrix we need the transpose of the above 

matrix. Consequently  

 








−+−

+−
=









−−

−−−

442

424

6

1

442

424

6

1

i

i

i

i
 ------------------------------------------- (2) 

The product of (1) and (2) is a unitary matrix. I = 








10

01
 . 
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Q.172 Show that the transformation  

1 1 2 3 2 1 2 3 3 1 2 3, 3 2 , 2 2 3y x x x y x x x y x x x= − + = − + = − +  is non-singular. Find the inverse 

transformation.                                                                    (8) 

 

Ans. 

  Writing the given transformation in matrix form Y = AX. 

 2

322

213

111

3

2

1

3

2

1

=

































−

−

−

=

















A

x

x

x

y

y

y

Q . Therefore the given matrix A is non-singular and hence the 

given transformation is also regular. Thus, X = A
-1

Y . 

1 1

2 2

3 3

1 1 1
1

5 1 1 .
2

4 0 2

x y

x y

x y

−     
     = −     
     −     

 

Hence we arrive at the following expressions for the inverse transformation     

( )

( )

( )

1 1 2 3

2 1 2 3

3 1 3

1
,

2

1
5 ,

2

4 2

x y y y

x y y y

x y y

= + −

= − + +

= − +

 

 

Q.173 If u = f(x,y), x = rcosθ, y = rsinθ, then show that 

22 2 2

2

1u u u u

x y r r θ
 ∂ ∂ ∂ ∂     + = +      ∂ ∂ ∂ ∂      

 

 (8) 

            Ans. 

x

u

x

r

r

u

x

u

∂
∂

∂
∂

+
∂
∂

∂
∂

=
∂
∂ θ

θ
 

 
θ

θ
θ

∂
∂

−
∂
∂

=
∂
∂ u

rr

u

x

u sin
cos   ---------------- (1) 

 Similarly, 

 
y

u

y

r

r

u

y

u

∂
∂

∂
∂

+
∂
∂

∂
∂

=
∂
∂ θ

θ
 

 
θ

θ
θ

∂
∂

+
∂
∂

=
∂
∂ u

rr

u

y

u cos
sin   ---------------- (2) 

 Squaring (1)and (2) and adding, we get  

 
θ

θθ
θ

θ
∂
∂

∂
∂

−








∂
∂

+








∂
∂

=








∂
∂

+








∂
∂ u

r

u

r

u

rr

u

y

u

x

u
.

cossin2sin
cos

2

2

22

2

22

 

    
θ

θθ
θ

θ
θ

∂
∂

∂
∂

+








∂
∂

+








∂
∂

+
u

r

u

r

u

rr

u
.

cossin2cos
sin

2

2

22

2  
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  = 

2

2

2
1










∂
∂

+








∂
∂

θ
u

rr

u
 

 

Q.174 Find the power series solution about the origin of the equation  
2 26 (6 ) 0x y xy x y′′ ′+ + + = .           

                    (11) 

Ans. 

The point x = 0  is a regular singular point. The power series can be written as 

0

( ) ( )m r

m

m

y x c x
∞

+

=

=∑ .  Substituting in the given equation, we get  

2

0 0 0

( )( 1) ( ) 6 ( 1) ( ) ( ) 0m r m r m r

m m m

m m m

m r m r c x m r c x c x
∞ ∞ ∞

+ + + +

= = =

+ + − + + + + =∑ ∑ ∑  

[ ] 2

0 0

( )( 5) 6 ( ) 6 ( ) 0m r m r

m m

m m

m r m r c x c x
∞ ∞

+ + +

= =

+ + + + + =∑ ∑ The indicial roots are r = -2, -3.          

Setting the  coefficients of x
r+1

 to zero, we get 

( )( ) 11 6 6 0r r c + + + =  , For r = -2, 1c =0 and for r = -3, 1c  is arbitrary constants. Thus the 

remaining terms are [ ] 2

2 0

( )( 5) 6 ( ) 6 ( ) 0m r m r

m m

m m

m r m r c x c x
∞ ∞

+ + +

= =

+ + + + + =∑ ∑  We obtain 

[ ]{ } 2

2

0

( 2)( 7) 6 ( ) 0m r

m m

m

m r m r c c x
∞

+ +
+

=

+ + + + + + =∑ .   Thus 

0,
6)7)(2(

2 ≥
+++++

=+ m
rmrm

c
c m

m . For r = -3, 
6

,
2

1
3

0
2

c
c

c
c −=−=  , -------- 

The power series solution for r = -3 is   
2 4 3 5

3

0 1 0 13 3

0 1 1 2

cos sin
( ) 1 .. ..

2! 4! 3! 5!

( ) ( )

x x x x x x
y x x c c x c c

x x

c y x c y x

−         = − + − + − + − = +        
       

= +

 

For r= -2, we get 1c =0, 0,
6

3
0

2 =−= c
c

c  The power series solution for r = -2   

2 4
2

0 0 2*( ) 1 ..... ( ).
3! 5!

x x
y x x c c y x

−  
= − + − = 

 
 

Q.175 Find the value of  3(2.1)P  .                                   (5) 

 

Ans. 

There are two ways of obtaining the value of )1.2(3P  

(i) Through recurrence relation 

(ii) Using Rodrigue’s formula 

Through (i) we make use of the following recurrence relation 

)()()12()()1( 11 xnPxxPnxPn nnn −+ −+=+   ------------------ (1) 
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 With xxPxP == )(,1)( 10    ------------------ (2) 

Putting n = 1; we get (Using equation 1) 

)()(3)(2 012 xPxxPxP −=    ------------------ (3) 

For n = 2, equation (1) yields 

{ } )(2)()(3
2

5
)(2)(5)(3 101123 xPxPxxP

x
xPxxPxP −−=−=  ---- (4)  

Thus  

{ } 






 +−=−−=
3

2

6

5

2

5

3

2
135

6

1
)( 32

3 xxxxxxP  

= xx
2

3

2

5 3 − ; ( )( )( )1.231.25
2

1
)1.2(

2

3 −=P ~  20.005 

Method II :Using Rodrigue’s formula 

( )n2

n

n

nn 1x
dx

d

!n2

1
)x(P −=  

( ) xxx
dx

d
xPxP ==−== 2.

2

1
1

!1.2

1
)(;1)( 2

10  

!2.4

1
)(2 =xP ( ) ( )( ) ( ) ( )13

2

1

2

1
212

8

1
1 23222

2

2

−=−=−=− xxx
dx

d
xx

dx

d
x

dx

d
 

!3

1
.

8

1
)(3 =xP ( ) ( )xxx

dx

d
35

2

1
1 332

3

3

−=−  

Thus { } )005.40(
2

1
)1.2(3)1.2(5

2

1
)1.2( 2

3 =−=P = 20.0025 

   

Q.176 Prove the Orthogonal property of Legendre Polynomials.                                            (8) 

 

Ans. 

The orthogonality property of the Legendre’s functions is defined by the relation 

 








=
+

≠
=∫

− nm
n

nm

dxxPxP nm
,

1

2

,0

)()(

1

1

    ---------------- (1) 

 We first prove (1) form the case m ≠ n. 

 Let )(xPu m=  and )(xPv n= . Thus, u and v satisfy respectively the following differential 

equations: 

 ( ) 0)1(21
2

2
2 =++−− umm

dx

du
u

dx

ud
x     --------------- (2) 

 ( ) 0)1(21
2

2
2 =++−− vnn

dx

dv
v

dx

vd
x     --------------- (3) 

 Multiplying equation (2) by v and equation (3) by u and subtracting, we get 

 ( ) [ ] 0)1()1(21
2

2

2

2
2 =+−++




 −−







−− uvnnmm

dx

dv
u

dx

du
vx

dx

vd
u

dx

ud
vx  
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 Or ( ) 0)1)((1 2 =+−−+














 −− uvnmnm
dx

dv
u

dx

du
vx

dx

d
 --------------- (4) 

 Integrating equation (4) w r to x between the limits (-1) to (1) we get 

 ( ) 0)1)((1

1

1

1

1

2 =++−+














 −− ∫
−−

dxuvnmnm
dx

dv
u

dx

du
vx  --------------- (5) 

 Thus, for m ≠ n 

 0)()(

1

1

=∫
−

dxxPxP nm  

 Case III; m = n; 
12

2
)(

1

1

2

+
=∫

− n
dxxPn  

 Above result can be proved either through Rodrigue’s formula 

 ( )n2

n

n

nn 1x
dx

d

2n

1
)x(P −

∠
=      ---------------- (6) 

 Or using generating function of the Legendres polynomial, that is 

 ( ) )(21
~

0

2

1
2

xPttxt n

n

n∑
=

−
=+−      ---------------- (7) 

 However, we use equation (7) to prove (1) for m = n. 

 Squaring (7) we get 

 ( ) )()()(21
00

2

0

212
xPxPtxPttxt mn

m

nm

n

n

n

n ∑∑∑
∞

=

+
∞

==

−
+=+−   ---------------- (8) 

 Interpreting (8) w.r.to x between (-1) to (+1), we get 

 dx)x(P)x(Ptdx)x(Pt
txt21

dx

0m

1

1

nm

nm

0n

2

n

0n

n2

1

1

2 ∑ ∫∑∫∑∫
∞

= −

+
∞

=

∞

=−

+=
+−

 ---------------- (9) 

 Using the orthogonality property for case m ≠ n, we get 

 { } dxxPttx
t

n

n )()21log(
2

1
1

1

2
1

1

22

∫∑
−−

=+−  

 Or ( ){ }22
)1log(1log

2

1
tt

t
+−−  = R.H.S. 

 Or ( ){ })1log(1log
1

tt
t

+−−       = R.H.S. 

 Or 








−−−−+++
53

2 53 tt
t

t
     = R.H.S. 

 Or 








−−++−−−−+++
+1n

n242

2

t

5

t

3

t
12 = R.H.S. 

 Equating the coefficients of n
t

2 , we get 

 
1

1

1

2

2

2
)( +

−

=∫ nn dxxP   

 


